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1. Introduction
IT has been shown that, if the Riemann hypothesis is true, then the
relationship between the distribution of the non-trivial zeros of the
Riemann zeta-function and that of the loganthms of the powers of
prime numbers can be expressed in various ways closely connected
with Fourier and Hankel transformations.}

In the present.paper I discuss two pairs of Fourier cosine-transforms
which illustrate one aspect of this relationship. I have previously
discussed a related pair of Hankel transforms,} but it is of some
interest to construct a result which only involves the simpler Fourier
cosine kernel. In each of the present pairs of transforms one function
has simple discontinuities of magnitude (2)t/z when the argument
passes through a zero of {(3+1ix), while the transform has simple

. discontibuities of magnitude 1/mpi™ when the argument passes
-through a value of log p™, where p™ is a positive integral power of a
prime p.

. I also derive an alternative proof of an infinite-series formula for
N(T); the number of zeros of {(s) in 0 < I(s) < 7.

All' the results described above require the assumption of the
Riemann hypothesis. Some simpler analogous results requiring no
unproved hypothesis are given in the last section.

2. First pair of transforms
Suppose that the Riemann hypothesis is true, and let 34y,
(n=1,2,8,..; 0 <y, < ¥Yn4,;) run through the non-trivial zeros of

{(8).§ Then
J‘dN(t) N(x)-}-fN(t) 2.1)

t A. Wintner, Duke J. of Math. 10 (1943), 99-105 (99), and A. P. Guinand,
Proc. Lond. Math. Soc. (to appear shortly), referred to in the gequel as (A).

1 (A), Thedrem 1.

§ If 34y, is a multiple zero of {(s) of order 7+ 1 then we put

Yn <Z

8 = VYol = oo = Yngre
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since y, = 1413 > 1,
z x z 7
Nowf N(z) = %1035;—-2';+§+R(Z),
where R(z) = O(logz):
Hence (2.1) becomes
—l—logi R(x 4 j (log——— 1) +f dt
27 7 2

= —log2x—— -
_47rlogx 2ﬂlog2wlogx (1+log21r)+

+ f O f R

= —l—log2z-——l—log 27 log z+ k- O(Ioﬂ), (2.2)
4n 27 z

where ©
d 1 7
= —— (1 -
f RY%— L (1+1og2m) 41
1
= lim{ 11 —log2x+—log 2 log:c}
2ol &t YV 4 .
Now put
F(x) = (2#)*{2 ———log2x+—log 27 log x—k’
’ Yn<$

where the dash indicates that the terms y, = z, if they occur, are to
be halved. Then

144
(g)’} f F(t)cosxt dt
1T ’
0
Yatl

& 1
= Z ( —) f cos xt dt —
71 72 Yn

n=1 7

N N N
-—2—1 f log®t coszt dt +llog.2n f logtcosxt dt —2k J cos xt dt
™ m
0 0 0

.

t E. C. Titchmarsh, The Zetu-function of Riemann (Cambridge, 1930), 4.
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21,1 L
=~ > (St ) inzy,,—sinay,)—
AW 7 n
. . Y d
1 T 1 .. ¢
——%logz'yN smxyN+1T—x f logtsm:pt7+
0
o a ok
A | . -1 . dt 2k .
—log 21 ——log 2 f— ==
+m: og 2mlog yy sinzyy——log nfsmx T STy
0
_ 2Nsina:y,,+
- xz Yu

n=1

2
+Zsinzyyf 2 -~ log*yy+5_log 2nlog yy—k| +

a1 ¥n

1 a1 £ dt flogyy
+;:;jlogtsmxtY-—-;vlog%fsmxt7+0(—y—N— . (2.3)
0 [}

Now, by (2.2), the expression in the brackets { }is O(IE—g—z,—’!). Also
: YN

-] < . @

f lo'gtsinxtd—t = f logusinu@—logxf sinuéll—l'
t U (]

0 0 0 .

="—4n(C+logx),
where C is Euler’s constant. Hence (2.3) becomes
2 Z sinzy, (0+log2 x)+0(l°g”1") C(2.4)
2‘=1 Yn- w /.

