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SOURCES AND RELIABILITY OF THE TABLES.

1. Tables 2-6.

Table 2 has been prepared for this volume by N.M. Stephens and James
Davenport using the ATLAS at the Chilton laboratory. No errors are li-
kely, but it is possible that in one or two cases a multiple of a gene-

rator has been listed rather than a generator.

Table 3 was prepared by J. Vélu; except for the eigenvalues of the Wq,
the calculations have been performed independently by Stephens and Vélu,
and no discrepancy has been observed; there are also strong requirements
of consistency. The Wq—eigenvalues were calculated separately by D.J.
Tingley, by operating on the one-dimensional homology; his results were
incorporated in Vélu's tables by reading in cards. Consistency require-
ments make any errors in these particular calculations of Tingley hardly
conceivable; copying errors are possible but unlikely. The identifying
letters of the curves in this table have been added in manuscript; I ho-

pe they have never been jumbled.

Table 4 has been extracted from the unpublished 1966 Manchester thesis
of F.B. Coghlan. Unless some mathematical error has remained undetected,

the table should be complete.

The third column of Table 5 comes from a much larger table supplied by
A.0.L. Atkin; the final column was supplied by D.J. Tingley, who has
completely computed the action of the Hecke algebra on the 1-dimensional
homology for N < 300. His complete tables of eigenvalues will be pu-
blished elsewhere. Table 6, too, is copied from a table of Atkin's;
this table is new, note that the much shorter table of Deuring contains
errors. Tables 5 and 6 were produced by typewriter rather than line-

printer; it was very difficult to avoid slips.
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2.Table 1.

The origins of Table 1 are more complicated. To begin with, Swinnerton-
Dyer ran a search program which searched through all curves

2 _ .3 2
\Y% +a1xy+a3y_x +a2x +Elu’x-!-é!.6
|au|, |a6| not too large, and by using Tate's algorithm picked out those

with |a ], [a,], |a3| < 1, and

with conductor less than 500. In a second run, he found all curves iso-
genous by a succesion of 2- or 3-isogenies to any of these. For this
"first list", al,...,as,cu,cs,A and the conductor N were tabulated; the
calculation was apparently free of errors, in the sense that every cur-
ve in the output really did have the conductor asserted, but the search
region was certainly not large enough to find representatives of each
isomorphism class, or even of each isogeny class, of elliptic curves
with conductor less than 100. This first list has been quite widely cir-
culated, but a number of curves are missing, and some isogenies were mis-

sed too.

In preparing the present table, we started with the "first list". By

checking numbers of points modulo p, we have made sure that no isogenies
between listed curves have been missed; we have also added a number of

curves which are 5- or 7-isogenous to listed curves (Vélu provided most
of these, and also curves with conductor 11 or 121 which had been missed
by the search). We believe that our tables are now "complete under iso-
geny" in the sense that they contain all curves isogenous to listed cur-
ves; Vélu has in fact checked this, using a program based on Serre [ In-

ventiones 15 (1972)].

We know that to every rational eigendifferential of the Hecke algebra
that is a newform on H/PO(N) there corresponds an isogeny class of el-
liptic curvesj it is generally supposed that it has conductor N, and
Weil's conjecture asserts that all elliptic curves over @ arise this

way. For N < 300, Tingley's calculation of the action of the Hecke al-

gebra on the 1-dimensional homology has given the complete splitting of
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the space of differentials. Tingley's calculations confirmed that we

had never found too many classes of curves with a given conductor; but in
30 cases with N < 200, an isogeny class had been missed. In 10 of these
cases, the gap was filled by twisting a listed curve; and in about 10 more,
the gap was filled by extending Swinnerton-Dyer's search. In the remai-
ning cases, the gap was filled by working backwards (to a greater or les-
ser extent) from Tingley's eigenvalues. Subsequently, Tingley went fur-
ther and wrote a program to integrate the eigendifferentials round the
eigencycles; he thus obtained the equations of the "strong Weil curves"
directly from H/FO(N). The curves he obtained were those which are cir-
cled in the pictures of Table 1. (More precisely, the equations obtained

by Tingley had the same coefficients to several decimal places !)

Note that it is not correct to assert that Table 1 "verifies Weil's con-
jecture for N < 200"; the table is consistent with Weil's conjecture, of
course, but our search region was not really very large - we could well
have missed curves not parametrised by modular functions, if there are
any and their coefficients are not small. Between them, Agrawal, Akh-
tar Coghlan and Setzer have proved in their theses that Table 1 is com~
Plete for conductors of the form 2a3b; that it is complete for N = 17,
19, 49, 73 and 113; and that there are no curves of prime conductor

P < 200 when none are listed, with the possible exceptions of p = 107,

173, 179 and 181.

It 1s rather easy to make an error in the computation of Kodaira symbols;
however, in most cases they were calculated independently by Stephens
and Vélu, so errors are unlikely. The same applies to the number of
points of finite order, though here fewer checks have been made. The
isogenies were checked mainly by V&lu, by the methods of Serre; no er-
ror is likely. The rank of the Mordell-Weil group was calculated by
James Davenport, by the method of Birch and Swinnerton-Dyer; in a few
cases, marked with queries, the method failed as the large coefficients

of the relevant forms forced too large a search region.



REMARKS_ON ISOGENIES.

An examination of Table 1 might suggest that an elliptic curve over Q
is usually isogenous to several others, and that isogenies of fairly
high degree are not uncommon. This is not so - the elliptic curves of
low conductor are not at all typical, they have many more interesting
properties than they deserve. The tables in fact illustrate almost all
the known ways in which isogenies can occur; they miss the 17- and the
37- isogeny, and they also miss the examples of complex multiplication

by (1 +v-D) for D = 19, 43, 67 and 163.

