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1. Introduction

The purpose of this note is to give a survey on recent progress on characteristic
classes of flat bundles, and how they behave in a family.

2. Characteristic classes

Let X be a smooth algebraic variety over a field . In [13] and [15]. we defined
the ring

AD(X) = @nAD"(X)

0 O e g Ll (2.1)

of algebraic differential characters. Here the Zariski sheaf M is the kernel of the
residue map from Milnor A-theory at the generic point of X to Milnor K-theory at
codimension 1 points. More precisely, KM satisfies a Gersten type resolution (see
[16] and [18])

KX 5 G (X)) 75 @uexaie KM (5(x)) -
o Bpexa ’iw,*K;y,a(li(w)) Ly ﬂ?mexmiw,*K@M(K(x)))A

Here X% means the free group on points in codimension @, while 7, : 2 — X is the
embedding, The map dlog({ai,...,an}) = dlogai A+ Adloga, from KM (k(X))
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0 i xy,, carries K37 to
n _ n res, n-1
D% = Ker(Q v = Dpexn277,).

This defines the map dlog : KM Dy /pr

By the Gersten resolution, H"(X, KM) = CH"(X), the Chow group of codi-
mension n points. Thus one has a forgetful map

AD™MX) B o X)), (2.2)

The restriction map to the generic point Spec(k(X)) fulfills

ADY(X) S H(X, 9, /dlog OF) € AD' (K(X))
ADMX) - H(X, Q351 O3 © OG0/, forn > 2 (2.3)

(see [2]). It is no longer injective for n = 2,
The Kahler differential d : Qi}};l - Q?Y"/k'nlsd defines

n d n
AD™(X) 5 H'(X, Q?X/k,nlsd)' (2.4)

The ring AD(X) = &, AD"(X) contains the subring

AD(X)asa(X) = ©nADS(X) @y IO KM W Q0 o = QYY)

Ker(AD(X) 5 & HO(X, 0% g0a))- (2.5)

We call them the closed characters. The restriction map to Spec(k(X)) fulfills

AD' (X = HOX Dgp rea/dlogOy) € AD (K(X)sa

ADM X — HO(X,HETY) C HEZ (R(X)/K), forn =2 (2.6)
(see [2]). Here HY,p is the Zariski sheaf of de Rham cohomology.

If k is the field of complex numbers C, one can change from the Zariski topology
to the analytic one. This yields a map
AD(X) = @, AD"(X) 5

DIX) = ©.0™X) = 00" (Xan, B(n) = A% S o AT, (27)

Here D(X) is the ring of differential characters defined by Cheeger-Simons ([10]).

One has
H(AD(X)etea) C @ H N X, C/Z () € D(X). (2.8)

It is classical that AD*(X) is the group of isomorphism classes of lines bundles
L with connection V. If &; € I'(U;;, O%) is a cocycle of L in a local frame ¢; of
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Lon U, and V(ey) = a; € I‘(U,v,ﬂg(/k) is the local form of the connection, then
dlog&;; = oj — oy = d(ax); defines the Cech cocycle of ¢1 (L, ¥)). In [12], [13], [13],
we generalize this class.

Theorem 2.1 ([12], [13], [15]). Associated to an algebraic bundle E with connection
V (resp. with integrable connection), one has characteristic classes ¢, ((E,V)) €
AD™(X) (resp. € AD™(X)eisa). These classes satisfy the following properties:

(1) The classes e, ((E.V)) € AD"(X) are functorial and odditive.

(2) e ((E.V)) is the isomorphism class of (det(E), det(V)).

(3) forget (e ((E,V))) = ¢a(E) € CH™(X) is the Chern class of the underlying
algebraic bundle E in the Chow group.

(1) dica((E,V)) = n(V?) € HYX, 080, 1.q) is the Chern-Weil form which is
the cvaluation of the invariont polynomial c,, on the curvature V2.

(5) The restriction to the generic point co((E,V)|yx)) i the algebraic Chern-
Simons invariont CS,((E,V)) defined in [4). It has volues in H"(X,
Dl 3 /d1og O ) (resp HY (X, Dy gog/d1og ©F) for n = 1, and in H(X,
Q%C"/;l/dﬂgé"/;f) (resp. HY (X, H3= ")) forn = 2.