Now it is known that{

_Le) rlogp y - v Sy
~Us) pgy' Z 2q+8 p—8

where p runs through the non-trivial zeros of {(s); ¢ # 1, —2¢, p;and
y > 1. If we put 8 = }, p = }+1y,, y = €%, then it follows, after_
some mampula,tlon 1 that the series

9 z sin sin zy,

n=1

1' E. C. Titchmarsh, The Zeta- Sfunction of Riemann (Cambridge, 1930), 81.
1 See (A) for details.
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converges to the sum

’

I8P | 4sinh Jo-+ 4 logeoth o+
mlogp<z

+-arctane-¥—3C—}nr—1log8n. (2.5)
Substituting (2.5) in (2.4) and making N tend to infinity, we have,
after rearrangement,

(g)% f F(t)cosxt dt
v,
0
= 1{ ' l—o—f—f— 4sinh }z-+}log (M)-Héw—arctan e‘*’)}
x mlogp<z éx
= G(x), say.

That is, G(z) is the Fourier cosine-transform of F(z), and the integral
converges in the ordinary sense.

Further, it follows from (2.2) that F(z) belongs to L*(0,00). Hence
G(x) also belongs to L?(0,c0), and, since F(z) is of bounded variation
in any finite interval excluding the origin, it follows by a theorem
of Titchmarshy that

F(z) = (;27')% TG(t)cos xt dt.
0

Thus we have
THEOREM 1. If the Riemann hypothesis is true, and

F(x) = (21r)*{ z' L %Tlog%-{-él;rlog 21rlogx——la},

n

‘)'nS:C
where k is chosen so that lim F(x) = 0, and
r—>o
1 + logp . tanh }x e
G(x) = 5{ z —— 4sinh -;-x—}—{,-log(-—ix— +}m—arctane-* },

Smlogp<z

then, for x > 0, F(z) = (i?)J2L G(t)cos xt di,
.

o!.ﬁg

N —m
and . Gz) = (?)2 f F(t)coszt dt.
v,
0

+ E. C. Titchmarsh, Fourier Integrals (Oxford, 1937), Theorem 58.
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3. Sevond pair of transforms
We use the following lemma.:}

Leymma. If f(z) and g(x) belong to L?(0,0) and are a pair of Fourier
cosine-transforms, then the functions

@ x
dt 1
fo— [ 0%, s@— a0 a

: z 0
are also a pair of Fourier cosine-transforms belonging to L*(0, o).

Now suppose that {«,} is an increasing sequence of positive numbers
tending to infinity, that {a,} is anothér sequence not necessarily
increasing or positive, that 4 (r) is everywhere differentiable, and that

flx) = {Z a,—A( x)} (3.1) .

aw<Z
belongs to L*(0,00). If we choose M so that ay,_; < & < ayy, and put
N>M,oay=T, then
T . Uudz
ffft) = (a;+a,+.. + M—1) ?+
z z

N-1 QUn41 T

+ > @tat.ta) [ - [40F
n=M o z
M-1 N-1
=(G-2)> at 3 @tatto) - )+
z %, n=1 n=M

o[ ot

z

N

a 1 1
2 n E
o PO an+_ a,n+
n=M " N 5 n=1

=1

T
A(T) A) o dt
Tz f 407

t This foilows immediately from E. C. Titchmarsh, Fourier Integrals
(Oxford, 1937), Theorem 69.
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=£{Z an—A(x)} { g - fA(z) }

o <ZT

+[{M<T o f 4’ (t)dt}__ 1 {ZTgan(T)}], (3.2)

Now the first expression in (3.2) is equal to f(x). -Hence, making 7' -
tend to infinity, we have

f@— 108 =3 % [ 20f-k
z 1

where

w[{zz—:—fw%}—-%t,;:n—emﬂ-

o <T
Using a similar notation for b,, 8,, and B(z), and putting

e N
o) = f ro%_1,
B-<= P
where Lis a constant then, if g(z) belongs to L2(0, o), an argument "
“similar to the aboveshows tha.t
Z b —B(x)}

ﬂngz

x-
1
—_ tydt = =
@) HE ) 2|
0 .
- If we now put 8, =y, b, = '(2/rr)* L=k, and
‘ ) ___”_
Be) = (i (Z1og £ — 2},
then g(x) is equal‘to F(x) ‘of Theorem 1, and

(27)t

{No(z)——log2 S L)

1 z
o) — [ o dt =
0
where Ny(z) = zs’ 1 = }{N(x—0)+DN(x+0)}. -
VYaST .

