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Abstract. Assume the Generalized Riemann Hypothesis and suppose that Hlog™® x — co.
Then we prove that all even integers in any interval of the form (x, x + H) but O(H*log? x)
exceptions are a sum of two primes.

1. Introduction
Let2<H<N,L=1logN,M =logH,
R(2n) = Z AWA(K)

h+k=2n
and
s =21T] (1__}__) I (E)
p>2 (p—1) pp>ln2 p—2

In a recent paper [P—P], the two last-named authors proved that
Y [R(2n)—2nS(2n)|* «, HN*L 4 )]

N<s2nsN+H
provided 0 <¢<%, A >0and H > N3
In this paper we investigate the size of the exceptional set for
Goldbach’s problem in short intervals under the assumption of the
Generalized Riemann Hypothesis (GRH). We prove that an estimate
of the type (1) holds, under GRH, in the wider range HL™ ® - oo as
N — 0.
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Theorem. Assume GRH. Then
Y. |R(2n)—2nS(2n) + F(n,N, H)|* « H/?N?L?

N<2nsN+H
where F(n, N, H) is a certain function satisfying
F(n,N,H) « NH™Y8(LM)'/2,
Observing that S(2n)>1 and F(n, N, H) = o(N) uniformly for

N<2n< N+ H and H > L***, we easily deduce the following result
from the theorem.

Corollary. Assume GRH and let HL™® — co. Then all even integers
in [N, N + H] but O(HY?L?) exceptions are a sum of two primes.

In other words, writing
E(N,H)=|{2ne[N, N + H]:2n is not a sum of two primes}|

we have
E(N,H)= O(HY?L?).

In the case H= N, GoLDSTON [Go] obtained, under GRH, the
estimate
E(N,N)= O(N'2[*),

which he has subsequently improved (written communication) to

E(N,N)=O(N'2L3).

We remark that our results remain true assuming the Riemann
Hypothesis only for the L-functions associated with characters to
moduli <H'?. We also remark that D. WOLKE and G. DUFNER
proved independently a result similar to ours for the twin primes and
the Goldbach problems respectively, with the condition H > 1?7 and
also S. M. VORONIN [ V] announced a similar result with H > L, with
an unspecified constant ¢ > 0.

The two last-named authors wish to thank the Institute for
Advanced Study for providing excellent working conditions.

2. The Major Arcs
Given Q=1H'? and the Farey dissection of order Q of

1 1
Izl:—,l +-:|, denote by Iq‘a={a=g+n, neéq,a}, where ¢, , =
o 0 q
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1 1 .
c ( - ——), the Farey arc with center at ﬁ. Let
99 49 q

q
= Url,,, m=I\M
gq€P a=1

where * means that (a,q) = 1 and P will be chosen later on. Let
S@) =Y Ame(ny), e(x)=e>"™

We write

a

S(— + n) M) 160 + R(n.4,a),

q ®(q)

with
T = ) e(nn)
n<2N

so that

J S(o)? e( — 2no)do =
m

2 2
B )] ot

q,a

qgsPa=1

n z Z* ( 2:“)J R(n, q, a)*e(—2nn)dn +
4

q,a

f2 Y% wq) 4 3 ( 2"“) J T(n)R(n, g, a)e(—2nn)dn =
4

a<pr ¢(q) a=1 q/J,,.
=), +),+ 2, say. )
We have
g & 2na
2= sk ( ——)f T(n)?e(— 2m1)dn+0(QZ )
a<p@(@)’az1 q/J, a<p @(q)
<P“(‘1 ¢,(—2n) + O(PQ), @)

where c,(—m) is the Ramanujan sum. By the Cauchy-Schwarz
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inequality we get

q 1/9Q
T, Y Y j \R(1,4,0)Pdn @

< =
qg<Pa=1 ~1/q0Q

q 1/9Q 1/2
Za«N”ZZco(q)‘”Z(ZJ IR(n,q,a)lzdn> NG

a<k ~1/gQ
It is easy to see that
1
R(n,q,a) = Y K@Y 2N, z,m) + O(L?)
(‘1) x(mod g)
where 7(y) is the Gauss sum and
/ 1 ify=
VENpm= Y Amnetn)—3,Tw), 6,= { AT
n<2N 0 le #* Xo-

Hence by the orthogonality of the characters we get

q 1/¢Q
Y f |R(n, g, a)|*dn <

a=1J-1/q0
1/40 ( 4
«L ¥ N, gy + 2%
(q) x(mod@) J _ 1,50 qQ
In order to estimate the right hand side of (6) we need the following
result.

(6)

Lemma 1. Assume GRH. Then for any y(mod q)

1/9Q N L2
j W' @2N, 3, n)|?dn « —.