(6) If k C C, then «(C,((E, V) € D"(X)(resp. € H™ YX,,,C/%(n))) is the
differential character defined by Chern-Cheeger-Simons, denoted by ¢, (Ey,) €
H2 (X, C/E(n)) if V is integrable.

If k = €,V is flat and the underlying monodromy is finite, then the existence
of e,((F,V))immediately implies that the Chern-Simons classes in H2" (X,
Qn)/Z(n)) are in the smallest possible level of the coniveau filtration ([14]).

If X is complex projective smooth, V is integrable and n > 2, we relate
C8,((E,V)) for n > 2 to the (generalized) Griffiths’ group Griff" (X)), It consists of
cycles which are homologous to (0 modulo those which are homologous to 0 on some
divisor([4], definition 3.1.1). For n = 2,[2] implies that Grifi*(X) is the classical
Griffiths’ group. For n > 2, Reznikov’s theorem ([19]) (answering positively Bloch’s
conjecture [3]), together with the existence of the lifting ¢, ((E, ¥)), imply that the
classes €S, ((E,V)) lie in the image Im of the global cohomology H2"~'(X,Q(n))
in HO(X, H>"(Q(n)). This subgroup Im maps to Griff” (X). One has
Theorem 2.2 ([4], Theorem 5.6.2).

image of CS,((E,V)) € Grift"(X) 2

is the Chern class ¢"(E) @ Q of the underlying algebraic bundle E. Moreover,
CS.((E,¥)) =0 if and only if ¢S"(E) & Q= 0.

A relative version AD(X/S) of AD(X) is defined in [6]. We give here an
example of application.
Theorem 2.3([6], Corollary 3.15). Let f: X — S be a smooth projective family
of curves over a field k. Let (E,Vx;¢) be o bundle with o relative connection.

Then there are classes c((E, %)) € ADX(X/S) = TP (X, K, “% Qhelypq) lifting
the closses co(E) € CH*(X). There is a trace map fo 1 AD*(X/8) - ADY(S)
compatible with the trace map on Chow groups f, : CH*(X) ~ CHY(S). Thus
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f.e2(E,¥) is a connection on the line bundle f.co(E), which depends functorially
on the choice of Vx5 on E.

We now study the behavior at oo of C'S,,((E,V)) for n > 2 in characteristic
0. Let  : X = X be a smooth compactification of X. Recall that a de Rham class
€ HY ,(k(X)/k) at the generic point is called wnrami fied if it lies in H°(X, H,, C

X)/B)([2).

Theorem 2.4, We assume k to be of characteristic 0, and ¥V to be integrable. Then
CS,((£,V)) is unromified for n > 2.
Proof. If (£,V) is regular singular, this is shown in [4], theorem 6.1.1. In general,
one may argue as follows. One has

HY (X, 1Y) = Kee(HOX, HETY) BS @y vy I (0 1)),
Thus it is enough to show that the residue map at each generic point at oo dies.
At a smooth point of a divisor D at oo, the residue depends only on the formal
completion of X along D). So we may assume that ¥V is a connection on Oy =
k(D)[[z]], integrable relative to k. By a variant (see [1], proposition 5.10.) of
Levelt’s theorem ([17]) for absolute flat connections, there are a finite extension
K D k(D), and a ramified extension 7 : K{[z]] C K[[y]],¥" = x for some N € M\ {0}
such that #"(V) = &(L @ U). Here L is integrable of rank 1 and U is integrable
with logarithmic poles along y=0. Since Res,—on* () = N7"(Res,—o(a)), and
Hpp(k(D)/k) C HY, (K /k), functoriality and additivity of the classes imply that
we may assume V = L @ U on K((z)) with K = k(D), In a local frame we have

the equations U/ = Fi—z + % where I' € GL(r, K[[z]]). ¥ € M(r, K[[z]]) & Q}, and

L= d(j')n#)\d—;t + 3 where f € K((z)),A € k,8 € Qk with d8 = 0. The explicit

formula Res Tr(A(d(4))""') € HE ' (K) of CS,((E,V)) € Hiy ' (K((x)) and
[4], prop. 5.10 in the logarithmic case, imply that

CS,((E,V)) = Te(d(f) + A— + 3)(d (F)— +dE)"T

This 1s the sum of 2 terms with rational coefficients, Res Tr(d(f) + 8)(d(2)"?