Eurther,.if we.put !
a, = mlog p, a, = logp/pt™, A(z) = 4 cosh }z—¢(x),

and () = log (t"‘nh £

i )+ivrr —arctane-iz | g4e—i2, | (3.4) -
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then f(z) is equal to G(x) of Theorem 1, and, by the lemma, the
Fourier cosine-transform of (3.3) is accordingly

fa)— f 105 = > o2 [amhpf-k+ [ 0%
mlogp<:: 1 ! 1 t
(3.5)
where
T
K= hm[ 1* —2 f sinh 3%
’ ek mlogp<T P 1 :

T
1 1 : &t (T
.__{mlo;d' 0%’_4cosh%T}+ lf ¢’ t)— T]

L]

f ‘0% +2fsmh%td{3r

1
. ' logp

+11m[ —-2[ mh%t——_{ 1 211'}]
T IZ T log-;q' ot

mlogp<LT
If we write [ for the last limit above, then

K= f«ﬁ(t) +2f sinh 1%
Substituting this in (3.5) we have

L f anniet 1 | 102
* (3.6)

’

mlogp<z

fa)— [ 105 =

Now the function - f ¢,(t)d71 . (3.7)

does not reduce to any simple expression, and it is more convenient
to eliminate it. The, Fourier cosine-transform of (3.7) is

? % @ @ ’ (i.
(W) af cosxt dt_if &' (u) :
© t=co ©
e foot] 2 oot 0
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Differentiating (3.4) we find that

A ¢'(x) = i (cosech tr— g) }sech dx—2e-i=,

On substituting this in (3.8) the mtegrated terms vanish, and (3.8).
becomes : ‘

( ) J?‘COSGCh%t——}S;nxtt ( )* f sechétsmxt%—

— 2 (%)% f e—¥gin xtd{
=21:(7_2T)*(yl+112—213), say. (3.9)

Now,t if R(z) > —1,

“logP(14-2) = f {ze-‘—
0

1—e-#\dt
ee—1 /)¢’

Putting z = —3} iz and taking the difference we get
Elglog F(&—Hx) = am I‘(é—f—zz)

L(3—
f‘xe"——
0
o 9\ dt, [f. sinat|dt
= —-_-2-f {cosech%t—?}smth,-{- f {xe ——t—-}-t—
] : 0.

—}Il-i-xf {s_i?_t_sinxt}@_zf {smt }dt (3.10)
0 0

. }dt
sinxt} —
—1 t

I

t

Now the second expression in (3.10) is a Frullani integral, and is equal
to zlogz. Further, for R(s) > —1,

J‘ (2sint—t*le*) dt = —I'(s—1)cos $sm—1TI'(s)
__ TI(s41) 1_ 1—cos %817}
e Tt { =)

t This follows from Binet’s first integral formula for logT(z). Cf. C. A.
Stewart, Advanced Calculus (London, 1940), 493.
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Letting s - 0, we find that

@

flee-ct-s
t t
) 0
and hence (3.10) gives

I, = —2{am I'(}+ix)—=zlogx+2}, (3.11)
where am I'(3+¢z) is defined by putting am I'() =,0 and continuing
analytically along the line }4-iz.

Nowt f sech 3¢ cos zt dt = msechnz.
0

Integrating with respect to x we have
@

xz
I, = J.sech étsinztd-t—t = -nj sech mu du = arctan(sinhnz). (3.12)

0 0
©

Further L= j e~¥gin xtd{ = arctan 2x. (3.13)
H
Substituting (3.11), (3.12), (3.13) in (3.9) we find that (3.7) and

———[—{am I'(}+1z) —zlog x+z}+ } arctan(sinh nz) — 4 arctan 2z]
(3.14) -
are a pair of Fourier cosine- -ttansforms of L?(0,00). Adding (3.7) to
(3.6)'and (3.14) to (3.3) we ob.ain another pair of Fourier cosine-
transforms of L2(0,00). These functions are also of bounded variation
in any finite interval, and hence it follows as in Theorem 1 that the
Fourier integrals concerned ‘converge in the ordinary sense. The
result is:
THEOREM 2. If the Riemann hypothesis is true, and}

(2m )*x

1 p}

mlogp<z

Ho)= > o2 f s'mh%t‘%—l, (3.15)
0

t+ E. C. Titchmarsh, Fourier Integrals (Oxford, 1937), 177 (7.1:6).
1 If necessary we may substitute