- 1/4Q 90
Proof. By GALLAGHER’s lemma (see [Ga]) we have

1/9Q 5
J [W'2N, 1, m|dn <
~1/4Q

1 J‘ZN
«
@Q)?J _,n

Arguing as in Lemma 6 of SAFFARI-VAUGHAN [S-V] we see that
the integral on the right hand side of (7) is <« NgQL? and the lemma
follows.

> (A(m)x(n) —d,)| dx. (7

ne[x,x + 2qQ]n[1,2N]
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From (6) and Lemma 1 we get

q 1/qQ NIZ
v j |R(n, g, a)|*dn « — (8)
a=1vJ —1j90 Q
and hence from (4), (5) and (§) we obtain that
N2 p\1/2 1/2
Yo+, <<P +(—> NL <« (£> NL (9)
0 Q Q
provided
P< QL2 (10)

Since at the end we will choose P as a function of H and N, from
(2), (3) and (9) we have that

¢,{—2n)— F(n, N, H)

(11}

j S(2)?e(—2na)do — 2nS(2n) = —2n Z #(61)22
" >r (g

where F(n, N, H), defined by (11), satisfies
P 1/2
F(n,N,H)<<(§> NL+ PQ (12)
provided (10) holds, the series in (11) being convergent.

From (11) we obtain that
¥ [R(2n) — 2nS(2n) + F(n, N, H)]* <

N<2n<N+H

< L

N<2n<N+H

2
_+.

J S(x)?e(~2na)do

m

2 2
on Yy PO o)
g>r @lq)
with F(n, N, H) satisfying (12). In order to estimate the second sum on
the right hand side of (13) we need the following resuilt.

Lemma 2. If P < HY? we have

+
N<2n<N+H

(13)

2 Hlog®*P

2
#(q) «
PZ

C + L2
rolg)? *

(—m)

N<msN+H



280 J. KACZOROWSKI et al.

Proof. It is well known that if u(g) # 0 then ¢ (—m) = u(q,)
@

where g, = ( . In the sequel all numbers coming from the g¢’s will
q,m
be square-free. Hence for any m we have
w(q)? 1 1 1 1 d
Y c—m<Yy — Y —« Y —+=)Y —. (14
el aim (d) 157 @ (1) dim @(d) P dm ¢(d)

By a splitting up of the interval (P,m], writing d ~ D instead of

D<d<2Dand[d,d]= (jd, we obtain
1 2
N<m§N+H< d|zn:1 ¢(d)) -
d>P
1 1

=) Y =)

D0 N<m<N+H dm Od) &m @(d)
d~D d~D

N 1 H
« DZ,D’ dZ:D d’gD' (P(d)q)(d')( [d,d’] * 1) <

1
<H)* S —
1;1)' r<min{D,D’} I~ZD/r v~ () (Do)l
r
«<H)Y* S
DZ,D’ rSmig{:D,D'} o(r)’DD’

1 i D’
<HY* logmin{D, D'} + I?
oo DD’

where ) % | means that D and D’ run over the integer powers of 2

such that P/Z <D,D'<m.
In an analogous way, since P < H'/? we have

<

Hlog P
w2y, (15)

1 2 /i
> (— D i) «”HE Y d 4 : «
N<m<N+H Pdder;,QD(d) P icra<ro(d)o(d)[d,d]
Hlog?P
e (16)

and Lemma 2 follows from (14)—(16).
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From (13) and Lemma 2 we finally get

2 2 NZ?Hlog®*P
T oy B w5

N<an<N+H|  4>P@(q)

since P<Q=1H"2

+(NL? (17)

3. The Minor Arcs

Due to our choice of Q and writing || - || = distance from the nearest
integer, arguing as in Sect. 5 of [P—P7] we obtain that

)

Ns2nsN+H

2
<

f S(0)?e(— 2nor)do

™

& Jm |S(€)12Jm | S()}* min {H,M}docdﬁ &

« HNL max
&el0,1)

J |S(0) ]2 dor <
(E—(1/H),E+(1/H))nm

q
2

dn «

1/9Q 2
« HNL max J dn. (18)
}(’afq(gf—? ~laQ

By (8) we get for P < g < Q that
1/4Q
)
~190! N4

1 1/4Q 1/qQ
« zj IT(n)IzdnwLJ |R(n, g, a)|*dn «

P@)J -y 40 - 1/4Q
N NI? Nlog*P NI?
<« 3 + « 3 + ,
ol Q p Q0
so that by (18) we obtain
> HNZ?Llog?P HN?L?
5 J S(@)2e(—2na)da| « 2y . (19)
N<2n<N+H|J P
Now from (13), (17) and (19) we have
2 2 213
> [R(2n) — 2nS(2n) + F(n, N, H)|? <<HN Llog P+HN L .

N<2n<N+H pP? 0

(20)
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We choose P = H'*M/L. Hence for H »(ML)* we see that (10) is
satisfied, (12) becomes

F(n,N,H)« NH™Y8(ML)"2

and the right hand side of (20) is « N2H'/2L3, Now the theorem is
proved.
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