(1')—) and Res T&r( (£)71)). Both terms are obviously exact.
Discussion 2.5, We agsume here k = C, Visintegrable and n > 2. We consider the
image e, (Efloiy)) € HO(X, M HE/Z(n) of CSL((E,V)) € HO(X, HER).
When X is not compact, there is Deligne’s unique algebraic (£, V) with regular sin-
gularities at 0o with the given underlying local system EY, ([11]), but there are many
irregular connections (E, V). The topological class Cy,(Ey) € H* 1 (Xan, C/Z(n))
is not, a priori, extendable to X, but we have seen that its restriction to Spec(C(X))
is unramified.

There is on X a fundamental system of Artin neighborhoods U which are
geometrically successive fiberings in affine curves. Topologically they are Kmy
and their fundamental group is a successive extension of free groups in finitely
many letters. On such an open U, the class ¢, (EN,) lies in H*" (U, C/Z(n)) =
H2 (1, (Unn, ), /2 ().
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If U7 is such that 7y (Uan,u) is isomorphic as an abstract group to w1 (Vin, v),

where V is an Artin neighborhood on a rational variety, then EY |7 becomes a
representation of 1 (Van,v), and sinee then HO(V, ') = 0forn > 2and V € ¥V
a good compactification, one obtains ¢, (Ey,|¢(x)) = 0,7 2 2 in this case. Such an
example is provided by a product of smooth affine curves of any genus. It has the
fundamental group of a product of P! minus finitely many points.
Question 2.6. In view of the previous discussion, we may ask what complex
smooth varieties X are dominated by h: Y -+ X proper, with ¥ smooth, such that
Y has an Artin neighborhood, the fundamental group of which is the fundamental
group of an Artin neighborhood on a rational variety, or more generally of a variety
for which H°(smooth compactification, Hpg) = 0 for n > 1. We have seen that
this would imply vanishing modulo torsion of e, (X, |e(x)), n 2 2, or equivalently
CS,((E, V) € HO(X, 11 (Qn))).

On the other hand, if X is projective smooth, Reznikov’s theorem ([19])
shows vanishing modulo torsion of the Chern-Cheeger-Simons classes in 2"~ (X,
C/Q(n)). It is a consequence of Simpson’s nonabelian Hodge theory on smooth pro-
jective varieties. Our classes C'S,, ((E, V) live at the generic point of X. We don’t
have a nonabelian mixed Hodge theory at disposal. Yet one may ask whether it is
always true that C'S,((E,V)) € HY(X, 12" 1(Q(n))) for n > 2, even if many X
don’t have the topological property explained above.

3. The behavior of the algebraic Chern-Simons
classes in families in the regular singular case

The algebraic Chern-Simons invariants ('S, ((E,V)) have been studied in a
family in [5]. Given f: X — S a proper smooth family, and (E. V) a flat connection
on X, the GauB-Manin bundles

Rif*(QS(/S ® EyVX/S)

carry the GauB-Manin connection GM*(V). We give a formula for the invariants
CS,((GMY(V)—rank (V) - GM{d))) on S, as a function of €8, ((E,V)) and of
characteristic classes of f. Here (Q,d) is the trivial connection.

More generally, we may assume that f is smooth away from a normal crossings
divisor 7' C S such that ¥ = f~1(7T) C X is a normal crossings divisor with the
property that Qk/s(lrxg Y') is locally free. Then (E, V) has logarithmic poles along
Y U Z where Y U Z € X is a normal crossings divisor, still with the property that
% / s(log(Y + Z)) is locally free. That is Z is the horizontal divisor of singularities
of V. The formula involves the top Chern class cd(ﬂk/s(log(Y+ Z)) € W (X, KCq -
&iKz, ,), rigidified by the residue maps Q}/S(log(Y+ Z)) -+ Og,, as defined by T.
Saito in [20]. One of its main features is that CS, ((GM(V)~rank (V) - GM(d)))
vanishes if C'S,((E, V)) vanishes. It is
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Theorem 3.1 ([5], Theorem 0.1).

C8u(3 (1) (@M(V) — rank(V) - GM(d)))
= (DI f s (s 0g(Y + ). xes) - CS,((£, V).

Here - is the cup product of the algebraic Chern-Simons invariants with this rigidified
class, which is well defined, as well as the trace f, to S.