An N-isogeny of E to F is a rational map of E to F, defined over Q,
which is a group homomorphism with kernel a cyclic subgroup of E of or-
der N; and from any cyclic subgroup of E of order N defined over Q we
can construct an N-isogeny. From a computational point of view, this has
been done very explicitely by Vélu [ Comptes Rendus 273]. To any isoge-
ny class of curves, there corresponds an integer N, such that each pair
of curves in the class are connected by an isogeny of degree dividing N;
and then, in the absence of complex multiplication, the picture in the
right hand column of Table 1 is completely determined by N. If two cur-
ves E,F are N-isogenous, and k is any non-zero integer, then the twists

E*k, F*k are N-isogenous too.

Suppose now that E is an elliptic curve over Q with j-invariant j(E).
There is another elliptic curve N-isogenous to E over Q if and only if
we can find z in the upper half-plane so that j(E) = j(z) and j(z), j(Nz)
are both rational; so looking for rational N-isogenies is essentially
equivalent to finding rational points other than cusps on H/T (N), the
curve whose generic point is (j(z), j(Nz)). Recollect that a typical

curve with invariant j is

Ay? = ux® - [37(5-1728)1 (3x + 1). (1)
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If H/FO(N) has genus zero, then it has infinitely many rational points,
so there are infinitely many values of j corresponding to pairs of N-
isogenous curves. This is the case for N < 10 and for N = 12, 13, 16,

18 and 25. In contrast, when the genus is positive it seems that H/T_(N)
has only finitely many rational points, and that it has rational points

which are not cusps in only finitely many cases.

We can look at these "unusual" isogenies in some detail. The cases where
H/FO(N) has genus 1 are well known. Jean-René Joly has given a neat ac-
count of them. The group of rational points is generated by the cusps

in all these cases, and we have the following table

N 11 1% 15 17 19 20 21 24 27 32 36 49
#f (rational points) 5 6 8 4 3 6 8 8 3 4 6 2
3&: (rational cusps) 2 4 I 2 2 6 4 8 2 b 6 2

t(N) 3 2 4 2 1 0 4 0 1 0 0 0

where now t(N) is the number of values of Jj for which the elliptic cur-

ves (1) will have a cyclic rational subgroup of order N.

The three cases with N = 11 are accounted for by the complex multiplica-
tion curve 121D, and by the pair of 11-isogenous curves 121F,G. (121D
is isogenous to its (-11)-twist 121E, and the pair 121H,I are (-11)-twists

of 121F,G.)

The case with N = 19 is the family of (-19)-complex multiplication cur-

5,15

ves with j = -3"2"7; the first such curve is y2-+y =x3 - 38x +90, with

conductor 361, out of the range of our table.

The case with N = 27 is the family with (~27)~complex multiplication, of
which the first member is 27C; this is dressed up to look more like an

ordinary 27-isogeny involving 27A,B,C,D.

The two cases with N = 14 are accounted for by the isogeny class 49ABCD,

associated with (-7)-complex multiplication.
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The four cases with N = 15 are accounted for by the isogeny class 50ABCD.

The four cases with N = 21 are the family 63-70-76-83 in Table 4, of which

the first representative is the isogeny class 162ABCD.

The cases with N = 17 are not in the range of our tables; VE&lu has kind-
ly supplied the pair y2 +xy +y = x° - 3041x + 64278 ,
y2 +Xy +y =x3-190891x-36002922 with conductor 144503 their twists by 5

and by 17 have the same conductor.

When its genus exceeds 1, it seems that H/FO(N) hardly ever has non-ob-
vious rational points. For D = 43, 67, 163, H/PO(D) has a rational point
z = (D+V-D)/2D, corresponding to the curves with (-D)-complex multipli-
cation; the least conductor of such curve is D2. More surprisingly, Ma-
zur and Swinnerton-Dyer have found that the curve H/Po(37), which has ge-
nus 2, has two unobvious rational points, the fixed points of sW, where
s is the hyperelliptic involution. According to Vélu, these points gi-
3 2 2

ve the curve y2 +Xy+y=x"+x° -8x+6 of conductor 1225 = 35", and an-

other curve 37-isogenous to it.

Specimens of all the "common" sorts of isogeny are to be found in our
tables. The relevant formulae are to be found in the second volume of
Fricke's Algebra; when N is prime, the j-invariants of curves with N-
isogenies are of the form R(t)/t, where R is a polynomial of degree
N+1 and where t is a uniformising parameter for H/FO(N) (the formulae
are a trifle worse if N is composite); if the isogeny is to be defined
over Q, then t is rational. Consequently, the "common" isogenies with

N = 13,16,18,25 are really very infrequent.



TABLE 1

Each block of the table is headed by a conductor and its factorisation.

Except for this, the successive groups of columns give

(1)

(id)

(1ii)

(iv)

(v)

(vi)

(vii)

The conductor, followed by a letter to distinguish the particular

curve;
81> 3> 835 3y a5 3

A, in factorised form : if the prime factors of the conductor are

Y

Py» Pps Pg» then the entry £ X u Yy means that A = ipi Pg p) ;

The Kodaira symbol, for each prime dividing the conductor;
The denominator of the j-invariant of the curve, coded as in (iii);

The number of rational points of finite order, followed by the
rank of the Mordell~Weil group;

For each group of isogenous curves, there is a picture showing which
curves are isogenous, together with the degree of the isogenies;

the "strong Weil curve" is circled. When the curve listed is a
"twist" (in the sense of Atkin and Lehner) of an earlier curve,

the picture may be replaced or supplemented by a description of

the twist; for instance, the entry 57E®-3 opposite 171H indicates
that 57E is isomorphic to 171H over Q(v-3) but not over Q.

Complex multiplication is indicated, in the few cases where it occurs,

by "CM-D", where -D is the discriminant of the relevant order.
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TABLE 2

We list a small integer point (x,y) for every curve in Table 1 of which
the Mordell-Weil group has positive rank. This point is either a gene-

rator, or just possibly a multiple of a generator with non-integral coor-

dinates.

