INTERSECTIONS AND TRANSFORMATIONS OF
COMPLEXES AND MANIFOLDS*

BY

SOLOMON LEFSCHETZ
INTRODUCTION

In writing this paper my first objective has been to prove certain formulas
on fixed points and coincidences of continuous transformations of manifolds.
To this proof for orientable manifolds without boundary is devoted most of
the second part, the remainder of which is taken up by a study of product
complexes in the sense of E. Steinitz, as they are the foundation on which
the proof rests. With suitable restrictions the formulas derived are susceptible
of extension to a wider range of manifolds, but this will be reserved for a
later occasion. It may be stated that our formulas include and completely
generalize the early results due to Brouwer and whatever has been obtained
since along the same line.f No such generality would have been possible
without that powerful instrument, the product complex.

The principle of the method is best explained by means of a very simple
example. Let f(x) and ¢(x) be continuous and uni-valued functions over the
interval 0, 1, and let their values on the interval also lie between 0 and 1.
It is required to find the number of solutions of f(x) =¢(x), 0=z =1.

Graphically the problem is solved by plotting the curvilinear arcs

y=f(x)) y=¢(x)) 0=sx<1,
and taking their intersections. A slight modification of the functions may
change the number of solutions, even make them become infinite in number.
However, the difference between the numbers of positive and negative
crossings of sufficiently close polygonal approximations to the arcsisa fixed
number, their Kronecker index. Its determination is then a partial answer
to the question, and indeed seemingly the only possible general answer.

* Presented to the Society under somewhat different title at the Chicago Meeting of April 13,
1923, and the Southwestern Section Meeting of December 1, 1923; received by the editors in
November, 1924.

t A good bibliography is found in Kérékjérto’s recently published volume Topologie, Berlin,
J. Springer. For a list of the most recent titles see a paper by J. W. Alexander, these Transac tioms,
vol. 25 (1923), p. 173, to which must be added my notes in the Proceedings of the National
Academy of Sciences, vol. 9 (1923), p. 90, vol. 11 (1925), pp. 287, 290, summarizing the results
of the present paper.
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The two complexes whose product is taken in this case are the unit
segments on the x and y axes, their product being the square whose sides
they are. Replace the unit segments by two identical manifolds of # dimen-
sions, M, and M,’, the square by the M, image of their pairs of points
(product of the two), the arcs by manifolds on M, and the exact situation
of Part II is obtained.*

In all questions of the above type, the Kronecker index plays then an
essential part. In order to put everything on a solid basis, it seemed vital
to discuss thoroughly this index. There is in existence an excellent treat-
ment of it by Hadamard,} leaving little to be desired for euclidean spaces,
but distinctly insufficient for general manifolds. Then the Kronecker
index is only a special topic in the more interesting and far reaching theory
of the intersection of complexes on a manifold,} needed in any case, to some
slight extent, for a good treatment of the index itself. To this theory is
devoted most of Part I, of which the chief result is as follows: given several
complexes on an orientable manifold M,, which do not intersect on each
other’s boundaries nor on that of M,, there exists a well defined cycle of M,
their intersection. It is well defined in this sense: no matter how the com-
plexes are approximated by means of straight complexes, the cycle inter-
section of the latter remains homologous to itself. If the approximating
complexes intersect in isolated points there is a definite Kronecker index
independent of the mode of approximation.

The independence from covering complexes and related modes of de-
fining straightness has presented some of our most serious difficulties. Itis
a little surprising that the necessity of freeing the Kronecker index from this
vitiating circumstance has never been considered in the literature. That the
wider problem has not been attacked is natural enough since intersections
of general complexes have been studied but very little if at all.§

* This concept appeared first, applied to the special case of algebraic correspondences, in Severi's
paper in the Torino Memorie, vol.54 (1904). Needless to say, Severi did not suspect the analy-
sis situs aspect of the problem, hence did not and could not derive the Hurwitz coincidence formulas.
See in this connection Enriques and Chisini, Lezioni sulla Teoria Geometrica delle Equazioni, vol.
3, p. 427, also Chisini, Istituto Lombardo Rendiconti, ser. 2, vol. 7 (1924), p. 481. Their
work is anticipated by my first Note, which seems to have escaped their notice.

1 Note to Tannery’s Iniroduction & la Théorie des Fonctions. See also the first chapter of my
recent Borel Series Monograph, L' Analysis Situs et la Géométrie Algébrique, and my paper in the 1921
Transactions which both contain important applications of the index to algebraic geometry, and
finally a very interesting paper by Veblen that has just appeared in these Transactions, vol. 25
(1923); results are recalled in Part I, §7 of this paper and derived anew in Part IT.

1 Considered and actually applied, I believe, for the first time in my Monograph.

§ Some very important results along that line have been obtained of late by J. W. Alexander.
See Proceedings of the National Academy of Sciences, vol. 10 (1924), pp. 99, 101, 493.
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ParT I. QUESTIONS OF INTERSECTION

§1. PRELIMINARIES

1. In notation and terminology, we shall follow essentially Veblen’s
Collogquium Lectures on Analysis Situs. We shall assume the reader fairly
familiar with this fundamental work and briefly refer to it as “Coll. Lect.”
The following designations will recur with special frequency in our paper:
S» =euclidean #-space; E,=mn-cell; C,=n-dimensional complex; M,=
manifold of # dimensions ; T', (also v,, 8, in Part IT) =#-cycle.* The various
numerical invariants, the signs ~, =, for congruence or homology,
and also the definition of orientation are as in Chapter I of my Borel
Series Monograph, L’Analysis Situs et la Géométrie Algébrique. In Part IT
we shall introduce the sign ~ for homologies with division allowed, that is
with zero-divisors neglected.

2. Our ordinary complexes shall be restricted to Veblen’s regular type.
Such a C, is the homeomorph of an #-dimensional polyhedron IT,, whose faces
are all simplicial cells (interiors of simplexes) no two intersecting. The
cells of II, define those of C,. We shall apply the term rectilinear segment,
polygonal or polyhedral configuration, etc., to C,, as if it were II, itself,
meaning thereby the images of the II, configurations. Distances on C,
shall also be measured by reference to II,, which for the purpose is assumed
immersed in some S,/, #' <n. By a subcomplex of C, we shall mean one
made up with cells of C,.

C, may be subdivided into new complexes, and this can be carried out
so that the cells of the new complex be of diameter <, assigned. Of im-
portance in this connection is the method of regular subdivision (Coll.
Lect., p. 89).

3. We shall define manifolds in accordance with a suggestion due to
Veblen (Coll. Lect., p. 92). It amounts essentially to demanding of a C,
defining an M, that its cells be grouped about any particular one much
as if they were all immersed in an S,. It will be found worth while to ex-
amine the matter at closer range.

Let Ei, k<#n, be any simplicial cell on C,, E;41 another incident with
it (i. e. with E; on its boundary). We define a set {e} of elements such that
(a) to every Ey,, corresponds one and only one e¢; (b) to e corresponds to-
gether with a given E;;, all others having such a cell in common with it;
(¢) two elements of the set are said to tend towards one another if and

* r set of oriented #-circuits in Veblen’s terminology.
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only if there are corresponding cells whose vertices opposite to E; tend
towards one another. This last condition gives a definition of continuity
for {e}.

Now C, is said to define an M, without boundary if for every Ey,
0<k=<n-—1, the set {e} is homeomorphic to the boundary of an (n—Fk)-
cell. The M, with boundary is then defined as in Coll. Lect., p. 88.

To verify the manifold condition we proceed much as in Coll. Lect.,
pp- 88, 90. We shall show in §3 (No. 14, Lemma II) that there exists a sub-
division C,’ of C, of which Ey=A444;--- A is a cell, the 4’s being its
vertices. (Incidentally this method, now quite customary, of naming a cell
by its vertices will prove very convenient.) Let Ey=A¢d; - - - A4 be any
cell of C,’ incident with E;. Then Ay - - - 4; is also a cell of C,/, and the
totality of such cells gives rise to a C,_s—1 homeomorphic to {e}. Hence
the manifold condition is equivalent to demanding that all these complexes
be homeomorphic to cell boundaries. As the complexes for a given E; are
all homeomorphic the verification is really independent of the particular
C.' chosen.

It is as yet unknown whether for a given M, the manifold condition
is verified simultaneously for all defining complexes. We shall therefore
agree to consider only defining complexes such that the cells of M, for which
the condition is verified have for logical sum one and the same point set.

4. The orientation of a simplicial cell is best defined by the order of
naming the vertices (Monograph, p. 13). The oriented C, is a complex
as previously understood plus an assigned orientation for each n-cell. With
the orientation of E, there is attached one for its boundary (#—1)-cells.
M., is called orientable if its defining C, can be so oriented that every non-
bounding E,._; receives opposite orientations from its two adjacent E,’s.
This property is independent of the particular defining C.. For match
the complex with a copy of itself so that corresponding boundary points
coincide. There will result a set of #-circuits, orientable or not at the same
time as C, itself. From the known independence for the circuit (Coll.
Lect., pp. 100-102) follows that for M.

5. Itis frequently convenient to orient M, by means of a special n-cell
used as indicatrix, thus: on an E,=A4¢4,- -+ A, of the defining complex
we choose another E,’=B,B; - - - B, reducible to the first by an affine
transformation of the common S, with coincidence of vertices in the order
named, and instead of assigning the order of the 4’s, we do it for the B’s.

Let %1, %4, - - -, %, be cartesian codrdinates on S,, the origin being B,.
Then E,’ is completely defined if we give ourselves the matrix H' of the
coérdinates of the B’s, it being understood that the ¢th row corresponds
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to B.. Let E,” be another indicatrix with the same first vertex B,, and
let H"” be the corresponding matrix. Then E,” is the indicatrix of +M,
or —M, according as the signs of the determinants of H’', H" (certainly
#0) are or are not the same.

Remark. Whenever we derive from C, a new complex C,’, subdivision
of the first, we shall agree to orient each n-cell of C,’ so that it constitutes
an indicatrix of the n-cell of C, that carries it.

6. With Veblen we shall call singular k-cell on C, a point set Es, of Co,
uniform and continuous image of an ordinary cell E, which we may as well
assume simplicial. Any statement concerning Ej, in particular regarding
its orientation or boundary cells, is to be interpreted by reference to Ex.

Let EL - -, E? be sensed cells on C,, and let E;_,,---, Ef_, be
their bounding (k—1)-cells, all cells being possibly (but not necessarily)
singular. We shall extend the term “k-complex on C,” to cover a symbol

Ck= Ex‘E,:

where the x’s are arbitrary integers. The points of C; are those of the Ei’s
whose x coefficient is not zero plus their limit points. To the cells correspond
Poincaré congruences

E’:E Ey"iE";—l ’
and for Cy by definition

Cr= inyijE;;—l .

The Ci_; at the right is the boundary of Ci. If it reduces to zero, Ci
is a k-cycle. The fact that Cs_, is a boundary is also expressed by the
homology

Ck_1~0 (mod Cn) .

Remark. The boundary (sensed) of an #-cell is a cycle ; the verification
is immediate. Hence, by summation the boundary of a C, is also a cycle.

§2. INTERSECTION OF CELLS

7. Let E,, E, E, be simplicial cells, the first two on the third. Ej; and
E; may intersect in various ways. Assume that in the S, of E. the spaces
S, and S which carry the other cells are linearly independent, so that their
intersection is anS;, I=k+k—n. Grant furthermore that /=0, so that S
is an actual space (possibly a point) and also that the cells themselves
intersect. This intersection will consist of an element of S;, bounded by a
convex polyhedron, and therefore constitutes an I-cell E;. If we assume the
linear spaces of the boundaries of Ej; and Ex also as independent as possible
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from those of the cells themselves, no bounding (/ —1)-cell of E,; (necessarily
polyhedral like E; itself) will be an (! —1)-cell of the boundary of E, or E,
but will be merely on one of their bounding (2—1)-cells or (£—1)-cells
respectively, and this we shall assume for the present. E; with its bounding
polyhedron constitutes an M; decomposable into simplexes, for example
by the regular subdivision process. To this M; we now propose to assign an
orientation corresponding to given orientations of the other cells as follows.
Let E,'=A¢A, - - - A, be a small simplicial cell such that E/=4,4,- - - 4,
lieson E;, Ey/ =A¢d1- -+ Aron Ey,and E)' =404, - - ‘A1 Apyr - - -Anon Eg.
Let a.E., a,= +1, be the indicatrix of E, (s=#%, k, I, n). Then a, is to be
determined by the relation

ap - arap-a,=-+1.
The cell so sensed shall be designated by E; - E;.*

The relation between the a’s shows that if one of the cells E;, Ei, E.
is inverted so is E;. Furthermore if E; and E; are permuted the only indi-
catrix changed is E,’, whose vertices undergo (n—%) (h—1)=(n—h) (n—k)
transpositions. Hence

E, - Ey=(—1)0.0cBE, . Ey=—(—E,;) - E,=—E, - (—E) .