-4
2 [ ginh Qté; = li(et®)—li(e-})
in (3.15). °
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where
I = lim _i_zf nhi,t___{ h’%’_zew}],
Lo mlosp<1' mp*™ mlogp<T
and (3.18)

K(z) = @m)t {N( )—-—am I‘(%+zx)+——log21r+

+ 1 arctan(sinh nz)— 2 arctan 2:::} ,
47 T

then, for x > 0, H(zx) = (E)é f K(t)cosxt dt,
ot I |
0

and . K(x) = (1—27)% f H(t)cos xt dt. (3.17)
0
4. The formula for N (z)

As before, putting «,, = mlogp, ay = T, a, = log p/pi™, the right-
hand side of (3.17) is .

.o ¢ .
2\3 ra du
b LA - i —— di
(-,7) f {Z x 2 f sinh $u - l] cosxt

0 0

anst
o N—1 an+1
= (_‘)é lim[ (21+f12+_“+&‘) f cos xt dt —
7] N—o = + 5% dz an_

T ¢
-2 J‘ cos xt dt]‘ sinhi}ud—u——l-sinzT]
U oz .
0
N-

= (3)5 lim [.% Z (al+a2+ A+ )(smzanﬂ—sm:m,,)—'
m| N-o $n=1
| - du 1
—gfsinh%u(sinzT—sinxu)i——sinzT]
z S u T :
0

12\ = a, .
_5(1_1) &i[—;;smzan-l—

T
+sinxT{ Z In_o f sinh%ud—;-‘—l}-{d
s 4
0

n=1 ®

T
f sinh $u sin xud??] .

0
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. By (3.16) this is equal to '

1/2\} 3 3 d

(2 i _za_n' t gin oy 24

x(") 1\lrlm[ 2 oLnsma:oz,,-}- fe ‘s ” +
=1 0.

. N .
sinzT 1/2\} . du
Z oetr\ | _2[2 -tu au

+ { a,—2e }] x(n) fe sin xu ”

ne=1

1/2\b .. 1
= — ~[Z}* lim
x(ir) Tw[mlog(Tmp*m

sinzT logp } 1{2\}
— — QeiT =
7 : E p*’" ] x(w) ;arctap 2x,

and by (8.17) this expression is equal to K(z). Substituting the value
~ of K(z) from Theorem 2 and rearranging the terms, we obtain the
- result: .
TBEOREM 3.t If the Riemann hypothesis is true and x > 0, then

{N(x 0)+N(z+0)}— (—-— og2ﬂ z)

. T
sin(zm log p) — f elv smzu%—
[

mlogp<T

2=
1., | . du
= —Z lim T sin(zm log p)— et gin oy — —

T T—o 1 m . u

mlogp<T 0
_&n xT{ z logP 2e*T}] +— {a,m I‘(%—}-zx)—x logz+2}—
T . p

mlogp<T

_1 arctan(sinh wx) 4 ! arctan 2z,
4m R 4

" where am I'(3+ix) 8 defined by taking am I'(3) = 0 and continuing
['(s) along the line 8 = }-+iz.

Theorem 3 is, in a sense, analogous to (2.5), and the argument of
this section can be reversed to deduce Theorem 2 from Theorem 3.

5. Simpler pairs of transforms
The pairs of transforms discussed in §§ 2, 3 have simpler analogues
with regularly spaced discontinuities. For example, the functions
1 ' 11
2 1— - - 1)
z{ z z}, c {Z - logx} (5.1)
n<e s n<

"t See {A), Theorem 2, for an alternative proof and discussion of the result.
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are a pair of transforms with respect to the kernel 2 cos 2rz. Further,
if x(n) is a real primitive character modulo « (« > 1) and

then the functions
LRI
nsx nge
are a pair of transforms with respect to the kernel 2«—¥cos(2nx/«) if
x(—1) = 1, or with respect to the kernel 2«~#sin(2nz/x) if
) x(—1)= -1

These results are easily proved by the method of § 2, using an
ordinary Fourier series in the place of (2.5). The pair of transforms
(5.1) can also be derived as a limiting case of an earlier result.}

t A. P. Guinand, J. of London Math. Soc. 14 (1939), 97-100. Let s — 1—0
in (1).