Rather surprisingly, it appears that for N < 200 the rank never exceeds

1‘
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TABLE 3

For each isogeny class of curves in Table 1, and for each prime less than

100, we 1list the eigenvalues a_ of the Hecke operators 'I‘P for p not di-

P
viding N, and the eigenvalues aq = 1 of the involutions Wq for prime q
dividing N. [For q dividing N, the entry in the table has been writ- '
ten + or - rather than +1 or -1.] Accordingly, the differential on H/I"O(N
corresponding to the curve is f(z)dz, where f(z) has Fourier expansion

z ane2Tran with

1-2s8,-1 -1

J an™® = 1 (1-apB+p ) I (1-a.4q %)
=1 = p{N p qlIN q

The column headed "P" contains the eigenvalue of Wy in the few cases

where N is a prime exceeding 100.



17

vs9
g7 9
Veo9
| XA
V19
Vs
gus
3L9
415
qLs

298
b 9g
€58
ER
A 14
Fes
g2as
Vis
308
¥ 0g

[ XY
cuYy
¥ 9y
vsy
¥ 9y
Yey
vy
g0y
g 6€
ase

v g€
vLiE
> LE
¥ vE
e SE
Yve
q€e
gcle
4 0¢
gL

a9
a9l
L3 T4
ale
g 02
g6l
2Ll
o261
2%1
g1t

2-
81
81

71~
9=
-
01~
2-
o1

Q=
2-
ot
1-
1-

91—

2~

w1~
o1
o1~

61~

ol-

4
[*]
1
OQ
&Nl
Ol
o1~

0t
2-

c'
01
ot
81~
81
y1-
9=

sl
st

st

68

¢l
€-
€

1-

Q=
6-

k4!
I~

Sl
9=
91~
9-
Q=
SI-
cl
cl

A

A
&\'
<l-
9
cl

-
A

€8

o1- ¢
o1~ 11
o1- 11

01— L~
0l- 6
0o1- 11
= 01—
- 2

= H1-
0 9-

L1 1=

- 01~
91~ 9~
8 i~

¢l 9~
0 o1

6L €L

-
|

CoOCoCoounoan

€~
G-
i~

*'
8-

€~

1L

-

cl-
-
-
cl-

Y-

le
21—
91~
71
%1
cl-
42§
-
€l-
el

01—

9=
91~
-
.
.
21
ris
9=
9
At

-
1=

L9

4

o1
2-
G-

cl

1-

-

Qe

o1-

Ql
e

=~
8-
-
¢'

-
2~
o1-
wl
21
*'
o1-

01—
1-

8-
2-
2~
.Hll
01~
o

el

19

9
0
el
cl-
&V'
ml

cl-

¢l
cl-
N'
o1~

-
r4

4 S

68

4
y1-

o1-
-
-
o1
OIl
G-

€=
Hl
€—-

21
0'

%1
Q-

At
2=

c.l
At

o1-

€S

k4
0
0
oi
11
€l
6~

el

CovYyovYoowo0OO

L] CoCwOCarOmdwm

—

DND©OMPpOOmMm
- [}
]

~
<

o1
pe
g-
11—
1-
1~-
pe-
9
o1-
(o) 4
2-
i~
9

¢l
Y-
ot
o1-
b\l

A

OIOCoxXTO®eoNG
-
|

& N
(I}

~
1

() g
1=

Q=

R34

0|I
01
Z2—-
0-
2-
wl
Nl
2-
9=
9=
€—-
€~
mui
Q-
o1~

Q-
Q-

8-
6~
0'
¢l-
2-
(0] §
9

9-
9=
(0] §

8-

1%

01—
2~

Q-
i~

Q-
v -

N.‘

9
o1~
1-
ol-

-

Nl

o1~
P

i~

—-eo
-

MNONNND oM~
]

~
()

o+oCo
—
1

wmfnm

NaNoY nN"Waovto

noCowo

-

-

NOoON ++O0NNON
7! '

COoOVNMN~OOVOONY
1

COoONOVLOOVONOVONY

[}
~N

O oo O
!

#Qf

oOchf¢co

0
]

ﬂo*awrmolww
' |

CoCwOCYWO oN~

00+ OCvOwy¥o

-
1

[
o~

loYyNotatO

TeOO?Wu0N°+
'

Gﬁll
-

Q'

61

NoNN
! [ ]

MNeagtN N

COoONN+ O OOm

L1

P~
M|
1-
€~

€-

+°f

M Mo O mm
beby |

]

|

VEdT N g

COC |1 OMOmunan
1

toYomovd ¢ No

—
-t

1-
1-
-
-
H—-

l—-

O N+ O™

o~
|

=

LY
]

+ | MO enem

-o |

-

-
€-
1-

oT+ioNo '

e |

H+°+T~Iolo

l;o+?h~+~?a
]

. + =+t

P ™ 4+ - | +$40 01—

e+ N

O+ lemlolonN

+

1~

1-
.—'