8. We have tacitly assumed throughout that />0. With suitable con-
ventions we may let it take any value whatever. The case /<0 may be
dismissed at once ; we simply write, then,

E; - Ex=0.

Let now /=0. Then there is a unique point of intersection constituting
a zero-cell E,. It is this point with the value of a, attached which we desig-
nate by E; - E,—». The value of a, is called the Kronecker index or simply
index of E, and E,_, and denoted by (Es - E.—z). The above symbolic
relation still holds, and we derive from it and our discussion

(B« Eny)=(—1)0*0% (E, p - Ey)=—(—Es - Eon)=—(Ex - —Eu) ,

which may also be obtained directly by means of the indicatrices.
To make our conventions complete, when the cells do not intersect,
we shall write

E}, . Ek=0 y (Eh . En—h)=0 .
The case k=0, k=n, is not exceptional. We then have a point E,=4

and an attached unit a in place of as. The point is on the “intersecting”

* In previous papers the same notation was used, sometimes with, sometimes without the “dot.”
In this paper it has been essential to use the dot throughout, for in Part I another “product” symbol
comes in, whose meaning is wholly different and which will be written as a “‘cross” product.
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cell E, (in place of E;) and ax is replaced by &, whose value is +1 if E,
is sensed like E,, —1 otherwise. The index is now

(EO : En)=a0=an *an * Qo -

Its sign is that of & if E, and E, are sensed alike, its opposite otherwise.

9. Our next task is to determine the boundary congruences. We first
assume that Ej; - E; kas no boundary (I—1)-cell on the boundary of E,. This
isindeed the general case, but the exception here referred to is of importance
later. Let the boundary congruences for E; and E; be

E=YEy, E=3FE..

The boundary of Ej - Ey is then the sum of the cells E; - £]_,, E,_, - E,,
affected with signs that are to be determined.

Let for example E, actually intersect E]_, and choose E, with the
vertices of

Eia=A¢d1+ + +Aj1 Appr- - - 4, on Ei—l .

As A; must be transposed  times to come to first place, (—1)! - a; « E;1
is an indicatrix of E]_,. Hence, a:_; corresponding to El_, as a; to Ei,
we have

ap_1=(— l)la;c .
Therefore

a_1={(— l)l - ay

corresponds to Ej - E;_1 as a; to E, - E; itself, so that E, - E;_; has for
indicatrix (—1)! - a; - A¢d; - - -A;_1, which is the precise indicatrix that it
should have as a boundary cell of E, - Ej, since 4; must be transposed
! times to be brought to first place, and since a;4o4 - - - A, is the indicatrix
of Ej - E,.

We conclude then that in the boundary congruence for E; - E; we must
affect Ey - E;_; with the sign +. Similarly E; - E;—; must be affected with
the sign + in the congruence for E; - E;, hence (=1)n—wOa-BE! . F,
with the sign + in the congruence for (—1)—w»t=®E, . E;, from which
at once

(n—%k) K] ]
Ey - Ex=(—-1) SEii- Ex+2 E-Epa.

In the exceptional case at first excluded, E; will have some bounding
E;_,’s on some bounding E,_; of E,. This will be due to the fact that for
example Ej_; and Ej_, will both liein E,_,. Itis found by considering now
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intersections in E,_; that E}_; - E;_, is positively related to E; - E;. The
method is the same as above : we merely assume in our indicatrix 4; exterior
to E,—; and the rest goes through about as before. We shall then have
the general congruence

9.1) By E=(—1)""2Er1- Est D E - Exst 2 Ery- Eiy.

We have here a case where it would be distinctly worth while to have a more
complicated notation to indicate in which complex intersections are taken.
Such instances are comparatively rare and the doubt will always readily
be cleared up by reference to the context.

10. Fundamental theorem on Kronecker indices. Just as before, the
case where /=1, and the cells at the right are points (zero-cells) offers no
exception. Ej - Ej is then a rectilinear one-cell E; and the three sums at
the right reduce to two terms corresponding to the initial and terminal
points of Ey, the sensed intersection. To each of these terms corresponds
a Kronecker index, computed either as to E, or as to one of its bounding
(n—1)-cells. I say, and this is our theorem, that in all cases the sum of these
two-indices is zero so that they are units of opposite signs.

11. Let then

Ei=Ey - Enpn=(—1)""Era - Enaa + - + - ,
where we have not written the term that we do not wish to discuss. Assume
first that the term written represents the initial point 4, of E; and take
it for vertex of same name of the indicatrix previously considered. Here
then a;=a;=+1. The situation is as follows:
Ads - - - Ay is indicatrix for —ap - By,
AoA 1Ah+1 R An “ “ “ Qn—h+1 ° En—h+l s
Aods - - - AwdrApyr- - - An « “ (—1)¥1. a,E, .
The Kronecker index for the point (—1)#1.E, - E, 41 is then the
number 3 defined by the condition

(—1)h~ Oh ¢ Qnhyl * (—l)h_1 -an - B=1.

We have also

QR * Gnhil * Qn * 1=k * Onht1 " =1 .

Hence finally 8= —1. If 4, were the terminal point of E;, we would have
merely a;=—1, the rest being the same, hence 8=+1. Thus we see that
the Kronecker indices for the end points have the same signs that the points
receive in the boundary congruence for E;. The other two cases (where 4,
is Ey - E,—r or Eyy - E,._, and on an E,_;) lead to exactly the same con-
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clusion ; the proofs, essentially similar, are omitted here. The sum of the
indices is therefore always zero as was to be proved.

12. The extension to the intersection of s cells E;, Ey, - - - , E; on E,,
goes through with ease. It is denoted by E;:-E; ---E;, a symbol
which obeys the associative but in general not the commutative law. A
similar remark holds for the index (E;-:E, - -- E;), which exists only
when i+k+ - - -+k=n(s—1). The boundary congruences can be written
down at once.

§3. INTERSECTIONS OF POLYHEDRAL COMPLEXES AND THEIR
KRONECKER INDICES

13. The complexes which are to occupy us in the rest of Part I shall
all be immersed in a connected, orientable and oriented manifold M, with
an assigned defining complex C,. We shall assume throughout that inter-
secting complexes have non-intersecting boundaries and no common points
on the boundary C,_; of M,. Of several intersecting complexes so restricted
let one, say Cx, have points on C,_;. We may subdivide C, into C)’ with
cells so small that those /-cells which have points of C._1, or whose boundary
has some, carry no points of the intersecting complexes on themselves or
on their boundary. Let C be the complex sum of these cells plus their
boundaries. As far as the intersection with the other complexes is concerned,
C, may be replaced by C)’ —Cn which carries no points of C,_;. A similar
remark applies in case there are points common to some, but not all, the
boundaries of the intersecting complexes. Henceforth it shall then be under-
stood once for all that

1. intersecting complexes have no points on the boundary of M,;

II. their boundaries do not meet.

Our general plan is as follows. We shall first define the intersection
of a still narrower class of polyhedral complexes, and then approximate
general complexes by means of these. But before defining our special poly-
hedral complexes, we must prove two lemmas.

14. Lemma 1. Any polyhedral Cy is a sum of simplicial cells.

Each k-cell of Cy is a sum of a finite number of polyhedral regions of a
certain S;. Each region is decomposable into a sum of convex polyhedral
h-cells.* Remove these from C, and let C,_; be the remaining complex.
The lemma is true for A=1. Grant it for the dimensionality Z—1; Cs-s
can then be decomposed into a sum of simplicial cells. Select a point on
each convex A-cell and join it by rectilinear segments to the simplicial

* This has been proved by Veblen and others. For detailed references see Coll. Lect., p. 83.
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cells of Cy—; on the boundary of its k-cell. There will follow the requisite
decomposition of Cj,.

Remark. A region of the initial decomposition of C, may lie on several
cells of C,.. If so the boundaries of the latter decompose it into regions each
of which lies on a unique cell. Then C), will appear as a sum of simplicial
cells, each also on a unique cell of C,.. Whenever we shall consider in the
sequel a polyhedral Cj, arising in some manner in the course of the dis-
cussion, we shall assume that it kas been decomposed into a sum of simplicial
cells each on a unique cell of C.. Strictly speaking, the initial complex is thus
replaced by a subdivision and should be designated by a new notation, but
it will simplify matters a good deal to avoid this.

LemMA I1. There exists a subdivision C,' of Cn with Cy as a sub-complex.

Decompose Cj as just stated into a sum of simplicial cells, any one,
say E;, on an E, of C, or on its boundary. The Si of E; is the intersection
of certain S,_i’s of the S, of E,. Extend these S,_:’s as far as possible on
the simplex of their E,. There will result a decomposition of C, into a new
complex C. with Cj as a subcomplex. Apply now Lemma I to C. and C,’
follows.

15. We now seek to define the intersection of two polyhedral complexes
Cr, Ci and its boundary congruences. Let

Ci= 2B ; Ci= 2 E};

Ex=YEI,; Ei=YE},.

We impose the following restrictive conditions :

(a) Intersecting h- and k-cells are on one and the same n-cell of C. and
in general position as understood in §2. Their intersection is then an l-cell,
where, as before, |=h+k—n.

(b) Let EP | intersect B, on an E,_. Then both are on an E._; of C,,
and E,_, is not on the boundaries of Cy, and C.

When these two conditions are satisfied, the intersection, to be denoted
by Cx - Cx, is a C; defined by the relation

Ch'Ck=EE;;'Ell;,

it being understood that, whenever E, and Ej do not intersect, E; . E}=0.
The symbols C; - C, obeys the distributive law, as follows at once from
the definition. Thus:

(CVHCY) - Co=CY - Cr+ G - Ch
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it being granted of course that both C’ and C,” satisfy conditions (a) and
(d) as to Ci. Similarly for C; while the effect of permuting the C’’s or in-
verting them is as in No. 7 for the cells.

The boundary congruences will present no great difficulty. From (9.1)
follows

15.) G- CG=(=1)""TE - B+ X E - BEL+YEL - B,

the meaning of each sum being readily apprehended by reference to (9.1).
I say that the terms in the third sum cancel each other. Indeed let E,
and E! be on the cell E, and give rise to the term Ep_, - E}_,, intersection
of Ej_,, E ,, situated in a bounding cell E,_; of E,. We assume the cells
Ej_,, Ef |, E,_, positively related to Ei EIl E,., and Ej_,, E}, is the
intersection of the two sensed cells, oriented as indicated in §2.

According to (b) there exist E,, EY, E] of C,, Ci, Ci, with E,_,, E&_|,
E’ | on their boundaries and negatively related to them. There is a cell
labelled Ei", = —EF_, and one labelled Ej¥,= —E ,. Indeed according to
(b) the cells of C;, adjacent to Ej_, can be grouped in pairs oppositely related,
and we may assume that we have such a pair in Ej, Ej. Similarly for
Ej and EJ .

There are now several possibilities. It may be that E,_, separates E
and Ef (that is, one of them is on E,, the other on E,) but not Ei and Ej .
Then the third sum in (15.1) contains these terms pertaining to the couples
considered above and no others:

3 Y 3y S
ir is ir i's
Ey1 - ExatEyy - Epy.

They represent intersections on E,_; and as Ej*; = — E | their sum is zero.
A second possibility is that E,_, separates the two pairs of %- and k-
cells. Then in the sum in question there correspond the terms

. N S S 1
ir is ir is
By EratEpy- Epr.

The first intersection is taken on E,_;, the second on —E,_; (that is in the
scheme of §2, E,_, must now be replaced by —E,_,, the reason being that
boundaries of cells on E,’ are now involved and E,’ is negatively related
to E.—1). When intersections are referred to E,_;, the second term must be
written

—Eyy - EiYy =—(—En) - (—Ees)=—Ey. - ELL,

and the sum is again zero.
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Finally we must consider the case where E,_, separates none of the two
pairs of cells. Then the terms to be considered are now

By Byt By - By + B Eiat By - Bily
the intersections being all referred to E,_;. It is immediately verified that
the fourth term is the same as the first, and the other two terms its negative.
The sum is then again zero. This completes the proof of our assertion.
16. The boundary of C; is a cycle T's—y, and that of Cy is a cycle T'x—1.
We have
Ci=Th1, Cr=Tia.

The first two sums in (15.1) are respectively T'»_; - Cx and C}, - Tx—1. Hence
in the last analysis we have this fundamental congruence:

(16.1) Ch - CkE(—'l)n-k Tho1-Cr+Ch- Thur .

17. A series of important corollaries follows at once from the preceding
discussion.

I. A complex Cj is called a generalized manifold if every non-bounding
E;_; of it is incident with just two A-cells. Orientability is defined for it
as for an ordinary manifold. From our discussion we obtain the following:
if Cu and Cy are orientable generalized manifolds so is Cy + Ch.