Discussion 3.2. One weak point of the method used in [3] is that it does not
allow to understand a formula for the whole invariants ¢, ((E,V)), but only for
CS8,,(E, V). Indeed, we use the explicit formula studied in [4] to compute it, which
can’t exist for the whole class in AD(X), as it in particular involves the Chern
classes of the underlving algebraic bundle E in the Chow group.

4. The determinant of the Gauss-Manin connec-
tion: the irregular rank 1 case

Now we no longer assume that (I, V) is regular singular at cc. In the next
two sections, we reduce ourselves to the case where f: X - S is a family of curves,
and we consider only the determinant of the Gaufl-Manin connection. That is we
consider

det(GM) = Y (~1)'ei (GMY)

€ H'(S.03 ™5 0b) C Ok /dlog(k($))™

Since the determinant is recognized at the generic point of S, we replace S by its
function field A := k(5) in the next two sections. In other words, X/K is an affine
curve, Let X /K be its smooth compactification,

In this section, we assume that the integrable connection (L, V) we start with
on X has rank 1. Following Deligne’s idea (see his 1974 letter to Serre published
as an appendix to [7], we first reduce the problem of computing the determinant
of the cohomology of ¥ on the curve to the one of computing the determinant of
cohomology of an integrable invariant connection, still denoted by ¥, on a gen-
eralized Jacobian. More precisely, V has a divisor (with multiplicities) of irregu-
larity 3~, mp;, where m; ~ 1=irregularity of ¥ in p; € X \ X. On the Jacobian
Gq = Pic(X,Ei myp;) of line bundles trivialized at the order m; at the points p;,
there ig an invariant connection which pulls back to ¥ via the cycle map. On the
torsor ™ (wx (32, mp;)) under the affine group p~(Ox), where p : G — Pic(X),
one considers the hypersurface ¥ : 37, res,, = 0. We show that the relative invariant
connection Vg on G, while restricted to £ C p~H(wg (32, mapy)), acquires exactly
one zero which is a K-rational point & of G. Restricting V to this special point
yields a connection V|, on K. The formula then says that the determinant of the
Gaufi-Manin connection is the sum of this connection V|, and of a 2-torsion term,
which we describe now. In a given frame of L at a singularity p;, the local equation
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g% dt; ;
of the connection is a; = a.ltT‘.+lower order terms, where ¢; is a local parameter
i
and @; € k*. Then the 2-torsion connection Sdloga; € Q}(/k/dlog K™ does not
depend on the choices and is well defined. The 2-torsion term is the sum over the
irregular points of these 2-torsion connections. Summarizing, one has

Theorem 4.1 ([7], Theorem 1.1).

det (Z(-l)im(x, Ok @ L, VX/K),G1W(V)>

i

= (~DVl+ ¥ %dlogaieﬂ}(/k/dlogffx.

iy 22

Discussion 4.2, The formula described above is global. As such, it has a spirit
which is different from Deligne’s formula describing the global e-factor of an £-adic
character over a curve over a finite field as a product of local e-factors. However,
choosing another K-rational point &' € p~'(wg (3, mip:)), it is easy to write the
difference V| - V|, as a sum of explicitly given connections on K. One has
u-k' =k, where u = [[u; € p7'O0x = [[{(Ox . /mp,)*/K* . Then Vu =
V| = 3. Resy, dlogu; A a;. Correspondingly, one may write the right hand side of
the formula above as

= D)V | sup ,; Hog a; + Res,, dlogu; Ao |.
ny 1 ”; dl Res,,d1
i

In particular, the choice of some differential form v € wg, i @ K(X), generating
wx k(2 map;) at the point p;, defines a trivialization of wg g (37, mim) thus a
point #(r). We write a; = g;» with g; € (Ox p;/my;)*. Then the formula reads
Theorem 4.3 ([7], Formula 5.4).

det (Z(-l)i(H"(x, (0% ® L, VX/K),GM"('V))

3

= (1) det(V)|sg) + E (sup (1, %)dlogag + Resy, dgig™t A ai) :

5. The determinant of the Gauss-Manin connec-
tion: the irregular higher rank case

‘We assume in this section that we have an affine curve X over K = k(S), k of
characteristic zero as in the rank 1 case. The integrable connection (E, V) we are
given on X has higher rank ».