¥s9
€99
v E9
§29
w19
v 8¢
€85
aLs
4215
gLS

59¢
¥9S
gss
3%s
¥ %S
WES
ees
yls
308
y0s

v 6%
T 8%
v 9%
b Sy
T A4
ey
vy
L0y
g 6€
c8¢

v 8€
vLiE
DL€
voe
eS¢
¥ ve
TEE
€2e
v 0E
gL

€92
@92
€£ye
g£1e
€02
go6l
DLl
261
291
a1l



118

€901 €l-6 9- 11 8 21 %- Ol-SU + O 1- 9 Ok~S 9 6= %= € %= €= 2 €& - =~ g901
vsot gl- 9— %- 8 - Cl- % ¢~ % 0Ol 8 % 9= 2= % 2~ 8 - ¢ 9- 0 - - = 1 vsot
¥ %01 01~ 01~ 91- 21 2- L 9 0 9 -6 1- 8 11 %= 9= % - €~ + 2~ § - 1 - v 01
9eo1 %1- 9- % 8- 0Ol O 2I1-01-21 9 O 1 Ol 24 8 ©Ol-0 % = 2= %= 0 2~ - =~ 5201
3201 9 g- 2I1- 01 ¢ 9~ 21=- %~ 21 2= % %= O0l= %=+ 9= %= 9 % + 9= 0 2= = + 4+ 3¢01
v¢ol »1 81-21 O01-2 9 %- 8 21-9 ¢l %= 9 8 O0I-0 9= %- + 2 O T 0 = + y2ot
VIOT + 2 %1 %= 6- 8 €1 2 % %1-2- L 8- 8 ¢= 6~ %= 1 - € 1 2= ¢- 1- 2~ © ¥y 101
Vool - 9- 9- 8 2= =2~ ¢ 21 9 9 Ol 9 2= %= 9 9= H- 9 g- O - + T - v001
¥ 66 2 0 21 Ol-2- 0 8 9= % 0 8 9 OIl= 9~ % 9= % 9= ¢ 2= + T~ %= + 1- ¥66
166 2 0 21-01-2- 0 8 9= %= 0 8 9 Ol 9<% % 9 H= 9= 2= 2= =~ 2= % + 1 366
H66 2 9 2ql-%- H1-0 %- 9 H 9- - 0 2 9 8- 9 8- 0 ¢ T~ + v T = 1= Heb
S66 I~ §1- 9 O0l-% € L= 21 §- 9 g- 9- 8 € L O 1T O T % + = 1= = 2 266
€86 01 9 9 8 - 0 %- 8- 9 9 21 8 9- 2 % 9= 0 g~ 9- % O - 0 ¢ + gs6
g96 #1- 01 21- %= 9= 91 %- 9 % 01 8~ %= 2 ¢- %= 2 0 % 9= 2= %~ % & + -~ €96
J96 91- 01 21 % 9= 9l=% 9 %= Ol 8 % 2 2= % T 0 %= 9= 2= % %= ¢ = + 196
uv6 %1- 01~ 91~ 91-%1-8 g 2 2L 2 + 9 9 2 % % % 2= 2= %= ¢ 0O 0 0 - vvo
226 0 21 8 9- €~ €= %1 2- 0 2 & 8 6- 2 €~ L= = = H §- T y- - €= =~ 226
veeo 0I-0 9 Ol-24- SI1-8 %1 21-9 6 8 € 8 § € + ¢ 9- 1- 0 ¢ o0 1 -~ vee
vie . € S1 € €1-8- 9- O0l-8 6- L 1= 9= %+ €~ G- € § % + 9= + € 0 - Vb6
gle6 1~ ¢1 € 1- 11 9- %1 O1-0 6~ € I~ 9= 2 § 6~ € L= 9- - 0 = €= 2= 0 gle
Yue 2 21- 2q1=-%- O01=-21 %= 2 9- 9 0 8 0 8 %= 9 0 %= 9 %= 9= g + + - Vo6
woe ¢ 21 21 %= O1=-21-%- 2 9 9 O 8§ 0 8 %= 9= 0 %= 9= %= 9 ¢ - + + 1106
206 ¢ 8l1-21-8 2 0 %= 01-0 9 O %= 9 ¢ 8 9 0 % 9- T 0 %= - - - 306
268 &6 + 21 9- L oO1-2lL 9 % €= 2l=-Lt- O 22 6- O L S~ € Z 2= ¥»- 1- 1- 1- 968
ves gl- - 9- 21-01 % 21 9- OIl-9- 20" 2 9= OF 9 9- 2 2 9 T % ¢ 2= 2 1 v68
ve8 I- §1 2~ 2 91 € S- % 1- 2 8- 9 % 1= l- 8- 1 % 9- 0 + - €- €~ + v8s
vse 2 9 % Hl-9l=-2- 8 HI-8 Ol-21 ¥ Ol ¢ O1~9- 9 O - ¢ ¢ ¢ + ¢ 1 vse
o8 01- 21 21- %= O01-9 8 O0I-0 9- 21 %- 21 ¢ 8 9 9= % 0 T 9~ - O - ~- 298
¥4 2~ 0 %= 21 - H1 8- 9 - 9= 21 Y= 0 2 0O 2= T H= Hy= 9= ¢ + H + = v98
veg g= 0 + %1 0 2 ¢- & § 9 0 8 ¢~ 1{~§ L= H- 2 § 9~ € €= 2Z- 1- 1- vesd
vis 9 %1-21 % 01 8 2= %1-8 %= % 21-+ 2 8- 0 8- 9 2= % T~ %= 2= - + vze
408 91- 9= 91 0 9= 0 8- 2= % 9 ¥~ 8 9= 9 8 g~ Y- H- T T~ Hw~ H - 0 + 108
208 ¢ 9- 9- 8= 2 21 - 2 2W-=9- 9 O 9 T % 9 9% % 9- ¢ O - + T - <08
VoL 61~ - 9~ + ¢ &1 8 %= €= 8 L % Ol-2- O0I-9- 2 % 9~ € ¢2g- 1- €- 1- 1- Vel
y8L Ol %1 21 8 2 8= 91-2- % O01-8 % Ol-2- - 9 O 8 ¢ = %=~ % T + + y 8L
EYY) g~ gI- 21 9 oOo1T 1 €~ 2= € 9- 8 g= 2- 6= 1 Ol s~ 9- ¢ %= + + 1= €= 0 ALl
aLlL 1- ¢ 21 Oo1-2 6 § Ol-6- 9- 0 8 9 11 § 9= € g 9= %- + =~- € 1 0 alLL
vil Ol-9- 0 8 8- 21-8 O0 ¢ 9= 01-2l % 9= Ol 9= %= 0 % % = + 2= 2 1 viL
YL g~ 21 21-8 6 2 2l-€1-9 %= 1- 1 ©O1 Ol % 2- 8 + & 9= § €~ 1- ¢ - VoL
3L 110 9- 0 %1 8- € L O0O1=-% 2~ 1- 8- 2- €- Ol 9- 66— 2- I- ¢ € + = ¢- 9si
wsL T 0 9 0 %l-8- €~ L Ol-%- ¢ 1 8- 2 €= Ol 9 s- ¢ 1 2 €~ = + vsL
3se ¢=- 9- 21- 0 01- g~ ¢I=- ¢~ %- 01 8- %- 0Ol Ol O ¢~ 0 k4 ¢~ ¢ 9= 0 + - 1 dsi
gEL 0l- 9= %l- %= = ©0 8 %1-9- 01l 9 2- 9 9- ¢~ ¢ % 8 ¢ 9= ¢- ¢ ¢ 0 1 TEL
veL 2 9 % 8- 01l 8- %= 2= %= 2 0 % 9 9 8 9= 8 Y= = ¢= H- 0 ¢ - 4 veL
voL Z 0l 8 8- 2 9l-21-%1-8- 2- 8 % ¢ O01-8 9 O O ¢ 9= % + + 0 =~ voL
V69 01- 91- 21 Ol %1-8 Ol-9- 21-21-0 Ol 2 2 % 2 + T % 9= % 2= 0 = 1 V69
v L9 O L % 8- 1= 0 - 2- 6 Ol 1- 2- O 1- OI-S- 6 L € T %= ¢&- ¢ - ¢ v L9
199 ¢~ 01 % Ol 9- 2 2l-8- 0 % 2- % g 2~ 8 Ol 9- 0 ¢ % = T~ %= = = T99
Y99 1 9= 21- %1 2 9 %= 8 0 O 9- 8 9 O0I-8 9 9 ¥ 9= H=- + T O - 4 v 99
399 H1- 01 % 9= 9= 2l=-% H1-21 2 21-% 9 9 O 9 % % 2 9= + %= 2 + - 299