I1. If one of the complexes is a cycle the boundary of Cy - Cy is the inter-
section of this cycle with the other complex or its opposite. If both are cycles
so s their intersection. In symbols,

(171) C}; . I‘k=(—1)npk I‘),_l . Pk; I‘;, . CkE I‘;,, . Pk_l; Fh . rkEO .

II1. When the boundary of each complex does not meet the other, Cy - Cy
is a cycle.

IV. Let Ty bound Cryy satisfying our restrictive conditions as to its inter-
section with Cx. Then Ty - Ci is a bounding cycle also.

This can be read off from (17.1).

18. Kronecker index. This time the dimensions are %2 and n—#h.
We make the same assumptions as previously, and, in addition, agree that
for two non-intersecting cells the index is zero. Then

(Ch - Cop)= Z(E;» . Ei.—h) .

From No. 8 follows the distributive law for indices. The result of permuting
the two complexes or of changing the sign of one is as for cells and need not
be written down.
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From No. 10 and (16.1) it follows that if
Ci=Th1, Copp1=Toa,
then here
(18.1) (Cs - rn—-h)=(_1)h * (Tho1 » Cang)

a formula of great importance later (§6), as it transforms an index cor-
responding to dimensionalities %, #—#%, to one with % replaced by A—1.*
19. From the theorem of No. 10, together with (16.1), now follows
Let Ty, bound a Chy1 not intersecting the boundary of Ca_s, a condition that
disappears if we deal with a Tw_y. Let furthermore the usual restrictions as to
intersecting complexes, Cryr and Ca_p 07 Ta_n, hold. Then

(rh . Cn—h)=0! (Ph . Fu—h)=0 .

Observe that owing to the distributive law, it is not necessary that I';~0,
but merely =0, for then (T, bounds and the multiples of the indices are
zero; hence also the indices themselves. This result will have important
applications in Part II.

20. The extension to several intersecting complexes offers no particular
difficulties. The symbols follow the associative and distributive laws, but
not in general the commutative law.

§4. APPROXIMATION OF COMPLEXES

21. A first, but somewhat inelastic, approximation to a general complex
C: by a polyhedral C)’ will be obtained by direct application of processes
due to Alexander (these Transactions, vol. 16 (1915), p. 148) and Veblen
(Coll. Lect., pp. 95, 118). Ci appears then as a subcomplex of a subdivisior
of C, with cells of suitably small diameter. There are two associated com-
plexes Ciyy and Ch such that

(21.1) Crn1=Ci—Ci'+Ci ,
and therefore
(21.2) Ci'~ Cy+Ch .

C? appears only when Cy is not a cycle. Our Ciy1 is the same as Veblen’s
Bi;1. When C; is not a cycle, the boundary cells of Cey1 which join boundary
cells of Cx and C)’ are also part of the boundary of Ci41, and their sum is
precisely C}.

* An analogous formula for cells was given by Veblen in the Transactions paper already
quoted. p. 542.
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In the light of this and upon examining the construction, we find by the
simplest continuity considerations that it may be carried out so that the
following statements hold.

(@) Ci' and Cry1 are both as near as we please to Cy.

() The complex C3 and the boundary of Ci' are as near as we please to
the boundary of Ck.

(¢) Ci includes any particular polyhedral boundary subcomplex of Cy.
This is proved by a very transparent application of Lemma II, No. 14.

22. From the preceding method of approximation we may derive this
interesting result : Let the approximation be made by means of cells of C,.
If the points of a cell of Cy, are sufficiently near those of Ey of C., then its approxi-
mation is E, itself or a cell on its boundary. The cell of Cy need only be within
a certain distance 8 of E, in order that this be true.

From this we have the following

THEOREM. To every polyhedral complex Cy, corresponds a positive number &
such that every cycle Ty whose points are all within 6 of Ci is homologous to a
cycle T4 on Cy.

For C; is a subcomplex of a subdivision C,’ of C,, (Lemma II, No. 14)
and in this case C; corresponds to Cj of No. 21, for T, is absent. We can
also affirm that T',—T,’ will bound, by (a), a Ciy1 whose points are as near
as we please to C; at the same time as those of T}.

Incidentally, since Ci can have no cycle of more than & dimensions, we
have this very interesting result: A non bounding cycle cannot be homologous
to a cycle as near as we please to a complex of smaller dimensionality.

23. The approximations which we have obtained so far are not flexible
enough for our purpose, which demands the approximation of two or more
complexes at the same time by others with a well-defined intersection. This
will be based upon the allimportant

TueoreEM. Let Ci be a subcomplex of C,. By subtraction of bounding
k-cycles, it may be reduced to another complex with the same boundary, whose
(k—1)-cells not on the boundary of M, nor on its own are on cells of at least
n—1 dimensions of C,.

Let C.' be a regular subdivision of C, and C,’ the corresponding subdi-
vision of Cx. Any vertex of C, shall be affected with an upper index, such
as A% to indicate the dimensionality p of the cell of C, which carries it.

Letusattachtoanycell E,=A444, - - - A,0f C,/ asymbol (po, p1, - - -, pr)
to describe its type. Observe that the p’s are all distinct, for po=p,=p would
mean that two points on distinct p-cells of C, are joined by a rectilinear
segment wholly on a p-cell.
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Another and more significant property is that the kighest p indicates the
dimensionality of the cell of C, which carries E,. For then E, has points on
such a cell (in the vicinity of the corresponding 47); hence, due to the mechan-
ism of regular subdivision, it lies entirely on it.

Our theorem will then be proved if we can show that Cy is reducible to a
complex of which every Ei_; not on its boundary nor on that of M, has in its
symbol an integer =Zn—1.

24. (a) For n=1, the reduction is immediate. Then k=0 alone needs
to be considered. Cyis a sum of points each with an assigned sign. Any such
point 4, say affected with -+, may be reduced to any point B of C, by adding
the end points of a polygonal line AB. These end points constitute the
bounding I'y of the theorem.

() Let now ¢=0 and E; be as yet not reduced. Its symbol is then of
type Ag' - - - A with all the p’s less than #. The cell lies therefore on the
boundary of an #-cell of C, on which there is a vertex A;,;. Let I'; be the
boundary of the simplex Ag,; 43" - - - AP* which is positively related to
E:; Ci/ —Tw is a complex which has the same structure as C; except that Ej
has been replaced by £ +1 cells of same dimensionality in every one of whose
symbols appears A, so that they are on % cells of C,. This carries out the
reduction for 7=0.

(c) Assume that the process goes through for any M,., n’ <#, and also
for all cells of more than 2 —7=m dimensions of C’. I say that it goes
through for all dimensionalities.

Consider an unreduced E,=A43" - - - A% of C)/, the p’s being then all
<n—i=n—k+m. To any E,=A} .- A At - .- AP incident with
E,, corresponds Ej_mp1=Ap - - - Ay which we sense so that if the first
set of 4’s is, as we shall assume, an indicatrix of E;, the last is one for Ej_,_;.
The totality of these cells is a subcomplex of Cy, which is an M,_,,_; homeo-
morphic to the boundary of a cell (No.3). The incidence relations (boundary
congruences) between corresponding cells are formally identical.

Let go, ¢1, - - -, gn—m—1 be the set of integers in increasing order which
together with po, - - -, pn constitute the set 0, 1,.--,n. The manifold
M, _n_1 carries two defining complexes. The first Co_n—1 has the points 4%
for vertices, the second C,_n_: the remaining points 4% In fact Cr_n_
is a regular subdivision of C,_n_1, its vertices g; being on i-cells of it. To
show this it will suffice to examine the relation between those which cor-
respond to go and ¢1. Let, for example, the sequence of the p’s and ¢’s in
increasing order read po, 1, o, P2, 3, q1, - - - , 50 that po=0, p1=1, go=2,

-, q1=5,:--. Consider now E;=A° A143 of C,’. It is on a certain
three-cell of C, on which it is incident with exactly two cells 4°414343% and
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AvAtA%43 of C,’. Hence En.1=A%AA4% ... ASA%A% . . . A% whose
symbol is (po, * * -, P3, @1, P4, * * * , Pm)is incident with the two (m+2)-cells
obtained by placing first 42, then A2 between A! and A% It follows that
A% is on the one-cell A743+A4%A45 of C,_._,. With the ¢’s the statement
is that A" is on the one-cell AFA%+A4"4%. The same reasoning applies
to the other ¢ vertices.

Observe that since the p’s are all < #—k+m the ¢’s must include all
integers from n—k-+m to m. Hence gn-m—1=%, ¢n-ma=n—1, - -, ¢p_p1=
n—k+m.

25. Let now (po, - - -, pm; g0, * - * ¢r—m—1) be the symbol for any k-cell
of C’ incident with E,. The reduction being achieved by assumption for
all cells of more than m dimensions, (po, - - -, pm; ¢i’), the symbol of an
(m—+1)-cell, must possess an integer =#—k+m-+1 which can only be g¢;'.
Similarly (po, - -+, pm; ¢, ¢i/) must include at least one integer = n—*k
+m+2, and this can only be ¢’ or ¢/, etc. Finally, then, among the k—m
integers ¢;’ there must be one at least equal to each integer of the sequence

n—k+m+1, n—k+m+2,---,n As they are all distinct and < # they
constitute that very sequence and our cell has then the symbol (po, - - -,
pm; n—k+m—+1, -+ -, n). Thesymbol of the corresponding cell of Crme1
is (m—k+m+1, .-, n).

26. Let Cx be the subcomplex of C" which is the sum of its cells incident
with E,.. Since the latter is not on the boundary of Ci’, on any Ei_, of Ci,
there are as many positively related incident k-cells as negatively related.
Hence the complex of C,_,_; which corresponds to Cz is a cycle Ti_m_y.
Since Cy_n_1 is homeomorphic to the boundary of a cell, I'y_.—1 bounds on
the complex, and in fact bounds a subcomplex Ci_n of Ca_n_1 (Coll. Lect.,
pp- 95, 118). Furthermore since the reduction to be proved applies by as-
sumption to an M, -1, Ci—n may be so reduced without changing its
boundary that in the symbol of its s-cells not on the boundary T there
appears ¢.—r+s—1 Or a higher ¢. But since the cells of T already satisfy this
condition, it holds for all cells of Ci—» without exception. From this we con-
clude immediately that its (¢ —m)-cells have all the same symbol:

(qﬂ—k—h Qn—ky * ° ° Qn—m—l)E (n-k—i—m, n—k+m+1, c n)'
That it has this last simple form follows from the remark at the end of No. 24.

27. To Ci—n corresponds a subcomplex Cii1 of C,’ whose boundary is
a T:. The cells of this cycle incident with E.,, constitute Ci so that E,, is
not a cell of Ci/' =C,’ —T. However, among the new cells of C;”’ are found
those on k-cells of T not incident with E,, and we must examine these.

The symbol for any (k+1)-cell of Cry1is (po, * * + ) pm;u—k+m, - - - ,n).
The new k-cells introduced have then a symbol such as (po, « -+, pe-y,
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Petty s pm;n—k~+m, - - -, n). In the symbol of any cell of m+; dimen-
sions of its boundary will then appear #—k-m-j or a higher integer. The
new cells of # or more dimensions have then the desired behavior. Thus
E, and its incident cells have been replaced bv a set of cells which fulfil
all requirements. Tke proof of our theorem is therefore complete.

Remark. We have incidentally obtained the following interesting
proposition: Every cycle of a complex defining a manifold without boundary
is homologous to a cycle on its dual. More precisely every T'y of C, is homolog-
ous to a cycle whose k-cells have all the same symbol (n—k,n—k41, . - ., n).

28. We return to our approximation problem. The reduction of Cjy has
been obtained by adding the boundaries of (k+41)-cells incident with its
k-cells and belonging to C,. Let us replace C, by a subdivision C, with cells
<eand C,' by a regular subdivision of C.. If we make the same reduction,
we shall merely add to C; the boundaries of (%-1)-cells within a distance of
e from the complex.

Applying this reduction to the approximating complex C;’ we find that we
do not thereby disturb (21.1) or (21.2). The complex Cjis simply increased
by cells as near as we please to C}/, hence to the approximated complex.

29. The essential property of Cy is that the Si—; of any Ey_; of the complex
has the maximum degree of gemerality relatively to the space of the cell Ca
that carries it. We mean thereby that, by modifying the complex without
changing its cellular structure, S;—; may be brought into coincidence with
an arbitrary neighboring S;_, The weakest case is when E;_; lies on an
E,_; of C, with its vertices on (#—k)-cells of the boundary of E,_;. Let 4
be a vertex of E;_; on the cell E,_;; S;_, will intersect the latter at a point
B very near A. Impress upon A the rectilinear displacement 4B, and
similarly for the other k—: vertices of E;;, leaving the remaining vertices
of Ci' unchanged. There results an obvious deformation of Ci/, into say Ci”,
whereby S_:is brought into coincidence with S;_ thus proving our assertion.

The displacement of Ci' may be so carried out, and in a continuous
way, that every point will describe a rectilinear path. Their locus is a
Crs1=C"—Cy'. By adding this to (21.1) we see that Ci/ may take the
place of Ci/ with Cry1+Chrys in place of Ciyr. If S;_ is sufficiently near
Si—; conditions (a), (b), (¢) of No. 21 may still be fulfilled. The reasoning
in case E;—; lies on a cell of more than #—: dimensions is the same.

§5. INTERSECTIONS OF GENERAL COMPLEXES

30. To arrive at something significant, we must narrow down the problem
once more. We replace then the second condition of No. 13 by the some-
what more sweeping
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III. Intersecting complexes must not meet the boundaries of one another.

To complexes so restricted we shall ascribe definite cycles or Kronecker
indices. Indices and cycles are fixed, in the sense that the former remain
the same when we vary the approximating complexes or even the C, by
means of which we construct them, while the cycles remain homologous
to themselves. We shall at first maintain C, fixed and merely vary the poly-
hedral approximations, then examine the effect produced by a change
of Cy.

31. Starting first with two complexes Ci, Ci always restricted as in
No. 13, we approximate them as closely as we please by Ci’, Ci’ constructed
as in No. 32 with the system of relations

(31.1) Coa=Ci—Ci+Ch;  CimGCrtCi ;
(31.2) Cin=Ci—Ci+Ch;  Ci~CitCr;

the various complexes have the same meaning as those of similar designa-
tion in §4. If the approximation is sufficiently fine, C+’ and C,’ will also
fulfil the restrictive conditions I, III of Nos. 13 and 30. This we assume
henceforth for all our approximating complexes.

It follows at once from No. 29 that we may so choose C;’ and Ci’ that
they satisfy the two conditions of No. 14 for a well defined intersection
Cv - C/. Since the boundary of each complex does not meet the other,
the intersection will be an /-cycle. It remains to be shown that this cycle
is independent of the approximating complexes.

32. As a preliminary step let C)' be another approximation whose
intersection with C’ is well defined. I say that

(321) C}.I . CkINC-].’ . C];, .

We have now congruences such as (21.1)

(32.2) Cria=Cr+Ci—Cy
(32.3) Ch+1 =C+Chi—Cy

with C}, Cy very near the boundary of Ci and Chyi, Cays Very near the
complex itself. Their approximation is in fact assumed such throughout
that none of these complexes meets the boundary of Ci’. We have then
from (32.2) and (32.3)

Ch+l—ch+15Ch'— Cv' — (C:-—' C:) .

To the complex at the left we may apply everything said previously for
C, with the following result. There exists a polyhedral complex C,,, very
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near it, having a well defined intersection with Ci’ and whose boundary
is Ci'—Cy' plus a certain k-complex very near C;—Cj and therefore not
meeting Ci’. Hence by (16.1)

Ch1 - Cr=(Ci—Cr) - Ci~0 (mod M.),

from which (32.1) follows.

33. Let now C:’, Ci/ be two approximations with a well defined inter-
section. In order to show that the intersections are independent of the
particular polyhedral approximations provided they have a well defined
intersection, we must prove that

(331) (j).' . CklN Ch' . C};, .

By a slight displacement such as is used in No. 29, we may replace C;’
by a complex Cy/’ with a well defined intersection with both Ci’ and Cy'.
All that is necessary is to replace throughout Ci’ by Ci’—Ci’. We have
then according to the preceding number

Ch, . Chl ~ Chll . Ck, ; Chl . C-kl ~ Ch” N C-k, ;

C;.” . Ck""ch" . C-'kl ,
whence (33.1) follows.
Regarding the Kronecker indices, Corollary IV at the end of §3 yields
at once for h+k=n

(G = G = (Ci=CR) - ) =0,
and as C)’ does not intersect C»—Cp,
(C - C¥') = (G - C))
and the rest is as before.

34. The extension to more than two intersecting complexes is easy.
With obvious notations we must show that

Cy -Cy - C/~C)-C--C.

Introduce C,” in general position as to Ci/, Ci/, - - - , C/’, C//. As above it
may be shown that in the homology Ci’ and Ci’ may both be replaced by
C+’, the process continuing in an obvious way. The treatment for indices
is the same.

35. As is natural we denote the cycles and indices defined by means
of our approximations as Cy - Cp- -+ Ci, or (Cy- Cy - - - Ci). These
symbols have the same properties as those for polyhedral complexes them-
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selves. Those pertaining to permutation of complexes hold obviously,
others less so. We shall examine them in turn, with particular reference to
our future needs.

I. Associative law. The scheme of the proof is sufficiently illustrated with
three complexes and if we show that

Ch'(Ck-Cl)NCI.'Ck'Cz.

By definition Ci - C; and C, - Ci - C; are the polyhedral cycles Ci’' - C)'
and Cy' - Ci’' - C/. In the approximation that leads to the determination
of Cy - (Ci’ - C/), the cycle in parentheses can be taken as its own approxi-
mation. Hence the cycle at the left in the homology is by definition
Cy - (C¥' - C/) and we are back to the case of polyhedral complexes in general
position, for which the law holds.

II. Distributive law. We wish to show that, say,

C;. . (Ch+(:'k) NC;. 'C},-+Ch . Ck .

On examining the two successive approximations of §4 it will be seen that
Ci'+C:' is an approximation for Cy+Cy. If each of the two primed complexes
has a well defined intersection with C)’ so has their sum. Hence the left
side is by definition Ci’ - (Ci'+C:’). As the terms at the right are also defined
by means of the primed symbols, we are again back to the case of poly-
hedral complexes where the law holds.

The two preceding proofs hold without modification for the Kronecker
index.

III. If C, Ck, - - -, Ci do not actually have a common point, then

Ch-Cr++-Ci~0,0r(Cp-Ci---Cy)=0.

For then the primed complexes may be taken without any common point
and everything is once more reduced to the known case of polyhedral com-
plexes.

IV. Let Cy bound Chy1 such that it is the only one of the set Chy1, Cx, - + -, Ci
whose boundary may have poinis in common with the other complexes. Then

Cy.‘Ck'"CxNO 07(C}.°Ch°"Cz)=0.

From (31.1) follows Cpy1—Cria=Cy/, for Ch is now absent since Cs
isa cycle. Moreover C; being a subcomplex of Cy1 the sequence Cy, Ci, - - -,Ci
behaves like that of the statement. Let us approximate Chi1—Cry1 by, say,
Cy41, in our usual manner, which may be done without changing C) since
it is on the boundary (property (c), No. 21). Since Cs41 is very near Cy’
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it will be seen that the primed sequences corresponding to the two considered
above behave as they do. The generalization of (16.1) gives here

Chs1 ' Ci + - -C/=Cy -C¥.---.C/

from which IV follows.
V. Let Ty=0 (i. e., some multi ple of Tw~0). Then

Tp-Ty--- I‘,zO or(I‘;.-I‘;,- .- P1)=0.

This is an immediate corollary of IV. In both IV and V it is of course not
at all necessary that the complex or cycle singled out be the first.

VL. In Ci we may suppress any subcomplex not intersecting Cs, - - - , Cy,
without affecting intersection cycle or index.

This is an immediate but important corollary of II and III.

36. Before we proceed with a thorough examination of the effect of
passing from C, to a new defining C,, let us observe that instead of approxi-
mating to Cy by means of C. it is sufficient to do this for C/. Indeed, let C)’
be the approximation to Ci’ by means of C,. We shall have a congruence
such as (21.1):

Cra=Cy'—Cy'+ C’: )

with Chs1 very near C,’ and C° very near its boundary. Add this congruence
to the first of (31.1) (which is the same as (21.1) with % replaced by 4) :

(Crprt Cr)=Cr— G/ + (C;’r{‘ C:) .

This is analogous to (21.1) with C,’ as the approximation to C,. As the
congruences such as (21.1) plus the structure of the approximating com-
plexes themselves were alone used in defining the intersection cycles and
indices and deriving their properties, our assertion is proved.

§6. PROOF THAT INTERSECTION CYCLES AND INDICES ARE INVARIANT
WHEN THE DEFINING COMPLEX IS CHANGED*

37. For indices the invariance is conditioned upon a certain simple
sense convention. Let C,, C, be any two defining complexes. By prac-
tically the same reasoning as Veblen’s in Colloguium Lectures, pp. 101, 102,
we may show that one of the two complexes C,+C, is a bounding cycle,
but not both (loc. cit., p. 120). We shall assume in the future that tke
complexes are so oriented that C, — C,is the bounding cycle. Once any particular
complex has been assigned an orientation, a definite one follows for the rest.

* A first type of proof is outlined in my second Proceedings note. Just as it appeared in
print I discovered the much simpler treatment embodied in this section.
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We must examine if the present convention agrees with our previous
mode of sensing a subdivision C,’ of C,, where it will be remembered a
cell and its subdivisions were always so sensed as to have a common indi-
catrix. It is clearly sufficient to consider the case where C, is a simplex
with a simplicial subdivision:

Co'=Zut -+ -+ 32n.

Let the first ¢ simplexes, but no others, have an (#—1)-simplex on a given
simplex Z,_; of Z,, namely zi_) for =, with 4 and A° as the vertices of
2, and Zi not on Z,_; or Zi_;,. We take the orientations such that A
followed by the vertices of Z,_, corresponds to the same as 4; followed by
those of Z_;.

In order that =,—C,' be a cycle, it is necessary and sufficient that the
boundaries on Z,; cancel, or that

Zp1— (2:.—1 + -4 E:—l)

be a cycle. This reduces the verification from # to »—1, hence ultimately
to »=1 for which it is immediate.

38. Let us return to two arbitrary defining complexes C,, C,. Our
customary approximations, when applied to C. by means of C,, cannot
go farther than what is yielded by the Alexander-Veblen process. In this
case it comes down to this: We subdivide C, and C, into C,’ and C,’, then
establish a correspondence T whereby to each cell of C.’ is assigned a unique
one of C,/. The n-cells of C,’ are each covered positively by k. cells cor-
responding to positive cells of C,’ and negatively by k&, such cells. Further-
more it is a property of the correspondence that C,’—T (C.’) bounds, hence
ks —Fk, is fixed for all n-cells of C., else this complex would have boundary
cells exterior to the boundary of M, and would not be a cycle. Moreover

TCY~C)l ~Co~Ca~C
therefore

C./—T(C.') = (1+k1—kg)Ca'~0 .

When a subcomplex of a C, bounds it bounds also such a subcomplex
(Coll. Lect. p. 118). But C,’ has no (nz-+1)-cells, hence this homology
can only be true if 14k —ko=0, ka—k1=1. Thus T(C.") covers C.' exactly
once. The importance of this will appear later.

39. Invariance of the index. It will be established by means of (18.1)
that

(39.1) (Ch - Tpp) = (—‘1)‘ < (That - Crpr)
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where the conditions of No. 15 must be satisfied. Here the intersecting com-
plexes are the two extremes, the cycles being their boundaries. We have,
then, given Ci, C._s, their approximations C’, C,_, by means of a first
defining complex C.,, and Cy/, C,_, by a second C., the latter being, if we
wish, approximations to C’ and C,_, rather than to the given complexes
(No. 37). We denote the indices as to C, by the usual round parentheses,
those as to C, by square parentheses, and our object is to show that

(39.2) (Cx - C'ues) = [C¥ - Cna] .

Assuming first that neither %2 nor n—#% are zero, we shall replace (39.2)
by a similar formula with #—1 in place of 2. This will allow us to reduce
everything to the case £=0 for which the proof is simple.

40. Suppose that there exists a polyhedral C, 441 (until further notice
straightness and the like are defined by reference to C.) whose boundary

T, s = Cps+Cos

where C’; and C,_, do not meet. Then first

(Ch - Crp)=(Cs -Tn-s) .

Also assuming all due conditions satisfied, and denoting by T';_; the boundary
of C,, we find from (39.1)

(40.1) (Cr - Ch) = (—1)" (Ther - Chony) -

The necessary conditions are fulfilled with ease. According to our very
construction of approximating complexes, C; and C,_, intersect in a finite
number of points, any one of which, say 4,, is on cells of maximum di-
mensionality of the two complexes and of C,. Let in particular E,_, be
that of C,_;. We can construct a simplicial Ef‘_,,+1 with E'_, on its boundary
and positively related to it. Let this last cell count m; times for C,_,.
We choose

’ 3
Crnir= 2 miEpni1;

C,., is now what is left of the boundaries of the cells at the right when the
cells m; E._j are removed from them. We may therefore manifestly so choose
the cells Ef,_,,+1 that C,_; will contain no 4 point.