61 L1 €1 11 L ] 13 z

-8
~
o
o
(-
o
@
[«
~
n
~
-
~
~
0
-
0
o
"
N
"a}
~
<
)
<
-
<
~
"
-
0
o
o
[
~N



119

veel
J2¢el
viel
viel
£0el
20¢€l
voel
EIYA
2621
2821

veel
3821
2821
5921
LE7A
8921
v92Z1
2¢21
vezt
veet

HIZT
atct
cret
LATAS
3021
vyocl
ER:19¢
a8ll
€811
vell

YLl1
3911
a9ll
vort
vsll
2411
3yl
V211
€ell
yzi1

X1t
3¢t
2011
vOll
3011
V601
Y80l
4901
¥ 901
@901

€l-

k4 S

91-
2-

l~
2~
2-
91~
ol~-
1-
1-
kd O
<l-

€l-
€1~
L1
&--

N

1

CoN

Nl
ol-
i~
-

1=
L1

L6

el-
21~
kd S
11~
1=
Q=
o1
o1
21
2~

2~
Nl-
rid
cl
a1
o1~
21
&=
6~
sl
0t

Q=

Yoo
-t

4
r48y

o-
=

1=
9=

o1
G

si~
sl-

81
L1

68

et~
44
11~
el-
21
1=

91~
-
e~
8-

Q=

Q=
Q=
=

€~
71=-

€8

ml

i~
8-
-
o
8~
1=

8-

o O
1)

ot
2~
01

o1
o1~

01
8=
91
11
11

si-

1~
Q=
11
¢l
b\l.
o1
01~
01
91~

8-
o1
%1
o1~

e~
€l-

F'

6L

G-
9
9

ot
ot~
01
1

%1

71
71
71
01

%1
1~
el

11~

€~

-

He
Q=
21~
o1
1=

[

o1
91~

Q=
2-
71

o1
?1~-

%1
o1~

G~
L1
-
8~
i~

€L

4

0

8
o1
ot
o-
i~
=

(A

-
!

OPYOoO PPNV oONO

21

1L

&=
A4
el
Q=
i~
9=

si-
el
o1~

ot
o1~
o1

tVl
¢|

-
l=-

€l
1=

*'

2=~
o1

—
]

o oNNnN©OND©
-t
!

®© o
—

cu-
11

91

L9

L
71~
o1
Sl~

-
ml
-

2~
4

o1~
A
€~
€~

Q=

cl-

N~

1~
P
€1~

19

g~ <I-
Z1l=- %1
4 S A

o1 ¢

cl

1~

»1 9

1= 9=
?1 9~
= 9=
€~ 0

Cl= %1~

¢ o
!
o~
)

-
L]

+t+4t+t 1O IND
-t

OO ypvooOo
por ]

-
-
!

gt~ 9~
ol- &~
0 01

el- 11
¢t oI~

9 01

9=~ 01~

Q=

o~

-t
420NN O

Ll } !

66 €S

k4
0
8~
o1
¢~
4 &

8-

8=

0'

FI‘
e
€~

b
o1

Po—-

FOVOTOVONNG

~
&

k4
o1
2~
€
o1~

1~
G-
o1
1-

i~
-

8=
8-

-

ot~
o1~

(34

01~ S
0 9=

€~ o~
o1 ¢~
9- 2
o1 9
L- 8

9~ 01~

9- 01~
9= 01
9- 0l
9 o1~
9~ 2
6~ OI~
6~ 2~

€~ Jt-

S~ €~

9=~ 2~
ot 9~
S 1-

L 8
L cl~-

9=~ 2=
g- g-

1 19
o1 ot
01 8-
9 -

4 (4t

i
0
]

NOvOoONVONON
-
'

-
&
~
()

0

NnENOYND O
L] [

Ot OO0 O

Y FO oM~ NN
[ ] [

o1

N-?h:O(nC)N
] )