Without prejudice to what precedes, the cells of C,._; may be brought
as near as we please to C,_;, hence we may so construct C,',_h_,_l that C, ,
intersects C; in a finite number of points (none an 4), each on -, (n —k+41)-
and n-cells of Ci, C,_s4; and C.. Let B be such a point. Remove from Cy’
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a simplicial cell E; containing B. If it is sufficiently small, it will contain
no A and its bounding (5—1)-cells will intersect C,_;,; each at a single
point of the cell that carries B. Operate similarly for all B’s and let the new
complex still be denoted by C;_, and its boundary by T,

If the cells of C,_4; and those removed from the initial s’ are adequately
small, the intersection of the new C; with C,',_,,_H will be a sum of isolated
rectilinear segments each on an #-cell of C,, and as between the two com-
plexes the various restrictions of §3 are verified. Since the new C," does
not meet C,_;, it gives rise to the same index (C} - C,_3) as the initial one,
so that we are assured that (40.1) holds with C’ as the new approximation
to Cx and T;_; as its boundary.

41. At this stage we introduce the second defining complex C.. Al
approximations by means of it are to be denoted by the same symbols
barred.

We first construct T;_y, Co_,, Cars. On examining our approximating
processes, it is seen that the sum of the last two complexes is a suitable
I,_s. The cycle T;_; bounds C;+Cj, where the second complex, intro-
duced by the approximation, is as near as we please to T;_;. Since C; and
C._, were constructed in general relative position, the second does not
meet the boundary T;_; of the first. With approximations sufficiently fine,
it will not meet Cj either. Hence (No. 35, VI)

[(Ch+Ch) - Coa] = [Ch - Can] .

Therefore in place of approximating C,’ we may approximate Cy'+Cj. To
avoid more notations than necessary, we shall denote that approximation
by C-}.,.

Similarly TI',_; bounds a complex C,"_,,_,_l—!—Cg_,,_{_l, the latter very near
the cycle and therefore not intersecting T';_;, hence, as above, its approxima-
tion may take the place of that of C,',_,,_H and will then be denoted by C_:.—h+1~

As previously, we may choose the approximations Ci and C,_;4q such as
to fulfil the conditions of §3 (Nos. 13, 15), for a well defined intersection.
Even for £=1 is this the case. C,' may then be so chosen that the points of
I'¢ are approximated by any in their vicinity. We have therefore in all cases
where 2 >0

[Ch - Croa] = (=1)'[Tas - Cooaa] -

By the definition of the index, each expression defines that of the ap-
proximated complexes, which are here the primed complexes. Hence

[Cr - Con] = (= 1) [Ty + Chopal.
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42. From (40.1) and (41.1) follows that in place of (39.2) we need only

prove , ,
(Thet * Coctpr) = [Ta_y - Cocisa]

of the same type but with % replaced by z—1. Proceeding thus if necessary
we shall reduce % to zero. The last step will consist in replacing Cy’ by its
set of terminal points T'y’, the signs affixed to them being + or — according
as they are positively or negatively related to the complex. Ty will then
consist of points in the same number as those of Iy, very near to them
and with same signs attached.

For the other complex, we now have a C,’ and by subdividing C, if
necessary, we may assume that C,’ is a subcomplex of it. Furthermore,
(No. 41), the points of I';’ may all be chosen on #-cells of C,/.

Owing to the distributive law, we may assume in the last analysis that
we have a unique point 4 with a definite sign affixed, and a unique cell E,
of C carrying the point 4. We have seen that the sign of the point is to
be independent of the approximation ; let us assume that it is +. In the
other possible case, the reasoning would be the same with perhaps some
signs changed. We must then show that

(4 En)=+1=[A 'En]-

Since 4 is not on C,—E,, we may add the last complex to E, without af-
fecting the indices. We have to prove then, that

[4 - C.] =+1.

We may choose 4 on E, not a cell of less than # dimensions of C, without
affecting our indices. Let 4 be its own approximation by means of Ch.
The approximation of C, by means of C, will be the sum of the cells of a
certain subdivision of C, (No. 40), which is the same as Ch itself. Finally
then

[4-C.]=[4-Cl=+1,

which completes the proof of the invariance of the index of two complexes.

43. The extension to the index of several complexes can be made along
the same lines. The essential thing is to obtain a relation analogous to
(40.1). It will be sufficient to derive it for three complexes Ch, Ci, Ci,
h+Fk+1=2n, with the usual conditions as to their boundaries. Their ap-
proximations will then satisfy conditions analogous to those of No. 15. With
obvious notations, let C;,; have for boundary I'y=Cy+C; with C; not
intersecting Ci nor Cy’. As a matter of fact, it would be sufficient to have
it not intersecting Cy’ - C;’. Then

(43.1) (G -C -CH)=(TW - C¥ - CY) .
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Also by (16.1) and with T;_; the boundary of C}/,

Ciyr-Ci=(=1)»* - Ty - Cx+Cry1 - Thr ,

it being granted that conditions of No. 15 are duly fulfilled. If we now
further assume that the boundary of C, does not meet the complex at the
left, then (No. 19)

(=)€L C) + (Ciar + Tha - C3) = 0.
Hence by (43.1)

€ Ch-C) = (=1)"(Chsr Th1-C}) .
Similarly, with notations whose meaning is transparent,

n—1—1

CyCr-C/=(=1)" +(Ch+Cin"Ti).

Thus we can raise both % and k at the expense of I, until h=k=n, [=0.
From this point on the details of the discussion differ in no material way
from the case of two complexes and need not be given here.

We have then proved that the index of any number of complexes, when
any exists, is independent of the defining C, of M, and the related siraightness.
It has of course the various properties given in No. 36.

44, Invariance of the intersection cycle. The reasoning is exactly the
same whatever the number of complexes, so we need only take two, C, Cs.
This time, with our previous notations, we have to show that

Ci - Ci~GCh - Ch
The cycle Ci' - Ci is carried by a C;, of the simplest type of No. 2, sum
of the distinct simplicial I-cells of a decomposition of the cycle into such cells.

Let these cells be E}, - - -, Ef, oriented each in a definite way. We shall
have

C=YE; Ci Ci=YuLE:,

where the #’s are non-zero integers.

Since the barred complexes are as near as we please to the non-barred,
Cy' - Ci' is as near as we please to C;. Hence (No. 22) the latter carries a
Iy, subcomplex of a sufficiently fine subdivision, such that Cy - Ci'—T}
bounds a Ci;1 whose points are as near as we please to C;. But I'; is homo-
logous, mod C}, to a subcomplex of C; itself (Coll. Lect., p. 120). Hence we
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may assume that I'; itself is such a subcomplex without weakening the
assertion as to C;y1. We shall have

C-)., . C'k,NZS;E‘1= Pz .

Owing to our usual approximating procedure, each E} is on an n-cell
of C.. Hence, just as if C, were an .S, we can construct a simplicial E,_;
that intersects C; at a unique point on E; in such manner that

(Ei - En))=+1; (Ei-E,))=0, ji

By taking E,_, sufficiently small, we may dispose of it so that its boundary
does not meet C;, while the cell itself does not meet the boundaries of Cj’
or Ci’. This is due to the fact that the latter do not intersect C; while E,_,
is very near to this complex.

Let us now approximate by means of C,. We have two congruences
such as in No. 31:

C-h+1E C;L_CI:+CI?,
Cen=C |—Ci+Cx .
When the approximation is carried sufficiently far,

(a) the boundary of E._; will not meet C;y;;

(d) it will not go through any intersection of Cxy1 with Ci’ or €., nor
of Cry1 with Cy or Cy;

(¢) En—; will not meet C5 nor C2.

Since C.41is as near as we please to C;, (a) follows from the fact that the
boundary does not intersect C;. Now were the first of (b) untrue, since
Ci411s as near as we please to C;, it would only mean that the boundary
of E._; goes through a point of Ci’ - Ci/, and hence meets C; which carries
this cycle, and this is not the case. Similarly for the rest of (b). As to (c),
it follows at once from the fact that the cell does not meet the boundaries
of C;' and C’ to which C) and C; are very near.

Owing to (@) and to IV and I of No. 36, we have

((1y=C - C) - Eoct)=0;
therefore

Zsi(Ei “Eo) =si=(Cy + Ci - Eoy) .

(C;.' < Cy - E,,_z) =th(E: . E,._z) =1 .
Again by IV and the first of (b),

((Cr—=Ch+Ch) - Ci - Ead)=0.

Also
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From (¢) we have

(Cr - C' - En_y) =0 .
Therefore

(Cy - C - Eot) =(CV - Ci/ Eny) .
Similarly from the last of (&) and (c),

(G« (Cx'—Ci' + Cr) « Eny)=0.
Therefore

(C}.l . Ck’ . E,._z)=(C‘;.’ . Ck, . En_z) .
By comparing we have at once
ti=(Cy' ~Ci' - En)=(Cx -C¥' - Eni) =55 .
From this follows finally
Chl . CkrNC‘h/ C k/ ,
and our invariance proof is complete.

45. Intersection cycles or Kronecker indices are then the same what-
ever the defining complex of M, from which they are derived, provided
as regards indices that various complexes have their orientations suitably
related. Cycles and indices have all the properties established in No. 35

and the effect of a permutation of complexes in the symbols is the same as
for cells.

§7. FUNDAMENTAL SETS ON AN ORIENTABLE M, WITHOUT BOUNDARY

46. Let TiG=1,2,--,p), P4 (1=1,2,-- -, pa_s) be two funda-
mental sets (No. 7) for the cycles of the same dimensions, and consider the
matrix

(46.1) IF(r - T 1

Any other fundamental set, say for the dimensionality %, can be derived
from a given one by applying to its cycles a transformation of determinant
unity. This is at once derivable from the result established by Veblen,
loc. cit., p. 117. By such a transformation we mean that every cycle of
the new set will be homologous to a sum of cycles of the old, the matrix of
the coefficients of the homologies being +1.

According to the distributive law for indices, if we change fundamental
sets the above matrix is merely multiplied to the right or to the left by a
matrix of determinant +1. Therefore the invariant factors of (46.1) are in-
dependent of the two fundamental sets, and in fact they are all equal to unity,
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an important result just proved by Veblen,* which we shall also derive later
in a new way (No. 65). It follows from this and from Poincaré’s theorem
on the equality of the numbers Ry, R, s, that we may select our sets so that
(@) forj >Ry, Tj and I¥_, are zero-divisors;
(®) if h#n/2 or if h=n/2 and n/2 is even,

i i 1 ifrs=s
(Pb o Pn—h)= {+ n/2 }i = R’l ’

(-0 i h > n/2

all other indices being zero;

(¢) if h=n/2 and /2 is odd, when (46.1) is an alternate matrix,

(T’ Thn)=— (T - Top )=+1,i S $Run

with all other indices again zero. In this case, of course, since the matrix
is alternate and of rank R,;s this last integer is necessarily even, a generaliza-
tion of the well known result for two-dimensional manifolds.

The possibility of choosing the sets as above is based upon well known
theorems on the reduction of matrices with integer terms.}

Fundamental sets of the type just described will be called canonical.

ParT II. TRANSFORMATION OF MANIFOLDS

§1. ProbpucT COMPLEXES]

47. Let E,, E,be two cells, 4 a point of E, or of its boundary, B a similar
point for E,. Consider the set of couples 4, B which by definition vary con-
tinuously if either 4 or B so varies. I say that the set is an E,, n=p+g,
plus its boundary. This follows at once from the fact that if x1, s, - - -, %a
are cartesian codrdinates for an S,, E,, E; with their boundaries, then the
sets in question are respectively homeomorphic to the following three sets:

oéx‘élx ié?; x,,+,~=0;
0sx=1, i=12, .- - ,n.

* These Transactions, vol. 25 (1923), p. 540. See in the same connection my Monograph
already quoted, p. 13. In two recent notes of the Proceedings of the National Academy of
Sciences, vol. 10 (1924), pp. 99-103, J. W. Alexander generalizing this notion has been led to a
new set of topological invariants.

t See the expository paper by Veblen and Franklin in the Annalsof Mathematics, ser.
2, vol. 23.

{ The term and corresponding notation are due to E. Steinitz, Sitzungsberichte der Ber-
liner mathematischen Gesellschaft, vol 7 (1908). See also in this connection H. Tietze,
Abhandlungen des mathematischen Seminars zu Hamburg, vol. 2 (1923), p. 37, H. Kiin-
neth, Mathematische Annalen, vol. 90 (1923), p. 65, and my paper in these Transactions,
vol. 22 (1921), p. 362.
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48. LetII,, I, be polyhedra in spaces S,, S, by means of which straight-
ness and distances are defined for E, and E;, and let xy,---, x, and
y1, - -+, ¥: be cartesian coordinates for S, and S.. We may refer an S,
to the set of cartesian coordinates x;, y;. Then if a point (x) describes II,
and a point (y) describes IT, the corresponding point (x, y) of S,;. describes
a II, homeomorphic to E, plus its boundary. The geometry of this is very
elementary and we leave it to the reader. This II, shall be chosen as basis
for straightness and distances on E, and its boundary.

The point A, B of E, or its boundary shall be designated henceforth
by AXB. Let AA,---A, BB,--- B, be indicatrices of E, and E,.
We shall agree to sense E, by the indicatrix

AXB AyXB - + - ApXB AXBy- + - AXB,,

and the cell so sensed shall be denoted by E,X E, and called product of the
two cells, its factors.* The notation 4 X B merely corresponds to p=¢=0.
At once, we have

EpyXEq=—(—E,) XE,= —E,X(—E,) =('—1)ME1XEP .
Let ai,_l, Lz_l be the boundary cells of E, and E,, so sensed that

E,= Ea;—l ,  E.= sz—l .
Then
(48.2) EpXE,=Y etb 1XEq+ XomE,Xbh s,
where €; and 7; are +1. To determine their actual value assume that
BB,:-:B,iis on b;_y. Then (—1)¢-BBy--- B, is an indicatrix of
b)_, as boundary cell of E,. That of E,Xbj_; is
(—1)7AXB A;XB -+ - A;XB AXB, - - - AXB,1.

Comparing with the indicatrix of E, X E, we find ;=(—1)% If we inter-
change E, and E, we shall find by applying this very relation (—1)" =
(=1) hence e;=1, so that finally (48.2) becomes

(48.3) EyXEy=Y 0y 1XEA(—1)" 2 E,Xbi s ,
which describes the boundary of the product.
49. Let now C,, C, be any complexes, a, a generic p-cell of the first,
b! one of the second. We define their product by the relation
CoXCo= X apXby -

* Concerning this symbolic product see the footnote to No. 7.
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By applying (48.3) to each term at the right we find

(49.1) CoXCo= g X 0o+ (=1) TapXbis

where only the boundary (p—1)- and (¢—1)-cells appear at the right with
the very orientation that they possess in the boundary congruences of the
complexes. Hence if C,_; and C,-, are these boundaries,

(49.2) CoXCq= Cpi1XCoqH(—1)"CpXCyq .

From (49.2) we have the following:

I. The product is orientable (in the sense that a manifold is) if end only
if each factor is.

I1. The product of two manifolds is a manifold.

III. The product of two complexes is without boundary if, and only if,
the complexes themselves have none. Observe that all this can be extended to
singular complexes, hence

IV. The product of two cycles of the factors is a cycle of the product.

From polyhedra of the factors we derive as in No. 48 one for the product,
hence corresponding definitions of straightness and distances.

50. Every I'y of C,XC, is homologous to a polyhedral cycle I'y’ (Coll.
Lect., p. 120). Let a be a point of the cell a, x5! not on I/, Draw a recti-
linear segment from a to every point 8 of I'i’ on the cell, to its intersection
at v with the boundary. The set of all segments By constitutes a polyhedral
Cri1. The effect of subtracting its boundary from T’ is to reduce the latter
to a similar cycle without any points on a,Xb.. On proceeding thus with
all such cells, then with the C,_; made up with the cells of less than »
dimensions of C,XC,, and so on, we shall reduce Iy’ to a homologous poly-
hedral cycle whose points are all on cells of at most 2 dimensions of the
complex. From the theorem of the Colloquium Lectures just recalled,
as applied to the C, made up of the cells of at most # dimensions of our
complex, follows that the reduced cycle, which we still call T}/, is a sum of
k-cells of C,XC,. This may also be shown by remarking that if it has
points on an E; the whole cell must belong to it, else it would have a
boundary on it.

We conclude then that every cycle of a product is homologous to a sum of
products of cells of its two factors.

Suppose that such a T'; bounds on C,XC,. We may apply to the com-
plex that it bounds the identical reasoning, the operations made not affecting
the boundary, and we conclude that if a cycle, sum of products of cells of the
factors, bounds on the product, it bounds a complex which is also such a sum.
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Henceforth we shall use the notation #s, 8 for the k-cycles of C, and C,,
keeping T itself for those of the product C, XC,.

51. As shown by Veblen* every E; of C, is expressible as a sum of
multiples of certain cycles vy, and certain cells aj. Of course no sum of these
particular a’s is a v, hence every v of C, is a sum of multiples of the cycles
v] alone. It is not ruled out that some of the latter bound, but their set may
be so chosen as to include a fundamental set for the k-cycles. There exists of
course a similar set 8y, o] for C,.

52. THEOREM. The k-cycles which are products of cycles taken from
fundamental sets of the factors constitute a fundamental set for the product.

According to No. 50, for any I'x we have

Th ~ s X 0hcu+ v Xbhu + 20, X 85y + 05X by -

We must express the fact that the right side has no boundary. The boundary
of a,f Xb};_“ is a sum of terms 'y“_lxb{_“, @y X 8,y Where v,_y, &_, are
sums of cycles described in the preceding number. The boundaries
of an a X & or of a v Xb are both of type ¥ X8. Hence the boundaries of the
terms in the fourth sum can only cancel each other, which compels the sum
to be similar to the third. Hence for the cycle we have an homology

e~ e X hou 4 Sovh Xbhow+ as X bty .

We may assume that the second sum cannot be split into two, one of
which is a cycle, for it would then be of the same type as the first and could
be merged with it. Similarly for the third sum. From this follows that if
the second sum is absent so is the third and conversely. Also since the
boundaries of the terms in the last two sums must cancel each other, any
term ) Xb}_, in the second sum contains only such a v as may come from
the boundaries of terms in the third. 'y,f bounds then a certain Cuyy of C,.
Let

b;;_pE E Ejaa;c-—u—l .
At once,

Corr Xbhow = 7o X Bt (=) T €1iCrp1 X Bepa~ 0 (mod CpXCy.
On subtracting this bounding cycle from the second expression for T

the term vjXb]_, will have been replaced by a sum of terms that will go

* Coll. Lect., p. 116. The result in question, not stated explicitly by him, is really derived in the
course of the discussion which leads to the theorem there stated.
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into the first or the third sum. Therefore by a previous remark, the third
must then also disappear. Hence

Ta~ X 7uX b1y -

If 'y: bounds Cuyy of C,, then 'y,fXB{_“ bounds Cuﬂxéi_‘,; hence in the
expression of T'x only the terms for which neither 4 nor § bound need to be
preserved, which proves our theorem.

It is not difficult to show that if two factor cycles do not bound their
product does not bound, but as this is unnecessary for the sequel we omit
the proof. A corollary is that no cycle of the fundamental sets obtained bounds
on C,XC,.

Of more import is the following observation. If . is a zero-divisor
for Cp, YuX8x—u is a zero-divisor or else bounds and similarly with § in
place of v. For if ¢y« bounds Cuyy, (#ys) X 8.« bounds Cuyp1X8;—s. Hence
the theorem that we have proved holds even when fundamental sets with respect
to the operation =~ take the place of the others. For we may now eliminate
from the fundamental sets of the product all cycles of which a factor is a
zero-divisor.*

53. Product of orientable manifolds. We know already (No. 49) that
if M,, M, are orientable manifolds so is M, XM,. We are now especially
concerned with the question of Kronecker indices.

Let E,, E,_» be simplicial cells on M, and suppose that they intersect
at A. Let E;, E, ; and B be similar elements for M,. Then E,XE;’ and
E, wXE,_, intersect at A XB on M, XM, and the question is fo determine
their index in terms of (Ex - E,_), and (Ey - Eq'_k).

Let the A’s and B’s of No. 48 now serve to determine indicatrices for
the manifolds, as previously for the cells. As a matter of fact, the M’s
might simply be E’s without changing anything.

We may now assume that the indicatrices are

AAy - - Ay, AAsppr - - -4, for Eyand Eps ,
BBy- - By, BBiu- - By for Exand Eo .
Hence for the above named two-cell products the indicatrices
AXB A1XB - + - AWXB AXBy+ + - AXBs,
AXB ApaXB - - - AyXBAXBytr - - - AXB, .

* From this follow the results of my Transactions paper and those of Kiinneth, concern-
ing connectivity and torsion indices.
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By comparing with the indicatrix of M, XM, and applying the rule for the
determination of the index we obtain the following formula :

k(p—h)

(53.1) (EwXEp - EpaXEqr)=(—1) " "(Es - Eps)(Ex - Eqs) -

It holds even for k=0, A=p, when it yields the following result, verifiable
directly with ease:

(53.2) (ExXB - AXEg)=+1.

The product E, X B simply denotes an E, on the product cell, and similarly
for A X E,.

Let now Ch, C,—s be complexes on M, whose points of intersection are
neither on their boundaries nor on that of the manifold, and let Cy, C,_;
be analogous for M,. Polyhedral approximations to C, and C;’ have for
product such an approximation to C» XC;/, and similarly for the other two
complexes. If the approximations to C and C,_ and those to C; and Coci
intersect at isolated ordinary points of the complexes, the approximations
to the products will behave likewise. Hence from the definition of the
index of two polyhedral complexes with well defined intersections, the
extension to arbitrary complexes, and (53.1), (53.2), we have

(53.3)  (ChXCh - CoaXChor)=(—=1)" " (Ch - Con)(Ch - Clcs) ;
(53.4) (M XB - AXM)=+1.

The products in (53.4) represent complexes homeomorphic to M, or M,
on M,XM, The approximations to 4 and B in that case consist in choos-
ing points of their vicinity situated on p- and g-cells of the covering com-
plexes of the manifolds which serve to define straightness and distances on
them.

Two complexes Ci, Cps—; on M,, without points on its boundary,
may always be approximated by two that do not intersect. Hence if C,
Cq'_H_,- are on M,, without points on its boundary, there are non-intersecting
polyhedral approximations to C,XC;' and Cpn—iXCy_rs+i. Therefore

(53.5) (CyXCh + ConiXCoorii) =0 .

54. THEOREM. Let M,, M, be without boundary and let v, 81 be the cycles
of their canonical fundamental sets. Then except for the signs their products
constitute suck a set for M, X M ,.
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This follows at once from the relations derived from (33.3), (53.4)
(53.5):

(k~N) (p—N)

(54.1) (YAX8hor - Ypor X 0ampin) = (—1) S COERMEY [C NS LAy Y

(54.2) (YxXBhor * Voou X Ooppn) =0, A<p

They indicate also the manner in which the cycles are to be associated.
Of great importance for transformations is the special case p=¢=k=n.
We have then

n(A 1)

(54.3) (X8 - o x00) = (= 1" L (1 - vaca) - (85 - 810)

and all other indices vanish.

55. Formulas (53.3), (53.4) are special cases of a more general one
corresponding to cycles that are intersections of complexes, which is derived
by similar considerations. As we shall not use it later we merely give it
here without proof. If C; and C, of M, do not intersect each other’s
boundary, and have no intersection on the boundary of the manifold, if also
Cn, C. behave likewise relatively to M,, the formula in question is as
follows :

(p—1) (g—n)

CiXCh - CAXChu~(—1) - C1- CAXCh - Cly (mod M,XM,) .

§2. TRANSFORMATIONS OF A MANIFOLD WITHOUT BOUNDARY

56. Let M, be the manifold, M.’ another copy of it, T a transformation
of M, into itself or part of itself, which we subject to this sole condition of
a very general nature: If A is any point of M., B the image of any trans-
form A’ of it on M.', the set of all points A XB is an n-cycle T, on M. XM,' .
The inclusiveness of the class of transformations so defined becomes apparent
when we remark that all continuous one-valued transformations (for each 4
only one A’ varying continuously with 4) belong to it. The non-singular
C. without boundary of which T, is then the image in the sense of No. 6
is M, itself. More generally k-valued continuous transformations are also
of our type; the corresponding C, is then kM ,.

Much of the rest of this paper will center around the determination of
certain Kronecker indices and it becomes essential to define all orientations
involved. Let C,. cover M, and let C,’ be its image covering M,’. Suppose
that I, is a polyhedron which associated with C, serves to define straight-
ness and distances on M,. The polyhedron II, has the same cell structure
as C,’ and we shall agree to use it, associated with C,’, to define straightness
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and distances on M,’. Then any rectilinear segment of M, has for image
a similar one on M,’ and both have the same length. To an indicatrix E,
on M, will correspond an E,’ on M,’. We shall name the vertices of E,’
in the same order as the corresponding vertices of E,, and use the simplex
so sensed as indicatrix for M,’. In accordance with our previous conventions
the orientation of M,XM,’' is now perfectly determined. Owing to its
importance for the sequel, it is well perhaps to characterize it more geo-
metrically. Through any point 4 XB of the manifold there pass M,XB
and A XM,'. Let B be the image of A. To E, with A as its first vertex
corresponds E,’ with B as its first vertex. Let E, be the image of the first
on M,XB, E,’ that of the second on 4 XM,’. The E,, indicatrix of the
product manifold has its vertices named in the following order: A XB, the
other vertices of E,, the other vertices of E,'.