00O
]

VINnNm=enO ogNYO OO

Cooo
L]

~“indFon
L] [ ]

Vo voNM~+ 4+ 40O
] 1! prt

Q=

&6~
€~
Q-

Q=

62

9
8~

-
¢|

1~
-

P
-
8=

cl
¢|

Q=

€~

-

F'
€~

g=

€~

L1

Q=

€~
Q=
-

t o oo yFam

nyoCo~ 1 +

€-
4
1-
H-
H-
-

Y-

wen+ 4

No]tmN

T-OJN + ) n

g +4+ 109 SNanCoNg mwﬂhN
1)

-3 Oom

T4}

+ 4
+ -
I- 0
N -
2~ +
O -
+ 0
- 1
- +
N -
i -
N -
- +
- -
O -
+ 0
= 4
- +
4 [
4 1
1I- 0
I- 2
s +
Z +
N -
.—l -
- +

-t

OCnl 4 O™
4+ et

1

+
- +
4 -
.Hl -
.—. -
1 +
0 1
’ —
1 -
- +
Z +
£ £

L]

Vsel
Y4
v2el
viel
£0€1
30¢€1
VoET
3621
g 621
2821

vell
48¢1
9821
9921
yoll
€£Hel
UAZA!
Q€21
veel
veel

Hidt
3121
(AT
LATAS
3021
voct
3811
81l
g8l
y811

yL1l
3911
a9ll
vortl
vsll
5911
ERAAS
yell
gell
pell

#Z11
3211
011
voll
3011
V601
¥801
3901
V901
€901



120

Co91
Yoot
Hesl
44861
3851
agsl
Qust
3 941
bosl
dsgl

2681
vssl
ERA!
2%s1
4951
aesl
2¢sl
vesl
3¢5l
vesl
grol
»081
v oSl
I061
vyl
TPl
vivl
291
vayl
Y791
3991

verl
2241
d¢v1
3¢Ht
2¢h1
verl
I171
PREA
2191
F1iv1

Viyd
0% i
You1
Vo€l
Hee 1
agei
vee
J9€1
¥9g T
gs€El

o1
ot
€l
o1
11-

L1
2-
o1~
81

Y1~
g1-

-

91~
21

8l~

1=

cl-
L1
r4 &

ot~

Q=
ol
g1~

€l-

L6

OI.

sl-

Flu

si-

-
[+2 6
%1
9-

o1
-

o1~

=
o1~
o1~

g1

91

91~

ml
mol

Z-

o1~

ot
81
ct
L

2t

8l
01

o1~

21

68

o1~

o1
Q=
(A
71

81
al

11-

9~
21

Y11=

-

€8

—

VOO0 00O OOVl +1 +4+@
-4

~NO O
—cT (]

[4 5

[

€l-

ml-

11~

6=
91
A
ml.

A O

el.
ol

4
I

0'
OI.

i~

Sol++1lo
Tl !

NO
1

oOownwowyo
-4

Ny N
-

-
~

0|

8-
¢'
-

ot~

-

91-

L9

(0] §
1=
8-

8
o1~
ml
i
o1~

ot
o1~

ol

71
2~

N'
0|

g8~
o1-

g

19

SinOop
-t

1-

al
w'
cl
ml.

11
OV'

ra o

o1
0'
Q=
1
21

ot
o1

9=

cl-

cl

A o

o1~

cl

cl-

-
g=-
(A

cl

21~

bV'

wl

6%

i

C OO ONN®E NN
-t
'

?NN".‘OO‘“O"

k4
b=
o1-

9=
o1~

+

ofNegpl
T

?ahtm~tN-t¢

¢fvo‘fan*w

-}
)

Ll
]

NON G ©Cn—-

-
=~

o1~

9

Q=
cl

o1~

Q=
6=
&=
Q=

-

o1~

-

62

O + + +NOOVO Ty e
1

0

[
o~

Ql
0

Q=
2~
G-

1-

Q=

1~-
1~
1-
-

1~

P

Nl
0'

O O = nn
[ | '

Fonfnoe Pu

~ovYyaxco

o
—

H=-

+ 1o

\ < T<>T~oc>o~fo«vmvnm + 1
1

?~0Nt:0<:0<:0
]

@} +0N30~?m-rw
1

~
-

-
€=
1-
L=
4
2~
Q=

G-

€1

- NNy
! ]
'

+ N
L
Ly +1

-
[}

L ++0O0OoN~

[
+++~OCaN ¢ +

JovErNNnNNnNONN MO MM |+ 4 F
N+ 4 o

MOt NO N ¢ N oy
' LI U] ]
N NO+1 + + o

Ll

I+

-

CofNam g +0
]
L+ =

tuC o
FONN 4 + | Nth

LN
(]
Ny

€C o9l
¥ 091
H8s1
4881
3881
agsl
qgest
3981
¥9sl
€sst

26S1
ysst
ER 2
2%S1
yosl
€esl
Jesl
vest
3esl
vest
gTLsi
2081
vO0sl
7081
v8yl
Ii%1
vivl
PR A
vsvl
v 991
39771

verl
22491
412%1
YA RS
241
yaul
T1v1
RIYL
H1v1
2191

¥ Ivl
J20%1
v 01
Veel
98EL
3del
veel
29¢€l
YOoET
qgsetl



121

v.i81
a98i
T981
vygl
assl
g£s8l
v 681
acv8l
o481
£y 8l

V4981
£e8l
I ¢8l
3¢81
azesgl
v¢8l
v 081
Vel
dgll
Yull

29L1
VoLl
aoLl
4sLl
g6Ll
D41l
AR
7Ll
3v1Ll
3Ll

Y7Ll
vell
ITL1
Hiil
TiLl
L RWAS
HOLT
10241
0Ll
2041

v 0oLl
2891
q991
v 991
¥e9l
¥¢9l
2¢91
A9
3291
191

N fonie

YOO NY
-

8
1-
sl
11~
Aty
9=
21~
cl
9=

L1~

11
1~

01
ot-

2-
2~
o1
m'
G-
1-
o1
%1

=~

Ll

COWO®OV O
0

o ® &
t -
t

3 o0
t ot

91~
91~
8

6L

4

() S

Q=

21

11
4

sl-

si-

[

0l-

(0] §

ot~

01l-
11~
11~

ot
F'
11
11
€~

(0] §

wl=-

a"
2~
11
11
11
11

21-

€L

l-
€~
F'
m'
91

kA S

&N'
4
¢|

SN~
b= t

S o

21
cl

e

Y-
¢'
1

L9

-
t

—

$Npo WmMmoOvanx ONE
=t

21

€~
Qe
w'