There remains the orienting of I',. If one cycle is suitable for T so is
its opposite. Of the two we shall select the one such that

(I‘,,'AXM,.,)=0-0§0;

a perfectly definite condition since the integer is a Kronecker index of cycles.
57. Let us apply to M, and M,’ the very notations of No. 54, so that
5 is now the cycle of M,’ that corresponds to ~+on M,. We shall then have

(57.1) Tar Y e+ yuX s (mod M, XM, .

The v’s and &’s are, it will be recalled, cycles of fundamental sets. In
particular v, 8 are merely points of M., M,’ while v,, 8, are the manifolds
themselves. The number of cycles of the fundamental sets is one for these
two extreme cases.

The €’s are important characteristic integers of T'. It will be remembered
that two transformations are said to be of the same class if they belong to
one and the same continuous family of transformations. Whenever T varies
within its class, T, is continuously deformed (a condition that might serve
to define the class) and T, remains homologous to a fixed cycle, so that the
¢'s are unchanged. Hence to a given class of transformations corresponds
a fixed set of €s. Whether the converse holds or not is as yet unknown.

58. We must now introduce the notion of the fransform of a cycle of M,
by T. The necessity of defining such a notion with precision arises from
the fact that while T is a point transformation a cycle is not a mere point
set, but consists of a set of cells each taken with a certain multiplicity. The
cycle is then really a symbol attached to a set of cells, and what is meant
by its transform is by no means evident a priori.
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Let v,, 0=p=n, be any cycle of M,. If it is not polyhedral we ap-
proximate it by one that is and that furthermore has been reduced in ac-
cordance with the theorem of No. 23. Then v, XM,’ behaves likewise and
we may also approximate I', in the same manner so that the two have a
well defined intersection T', .y, XM, =T,. (We economize in notations
by designating the approximations like the cycles themselves.) To every
point A XB of T, corresponds a unique B on M,’ varying continuously
when 4 X B so varies on T',. Hence B gives rise to a cycle 3, on M,’. Itis
a singular complex of M,’, continuous image of T', in the sense of No. 6.
The image ¥, of §, on M, is by definition the transform of v, by T. It will
be observed that 8, is polyhedral, hence so is 5,. For §, is represented on
the copy A X M.’ of M.’ by the cycle 4 X35, which is the locus of all inter-
sections of 4 XM," with all manifolds M,XB that meet T, . v, XM, .
In this fashion, however, 4 X5, appears as an intersection of polyhedral
complexes, and it is therefore also polyhedral. If AXB A1 XB;--- A, XB,
is an indicatrix of T'x then BB; - - -B, is an indicatrix of §,.

The preceding definition is justified by the fact that for u =0, when v,
consists of a finite number of points, the correct transforms of these points
are obtained. Furthermore (No. 62) when T is the identity all cycles are
left invariant, which is as it should be with any properly selected definition.

Let the cycle transformations be represented by homologies

(58.1) DI A (mod M.,) .

For any given T one is far more likely to possess information concerning
the a’s than concerning the €’s. Hence the interesting and important
problem arises fo determine the €'s in terms of the o’s. This problem shall be
solved partly in a more narrow form. Let us drop zero divisors throughout.
In accordance with No. 52, with the R’s denoting the connectivity indices
of M., and assuming that among the cycles v, the first R, are independent,
we shall now have in place of (57.1) and (58.1), the following relations
whose appearance is the same:

(58.2) Tam e - yaX o s (mod M, X M) ;

(58.3) Fom Yann (mod M,) ,

where as before p runs from 0 to %, but, for each u, 7 and j run from 1 to
R,=R,_,. The problem that we shall completely solve is tke determination
of the €'s within this range in terms of the o’s similarly limited. This will suf-
fice to provide all that is needed in our applications to fixed points and co-
incidences.



38 S. LEFSCHETZ [January

59. An important formula. The solution of our problem is based upon
the following formula, whose proof will now occupy us:

(59' 1) (rn ° 7#X6n—n) = (—- 1)" * (:Y-y * ’Yn—u)y

with indices computed at the leit as to M. XM,’ and at the right as to M.
In place of (59.1) it will be found more convenient to prove the equivalent

(592) (Ty - 'Yuxan—u)=(_1)“ . (514 . 6n—u) ’

where the last index is computed as to M,’, and to this we now turn our

attention.
60. By means of our usual approximations as applied to I'y, v, and 6.,
we may so arrange matters that all cycles are polyhedral and have well
defined intersections. Let A XB be an intersection of I', with v,X8.—,.
Then B is an intersection of 8, with 8,_,. Therefore we need only to show
that the contributions of the two points to their respective indices have
the ratio (—1)*. Owing to the distributive law we may assume that all
complexes are cells and that the points count for +1 in the indices, or what
is the same, that the manifolds are linear spaces and T a projectivity. The
method of matrices (No. 4) will be found most convenient for our purpose.
61. We begin with the coniribution of AXB to the left side of (59.2).
Let 4, B, and 4 XB be origins of cartesian axes for the spaces M., M,’,
and their product, the coordinates being xi, - - -, &x for M, y1, - -+, Y
for M, , %1, - -+, %, Y1, - - -, Yn for M. XM, . To the points (x), (y) of
M., M, corresponds the point (x, y) of the product.
We can assume for M, a matrix-indicatrix in the sense of No. 4, of type
Io
0 )

61.1
(61.1) Xo,

where the X’s denote square matrices of order equal to the index with
determinants equal to +1, and the zeros matrices whose terms all vanish.
The meaning of (61.1) is clear. If 4; is the point of M, whose codrdinates
are the terms in the ith row, then A4, - - - 4, is an indicatrix of M,. We
may so select it that 44, -- A4, and A4, - - A, are indicatrices of v,
and ya—,. This implies a definite orientation for them, but if we invert v,
or y.—, we also invert 5,‘ or §,—, and therefore (59.2) is unaffected, so that
there is really no restriction. In the same sense as for M,, we may say
that the matrices
1%, Oll 5 110, Xa-]

define indicatrices of ¥, and y,—,.
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To the images of the transforms of M., v,,¥»—,, by T, on M,’, correspond
matrix-indicatrices

vy
V', Y

IRV A I FERID AN e

where ¥V, ¥’ are rectangular arrays and the two other ¥’s square arrays
of order equal to their index. The first corresponds to +M,'=eM.,’, where
the sign is plus if T maintains the indicatrix on M,, minus if it inverts it.
The second and third matrices correspond to 8, and 8._,. Since (61.1)
defines an indicatrix of M, when each row is considered as the codrdinates
of a y point, and since its determinant, product of |X,| and |X.—,|, is
+1, € has the sign of the determinant

‘ Y, , Y
Y’ H Yﬂ—l‘

From the definition of I', we conclude that

HX»,O o Yoo, ¥
0, Xow, Y , Y.,

|

in a matrix-indicatrix of T',, 6= +1. To determine the sign of § observe
that since 4 XM ,' has for matrix-indicatrix

‘ 0 ) 0 , Xu , 0
0 ’ 0 ) 0 ) Xn-u

the contribution of 4 X B to (6T, - A X M,’) has the sign of the determinant

XI‘ ) 0 ) 0 ) 0
0 , Xpw , O , 0
=41
0o , 0 , X , 0
0 , 0 ) 0 . ¢

Hence 6 represents the contribution of the point to the integer ao,=
(T, - AXM,’) of No. 56. For example, in the case of the identical trans-
formation, every point of intersection of the two cycles must contribute
<41, therefore §=-+1. This is also true for a continuous 1 to »# transforma-
tion, where the contributions to the index have a constant sign. That 6
is not —1 in these two cases comes from the condition aq>0 by which we
have definitely oriented T',.
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But this is a digression from our main topic to which we now return.
It is readily seen that

X, 0 , 0 , 0
I 0 ) 0 ) 0 y Xnw
is a matrix-indicatrix for vy, X8.—,. As M,XM,' has for matrix-indicatrix
X, , 0 , 0, 0
0 , Xow , O , 0
0 , 0 ) X, , 0
0 , 0 ) 0 y X

whose determinant is 41, we conclude from the definition of the Kronecker
index that the contribution of A XB to (T, - v,X8.—,) has the sign of
the determinant

X. , 0 y Yo, Y
0 ’ Xn— ’ Y’ ’ Yo
" ==y, .
Xll ’ 0 ’ 0 ) 0
0 ’ 0 ’ 0 ’ Xﬂf-ll
The contribution of AXB to (T's:+v,X8,—,) has then the sign of

(—1)*8| 7, .

62. Let us now examine the contribution of B to (3, - 8.—,). Suppose that
we have found for T, - v, XM," a matrix-indicatrix

Il Z ) Z, " ?

where Z, Z' are matrices with u rows and # columns. Then Z’ will define
an indicatrix for 3,, referred of course to the y codrdinates. For any row
%y, ++, Xny Y1, - * + , Vs rEpresents a point A’ X B’ such that B’ is the point
of M,' with the y codrdinates. From this and the remark, No. 58, as to
relations between indicatrices on T, and §,, follows the property of Z'.

Now v, X (eM,’) has for matrix-indicatrix

X, , 0 , 0 , 0

o , O , Y. , Y

o , 0 , Y , Y.,
which we may replace by

X. 0 ) Y, , Y

0 ) 0 ) Y, , Y ,

0 y 0 ’ Y’ ) Yn—u
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derived from it by addition of rows, as this change of indicatrix merely
corresponds to an affine transformation of determinant 41 applied to
the Su;n involved, and is therefore permissible. The first row defines now
an indicatrix of {0T, - v,X (eM,’), where {= +1. From our mode of de-
fining sensed intersections (No. 12) it follows that { has the same sign as
the determinant

X, , 0 , Y. , Y
0 , Xew, Y , Yuul | T , Y

o , o , v. , v | |y , vl
o , 0 , Y , Y.,

that is, the sign of e. As both are unity in absolute value, {=¢, so that
actually the matrix

lx. , o , v , v [

defines an indicatrix of € 0T, - v, X (eM,') =0T, - v,XM.'. According to
what has been said at the beginning of this number, then

lv. . v |

defines an indicatrix for 83..
Since M.’ has a matrix-indicatrix of determinant +1, the contribution
of B to (65, - 8.—x) has the sign of the determinant

Y. , Y
0 , Xu,

b

since the last line is a matrix-indicatrix for 8,—s. As the determinant has
for value |V,|, the contribution of B to (8u - 8.—.) has the same sign as
0|Y.|. Its ratio to that of (T - ¥,X8x) is then (—1)*, which suffices.
to prove (59.1).

Remark. One incidental result follows readily from our discussion. The
indicatrix of §, coincides with the image of the transform of that of v, or
with its opposite according as 8 is positive or negative. Upon translating
this back to M, itself, we find the following result. If A XB contributes
4110 (T - AXM,') then the indicatriz of the transform of any cycle through
A is the transform of the indicatrix ; it is the opposite of it if the contribution
is —1. For example in the case of a continuous sense preserving 1 to #»
transformation, the indicatrix of the transform is always the transform of
the indicatrix. In particular for the identical transformation the two
coincide, and ¥, not only coincides with v, element for element, but also
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with preservation of orientation. This justifies in a sense our convention
as to sensing I'» and our definition of the transform of a cycle (No. 58).

63. Itisimportant to emphasize the fact that the extreme values u =0,
n are not exceptional at all. For u=0, we have already imposed

(63.1) (Th - AXM,)=ao .

The interpretation given for this integer in No. 60 fits in perfectly with our
discussion. Let a, be the similar integer for 7-1. Its interpretation is then
this :* An arbitrary E, of M, is covered with a certain number of cells of
T - M. Among these there will be, say, &’ positive cells, "’ negative cells
of M, and a.=k'—k". Here of course a, may well be negative. Thus if T
is a homeomorphism inverting the indicatrix, a,= —1. An example of this is
the symmetry of a sphere with respect to a diametral plane. It is important
to remember that the T considered is not the initial transformation but
one that corresponds to a polyhedral approximation of its T,.
If we compute the index as to M.’ X M, we obtain then

(T -BXM,)=(T, M, XB)=a, .

If a manifold is inverted all corresponding indices must be changed in sign,
an immediate corollary of their definition. As M, XM, =(—1)"M,’ X M,,
when the index is computed with reference to M, XM,’,

(63.2) (Tp - M, XB)=(—1)"a, .

This is what (59.1) becomes for p=%. Both (63.1) and (63.2) can also be
derived with ease by means of matrix-indicatrices. Indeed this would merely
involve repeating the discussion of Nos. 60, 61.