Q=

¢l-
z-
9~
o1
2~

AW|
0.1

o1~
1=
€=

6=~
o-

01~

ol~

21~
0'
21~
cl
c'

o1~

€s

o o1~
G~ 9
L~ 9-
1- oI~
11 ol-
01~ o~
6 9=
g- 2-
s- 8
1- 8

L 8-
- 2~
g~ ¥
L
€~ 8

9 01-
1 11-
g- 2~
2t 1-
8 9~
o o1
g~ 9
€~ b=
€ v
6~ 01
1- 6
€~ L-
- G-
6 €
8- 21~
- -
€~ 1-
6 1~
21— o=
€ 1~
AR
€~ O1-
6= ¢
€1- 9

v b=
8 v~
g~ 21
21 8

1 L

9 1-
9~ 1~
21~ 8
21 8
FAT3
ly €

-O-ONOCD(?O
t

Lo RVl o
ty

F'

F'

o1~ -

-
Q=

8=
*-

@©
t

coNnaPM~O O

N'

1-
h'
€=~

0\'

1-
-

Le

8-
Qe
¢'
Y-

¢'
bV'

1€

'¢NN¢"O¢~O

N =0

o1~

*'

Ql

m-

L4+ 4+ 10
t

o1

-
Qe
Q=
€=
6=

o1~

€=
Y-
Q=

&=
-

6¢

€=
0

g

O M~ ©n
t

T

*¢To ?¢°¢Oooamﬁ
t

00 Yow
e t

G-

-
*'
_«'

+00C0VV ¥
t

4
L
G-

*'

m—urm t++ +0Ng
t

Y-
e
Qe
1-
1-
.oN'
*'

61

+
1

1-
-

¢|

-
Y-

L1

°|

N'
e

1-
1-

€1

€-
€~
€=~
-

-
€~

1-

€-

*'

Nl

m-

Qe

[

11

4

4

2~
2~
M|
2~
€~

Y-

S 4+ v
t

Jovdgan

f:\-l‘ﬂ.a+|+N‘;IN !

T::Tcﬂ* o

tdgdtauNay=+ ey NN

~

—emn

NGO+ 4 Ny

ltien Mamp OFNoYO

-
t

Ny N
t

+ 1+ O aC

NentMog OGNy N

+ -

-
.H-

1-
1-

HNO I =mnnO e

[ 1? t + 4+ At
t

+ o [ P NI |

O+ +4+ Lo

+t+o~nNn+ 1t +O

L+ + 4+

LB |

+1OaN 4

+

+4+4 ! O NN T ¢

~t +t+tOo+ s+

visl
€981
g981
v981
a8l
q881
vesl
cy8l
2481
981

¥ 981
£281
1281
3¢81
ce8l
vesl
Vo8l
vell
28L1
y8L1

J9L1
Yort
CToLT
dsi1
asLl
FsLl
o 9Ll
ToL1
4 %L1
3%L1

vyl
vaLl
Il
niLt
clLl
vt
HOLT
30L1
acoLl
20L1

VoLl
3891
8891
v 991
vV EITL
V<ol
23291
X 291
33291
qgi91



122

3002
2002
2002
Y002
- 00¢
Hgel
vgel
D6l
EET
Is6l

viel
2961
V96l
xg6l
£g61
Is6l
v 6ol
vyeol
vesl
veZel

M6l
3261
a0s61
2061
vosl
2681
4681
go8l
v681
81

91
91~
1=
21
1

2~
41
91-

2~
o1~
ot
11~
L1
o|

91~
kO

2~
81~
ot~
o1~
o1~
21

[

ot~

L6

m'

Sl-
11
Sl-
i~
ot
21

ot

“NNOYVOVOONYY
t t - f!

68

-
el-
el
91
[ o
cl
¢|
(A
-

1=
cl
<1~
Y-
[ &
b\l
2~
Zl-
(A

o1~
2~

€~

o|
1

€8

91
91

4

01
%1
H-

€l-
€l-
€~
€=
11~
91

Y-

8-

2~
(o0 Bt

.—..l
1-
1-
1-

6L

8
g~

€~
71
1
9

Qe

ot
ot
11
&=~
€1~
4

9

€~

€l

[A

A
[4 5

1L

<t~
H-
A4

o1~
l-
h'
¢'
ra ¢
Y-
.

-

-
€-

Ll=-
*'
-
m'
8-

L9

o1~
o1~
o1
01
Nl
o1~
o1~
8~

1=

1-

€l
11~
2~
01
Q-
0'

2l-
-

o1~
o1~
o1~

19

2l= 4~
FASIR 4

8 9=
= 9=

¢l=- <1

el- 2~

0 o1
6 €
6~ €
0 S
8 11
0 6
1= 9 _
9 9

0'

k4

*'
¢l 21~ ¢1

A

4

11~

1

6=

o1

ot~

01

8-

v ol- 8
8~

%~ 01~

-

Y 4
6~ e~
L= 6

€ €
6~ 9

(-} 9=
s1T 9~
si~ 9
€=~ 6

65 €S

~

Mmoot oOO0OCO

Y

Q=
9

*'

o1~
o1~

-
-
8-

H-
He
g
-
A4

4
4
€~
€~
9=

Q-
Y4
0'

Qe

-
6=
Q=
-

e|
Qe
Q-

ml
1-

€~

184

k4
-

0
0
o1
ot
g~
*-
bN'
w|

o1
L=~

Q=
-
|-

*'

8~
2~
ot

&ﬁ'
Y-

1€

4
4
8~
8-
2~
Qe

o1~
9=
Q=

Qe
9=

2~
01
2~

-
-

Q-
Qe
€~
G-
€-

c'
Y-
€~

&2

&
t

FTEIOaNGE AT

-
tt

FEOoOFNNO
t tt tt

t ¥ 3
t

+

Ne@©a N
]

[
-

N Ny

1~

ﬁ'
¢|
&V'
-
N'

€1

+

11

NOYOO4 t 1t

t +ntho
t

N+ s NN ?T¢|0

§ it oen O

t + oMo

t=~=o0O

+

t +0

M

t L+

14+

o~

+ 4NN

(S

+ 1t

NN O

300¢
2002
€002
v00¢e
2002
weel
veel
veel
861
1861

viel
2961
v91
»nsol
£661
rsel
vSs61
Y961
veoel
veel

neel
3eel
€06 [
2061
v061
J68!
d68i
g681
ve8i
aL81



TABLE 44
In this pair of tables, all curves with conductor of the form 2a3b are

described. Every such curve has a model of the shape

Dy? = x° - 3xx - 2Y (1)

where D is *1, *2, +3 or *6, and (X,Y) is| a "primitive" integer solution of
X° - Y4 = 2835, (2)

in this context, "primitive" means that Y 2 0 and there is no integer

t 2 2 such that t2|x and t3|Y.

In Table 4a we list all the 98 primitive solutions X, Y, A, B of (2), and
label them by the numbers from 1 to 98; if now (X,Y) is the Mth solution
of (2), we denote the curve (1) by M*D. In Table 4b the curves M'D are
sorted according to conductor and isogeny class; the first columns list
M*D, the next set of columns give & = i2a3b, listing £+ ab, and the final
two sets of columns contain the Kodaira symbols corresponding to the pri-
mes 2, 3 respectively. Isogenous sets of curves are bracketed together,

with a number to denote the nature of the isogeny, and "CM" if there is

complex multiplication.

The isogenies and examples of complex multiplication are all predictable.
Using the conventions of Table 1, they are described by the pictures over-

leaf; k may be any element of QX/QXQ.



124

(1) Cases with complex multiplication by %(1 +v-3).

s ¥ * * * %
77%k —— 1"k —— 1%-3k —— 77%-3k 2%k —— 2%-3k
* .
¥k —— 3"-3k WPk —— u¥-3k 5%k —5— 57 -3k
6"k - 5 =3k 2 2 7%k - 7% -3k
8 ¥k - 8%_3k 39%2k — 39%-6Kk 9k — 9®-3k

The curves 77 and 39 have complex multiplication respectively by

Z[%(i ++~27)1 and Z[v-3]3; the rest have complex multiplication by %(1-+V-3
(2) Other cases with complex multiplication.

11%2k 18*K 19%2x

29T2k 10%k

* * * * *
30 -2k
/ k\ 41k 5 42 2k 55k 5 55

K 735k

25"

The curves 73 and 55 have complex multiplication respectively by 2i and

V-2; the rest have multiplication by i.

(3) Cases without complex multiplication.

50235; izi;k 69% Kk
60%K gufif Hé*k

87*K 97%-k Bs*k///// \\\\61*-2k
27"k —5— ug*2k 40*k —5— 54%2k 93"k —5— 96™’k
577k —y— 91%2k 22%k —5— 33%-2k
BO% -k —s— 477k . 65%3k 68%-k —5— 8273k
35%Kk —5— 6273k 58" -k —— 7173k su¥ 4k —— 79%3k
72%-k — 78%3k  89%-k ——— 90™3k
837Kk —5— 83%-k 28"k : 98”-x

3 3 2 lz pu* —3 75%k
70%3k —— 78%-3c  87%2k —— 957-2k
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3 2 A

TABLE Y4a : Solutions of X° - Y = & 2

VOO AN

35

42
43
44
45
46
47
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49
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I I
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I+ 1+
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50
51
52

96
97
98

8158
505
40
57
105
73
366
33
5745
54
97
1809
193
72
153
657
70
1153
106
73
1942
19
-47
478

28
9

21
45
26
28
32
136
36
42
35
46
47

9

183
71

72
100
11

73
131
148
177
180
312
736844
23053
253
429
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TABLE_5

This 1s a table of the dimensions of the rational eigenspaces of the

Hecke algebra T, acting on the differential forms on H/T_(N), for N < 300.

The first two columns of the table contain the level N, and its prime

factors PysesesPpe

The third column lists the splitting of the space of all differential
forms, old an new, given by the involutions W, = W(p;) (1= 1,...,pr).
The dimensions of the eigenspaces corresponding to the r-tuple of eigen-

values (61,...,€P) of Wis..e,W, are listed in the order

€, = +1, €y = -1 if r = 13

(£15€5) = (+#1,+1), (+1,-1), (-1,+1), (-1,-1) if r = 23
(E15€55E3) = 444, +4-, +-4, +-=, —+#, ~+-, —=4, ---, if p =

in case r = 4 (N = 210) the first row in €, = +1, the second is g, = -1.

The first column contains the dimensions of the rational eigenspaces of
the Hecke algebra acting on the subspace consisting of the newforms on-
ly. The W-eigenspaces are in the same order as in column 3, and are se-
parated by commas; for each W-eigenspace we list the partition which des-

cribes its splitting into rational eigenspaces of T.

33
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TABLE 6

For primes up to 307, we list the polynomial whose roots are the super-

singular values of J.
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