Observe that the notation ay, a, is in accord with the meaning given to
a] in No. 57. They correspond to the homologies describing the behavior
of the zero-cycle (a point) and the m-cycle (M, itself). Explicitly for
u=0, n, 7 and j can only be unity, and a;' =ao, a'' =a,.

64. We now pass to the actual determination of the ¢’s. If we remember
that in calculating Kronecker indices zero-divisors may be dropped, we
see that in applying (59.1) we may substitute from formulas (58.2) and
(58.3) in place of (57.1) and (58.1). Let us then substitute in (59.1) for
T, its expression as given by (58.2), for v,, 8.—, the cycles 'y,'f, Bﬁ_“, and
for ?ﬁ its expression (58.3). We obtain

Ry, R

. . . Lad . .
2 (Ve X 8 vaX 8as) = (= D* 2 ot (vh - e

§,j=1 =1
* This is the same as Brouwer’s degree of T. See Mathematische Annalen, vol. 71 (1911),

p- 105. He limits himself to the case where every point has a unique transform, which is a special
case of transformations with gy,=1.
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all other terms having dropped out in accordance with (54.1). Trans-
forming the left side by means of (53.3) and (53.4) this becomes

st Ru s Ao ik & wi i
(— 1) Z 5n—u(7n * 'Yn—n) ('Yu * 'Yn-—u) =E Qp ('Yu * 'Yn—u) .
1,5=1 j=1

For each u we have here a set of R} linear equations in the B, unknowns

€, The determinant of their coefficients is a power of the determinant

|G va-) |

whose value is actually +1, as may be deduced from Veblen’s theorem
mentioned in Part I, §6. These equations may therefore be solved even
explicitly if need be, a task which presents little interest. However, if, as
we shall assume from now on, the fundamental sets on M, are canonical the
solution can be carried through in an instans.

For if we substitute this time the indices as given in Part I, §6, and as
they must be applied here, we have at once

(@) ps£in or =in=an even inieger.

Then hk hk

€n—p=0u , I‘>%” >
= (~1)" "0 wshn .
(b) n=3n=an odd integer.
Then
2h—1,k 2h,k 2h k& 2h—1,k
€n/2 = —Qn;p2 , €n/2 = Qn/2

We obtain for T, the following relations:
(@) n=£4, mod 2.

By L
[p= E E a.:,t,"'y,:X:S’,,,_“

0Sp<n/2 i,j=1

Ru
(nt1) . 3 .
+ > (=" Cnp * Vi X Oy

ngnﬂ 1yj=1

(b) n=4, mod 2.
Ry i i i UIE? 7.
T~ Z Z (an-—n “Yu Xyt (—1) ay - Yaop X 84)
0Su<n/2 1,i=1
iRn/2 Ranl/2 2h—1 2k 2k & 2h—1 k
2 ) -

k
+ Z E (anj2 * Yn/2X8ns2 — Qn/2 * Ynj2 X6y
he=1 k=1
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65. A new proof of Veblen’s theorem on fundamental sets. We refer to
the theorem of Part I, §6, according to which the invariant factors of the
matrix

G- vami) 1
for any two fundamental sets are all unity. Let them be in any case e,
es, -+ -, er,. That their number is R, follows from other considerations

that need not detain us.* The reduction to canonical sets will be accom-
plished as before, only now

(Yu * Ynw) = e,
the same indices being zero as previously. Therefore we have now

hk hk

€y cCher =Ta, -ex.
Hence e, is a factor of a,':", and in particular of a,':h for every T. But for the
identical transformation aff’=1, hence e,=1 which is precisely Veblen’s
theorem.

§3. COINCIDENCES AND FIXED POINTS OF TRANSFORMATIONS
OF A MANIFOLD

66. A coincidence of two transformations T, T” is a pair of points 4, 4,
of M,, such that A’ is a transform of 4, by both T and 7’. A fixed point
of T is a coincidence for T and the identical transformation. Let T,, T,
be the cycles corresponding to T and 7”, and let B be the image of A’ on
M,'; A XB is an intersection of T', with I',’ and conversely to such an inter-
section corresponds a coincidence of T and 7’. The determination of the
number of coincidences and fixed points is then reduced to a question of inter-
sections of cycles. The actual numbers are not definite, may even vary for
transformations of the same class, become infinite, and so on. Not so,
however, with the attached Kronecker index (T', - I'.'), whose determina-
tion alone is usually possible. Its interpretation is simple enough. If we
consider suitable approximations to 7" and T’ there will be only a finite
number of intersections. Some of these, say &', shall be counted positively,
others, say k', counted negatively according to a definite rule, and the
difference &' —k'’ is independent of the mode of approximation, in a sense
sufficiently clear in the light of Part I, §5. From what has been established
there, it follows that the number of coincidences to be obtained in the sequence
is an actual topological invariant of the transformations involved, the same being

* See my Monograph, p. 13; also Veblen’s paper on this question quoted in Part I, §6.
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true for the number of fixed points counted in an analogous manner to the
coincidences.

67. We shall now endeavor to characterize topologically the coin-
cidences according to the signs of their contributions to (I', - I','). We
select two polyhedral approximations that intersect in a finite number of
points only, in such a way that if 4 XB is one of them it has neighborhoods
on the cycles and on M, XM,’ that are interiors of simplexes. We continue
to call the approximations I', I';’. Each intersection 4 XB counts for +1
in computing the index, and as far as its neighborhood alone and those
of 4 and B on M, and M, are concerned, everything is as if all complexes
involved were linear spaces. The matrix-indicatrix method will then be
again the most convenient.

To T, and I',’ we may make correspond matrices

X v [l I X, v 1]

Regarding X, and X, we may replace them by any others whose deter-
minants have the same signs. Thisis animmediate corollary of the definition
of the indicatrix. Let us assume our codrdinate system such that the unit
matrix of order #, I,, corresponds to an indicatrix for M, as referred to the
x coordinates. Then I, will play the same part for M,’ and the y cosrdinates,
I,, for M. XM, and the codordinates x, y. Under the circumstances, as we
have shown in No. 60, if 6, 68’ denote the contributions of 4 XB to the
indices (T» - A XM,"), (T, - AXM,'), then the determinants in question
have the sign of 6 and 6. We conclude that there will be suitable in-
dicatrices for 0T, and 6'T,’ of type

| o vl |l W v ]
Now the contribution of 4 XB to (6T, - 6'T,’), in absolute value equal
to unity, has the sign of
I, , Y,
I, , Y,

’

since Is, is a matrix-indicatrix for M. XM,'. This determinant is equal
to |¥.'—Y.|, and therefore the contribution of 4 XB to (I, - I',’) has
the sign of 06’|¥.'—Y¥.|. The determinant factor is certainly = 0, else
A XB would not be an isolated intersection of the I''s. Furthermore owing
to the degree of arbitrariness in the choice of these cycles we may always
assume that the equation of the nth degree

(&)=Y, =tV |=0
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(characteristic equation of Y, —t¥,) has only distinct roots. We know
already that f(1)=0.

Let e= +1 be the same integer as in No. 60 (41 if 7 maintains an indica-
trix of M, at 4, —1if it inverts it). Then as shown there

el Y, >0.
Since the determinant ¥, is the leading coefficient of f(¢), f(1) has the sign
of (—1)"¢, where » is the number of real roots of f(¢) that are less than unity.
Therefore the contribution of A XB to (T, - T'.') is equal to (—1)"¢66’.
68. It is decidedly desirable and worth while to find a geometric inter-

pretation for ». The transformation T acts as an affine transformation

whereby the vector V' whose ¥ components are £, &, - - -, & is changed
into a vector whose components are defined by the matrix product.
HSI,EZ,"‘,En H'Yny

and similarly for 77 and V.'. Let {; be a real root of f(¢). Then there is
a V; whose transforms by T and T’ are collinear and in the ratio 1:¢,.
Let Vi, Vg, - - -, V, be the similar vectors for all real roots <1. The vectors

M1V2+ . '+quv ) Oéulél ’ Zui:l

fill up a simplex =, of M, with a vertex at 4. Its transforms by T and T”
are simplexes Z,, =, with the common vertex 4’, the second being entirely
on the first, with all cells through A4’ situated in the same linear spaces,
and » is the largest integer for which such simplexes exist. This is the
desired interpretation for ».

69. We now proceed with the determination of (T', - T'/).

Referring to No. 54, and recalling the special relations for canonical
sets, we find that the only indices (‘y{jngl_)‘ . 72)(62_,)#0 are those for
which A4+u=# and whose values are given below.

(a) u=Lin or else =in an even integer.

n(u+1)

(7;)(5:-“ . 'Y:A—ux 5;) =(—1) ('Y; : 'Y:l-—u) ('Y; . 'YZv-M)
7 (p+1) .

=(_1) ) lét)féRM;
for with canonical systems, the two indices dropped are equal, their common
value being +1.
(0) w=3%n an odd integer. For entirely similar reasons the indices below
alone are left, with values as given:

(v
2h—1

(v _xazk ) 72h><62k—1) _ (72hx62k—1 ) ‘YWIXB%) —i1.

—1

2h—1><82k

. 72h><62k) — (7211 X62k . 'y2h_l>(52k—1) =—1 ’
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To facilitate the reading of these formulas we have omitted the lower
indices whose common value is 1.

70. The application to (', - I'.') is immediate. Let, throughout, the
7’s and B’s play the same part for I'.’ or 77 as the ¢’s and a’s for T', or 7.
The distributive law for indices gives

(Pﬂ : I‘ﬂ’) = 5:":—# "l,;zk ('Y:;Nai—# . 7:—u><5:) .
L
Therefore for %2, mod 4, and with u replaced by n—u,
2 Bowiow
(70-1) (Pn . I‘n’) = Z (_'1)"" €n—p M
p=0 $,/=1

while for #=2, mod 4, after some simplifications,

(70.2) (T'»-T,')=(same sum as in (70.1) except that u does not take the

value in)
iR
/2 oh_1,9% 2h,2k—1
+ €2 NMn/2
k=1
2h,2k~1 2h—1,2k  2h—1,2k—1 2h.2k 2h,2% 2h—1,2h—1
€n/2 Mn/2 — €n/2 Mn/2  —€n/2 Mn/2 ) .

In terms of the a’s and B8’s, by means of No. 64 we find, if #=2, mod 4,

n Ry fr oar
(70.3) (Pu M I‘n’)= Z (—1)“ Z an]ﬂn’—-u ’
u=0 1,7=1

and if =2, mod 4,

(704) (T, - T,/)=(same sum as in (70.3) except that u does not take the
value in)

Bolt  otm ohseet
+ Z (an/2 Bnl?
Bok=1

oh.%k—1 2h~1,2k  2h—1,2%k—1 2,2k  2h,2k 2h—1,2k—1
+anz Buwz  —ans2 Briz — ans2 Bus2 ) .

71. To obtain the number of invariant points of 7, always counted
with a certain sign, it is convenient to replace throughout 7" by the identical
transformation, whose cycle we denote by I's, and 7" by 7. The homologies
for the identical transformation are (No. 62)

_h h
Ys™Yu
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hence af'=1, a)’=0 if i>j. On replacing the a’s by these values and the
B’s by the a’s both (70.3) and (70.4) reduce to the very simple formula

0 e B
(71.1) (I‘n * rn)= Z (—'1)" Gu
=0 =1
Remarkably enough this formula is still correct if the fundamental sets cease
to be canonical. For if v,* is a new fundamental set, we have

Y% DA (mod M,) ,
i

where the A’s are integers whose determinant
|[4ii]==%1.

Hence the transformation matrix of the ¥”’s that takes the place of

i
[aw ||

is obtained by transforming the latter by means of the matrix of the A4’s,
an operation which leaves unchanged the sum of the terms in the principal
diagonal, which is the term corresponding to p in (71.1).

A particularly noteworthy case is when the effect of 7" on any cycle is
merely to increase it by a zero-divisor, which includes as a special case
deformations. Then all the a’s in (71.1) are equal to +1 and

(Fn : Pﬂ) = Z(—I)MR,. .
p=0

This expression is the well known Euler-Poincaré characteristic number of
M, (difference between the number of cells of even dimensionality of any
covering C, and the number of the rest). Since R,=R._, its value is zero
for # odd, hence this very neat proposition : for a T of the preceding type, in
particular of the same class as the identity, the number of invariant poinis
counted with their signs is equal to the Euler-Poincaré characteristic. It is zero
when n is odd.

Thus for n=2 the number is 2—2p as found by Birkhoff, who however
confined himself to analytic transformations.

Fixed points for transformations of hyperspheres have proved of im-
portance in many questions. There are then no cycles of dimensions other
than 0 or » so that (71.1) becomes

(T - Ta) =00+ (1) an ,

a result obtained by Brouwer for ao=1.