In the rank one case, for any rank one bundle contained in 7. F, the equation
of the connection in a local formal frame at a singular point is of the shape o =

ad—ni o+ P where m € Noa € K[[f]]*, 8 € Q% = K[[#]). In particular, (m - 1) is

=17
the irregularity of the connection ([11]). Here ¢ is a local parameter. If » > 1, it is
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no longer the case that j, F necessarily contains a rank r bundle such that in a local
formal frame of this bundle, the local equation has the shape A; = a,-t—,t,: + tm—il,

i i
with ; € GL(r, K([t:]]), 8; € Q¢ @ M(r, K[[t:]]). We call an integrable connection
(E,¥) with this existence property an admissible connection.

Even if (£, V) is admissible, its determinant connection det(F, V) might have
much lower order poles (for example trivial). This indicates that one can not extend
directly in this form the formula 4.1. However, assuming (E, V) to be admissible
and choosing some ¥ € wg k@ K(X) which generates w(3_;mipi) at p; as for
formula 4.3, the right hand side of 4.3 makes sense, if one replaces dloga; by
dlogdet(a;). Using global methods inspired by the Higgs correspondence between
Higgs fields and connections on complex smooth projective varieties ([21]), one is
able to prove the “same” formula as 4.3 in the higher rank case on [F!,

Theorem 5.1 ([8], Theorem 1.3). If (E,V) is admissible and has at least one
irregular point, und if v € wg i ® K(X) generates w(3, map;) at the points p;.
then

det (Z(-l)"(ﬂi(X, (e ® LWX/K),GMZ'(V)))

i

= (=1)V]up) + Z (sup (1, %)dlogdet(ai (ps)) + Tr Resp,dgig; * A Ai) ;
i

The connection Res Try, dgig; ' A A; € Q% /dlog K is well defined, as well as
the 2-torsion connection sup (1, %)dlog det(a;(pi)-

However, one needs a different method in order to understand the contribution
of singularities in which (E, ¥) is not admissible,

We describe now the origin of the method contained [1]. Tt is based on the
idea that Tate’s method ([22]) applies for connections.

Locally formally over the Laurent series field K((¢)), E becomes a r-dimensional
vector space over K((£)). The relative connection V ey i+ B wieayy/n & E
is a Fredholm operator. This means that H(Vx/r),i = 0,1 are finite dimen-
sional K-vector spaces, and that Vi, carries compact lattices to compact lat-
tices, Let I = ¢{K((t)) be the choice of a local frame. A compact lattice is a
K-subspace of E which is commensurable to @{K[[t]]. Given 0 # v € wr(uy)/k»
one composes Vye(y/Kp = vto Vi + £ - E to obtain a Fredholm
endomorphism. To a Fredholm endomorphism A : E -3 E, one associates a
1-dimensional K-vector space A(4) = det(H(A)) @ det(H*(A))™" together with
the degree y(A) = dim H°(4) ~ dimH'(A). We call this a super-line. Tt does
not refer to the topology defined by compact lattices. Then one measures how A
moves a compact lattice L € E. First for 2 lattices L and L', one takes a smaller
compact lattice N C LN L' and defines det(L : L') := det(L/N) « det(L'/N)7",
where - is the tensor product of super-lines and det(L/N) has degree dim(L/N).
This does not depend on the choice of N. Then one defines asymptotic superlines.
The compact one is A.(A) = det(A(L) : L) - det(L NKer(A4)) and the discrete one is
Aa(A) = det(L : A~H(L)) - det(V/(L + A(V)). They do not depend on the choice of
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L. Taking 0 # v € WE/K @ K (X) arational differential form, and Ey, the minimal
extension of E, X the complement of the singularities of ¥ and Vyx,x, one has

det H(X/K, Emin) = &y e\ x MV () ,0) - det (EY) ™

as a product of discrete lines.
On the other hand, one has the relation A(A) = Mg(A) - Ao(4)7'. One easily
computes that x(Vg k) = 0, MV i ((1))/k,0) = 1. Setting

(Vi) = MV ) - det(EY)

this implies immediately the product formula.
Theorem 5.2 ([1], (1.3.1)).

det H™ (X/K, Emjn) = GBwEX'\Xe-’E (VK((t))/K,V)'

It remains to endow the local € lines with a connection, compatible with the
Gaufl-Manin connection on the left. One chooses a section of the vector fields
Trx C Txyx and a relative differential form v which is annihilated by this section.
One applies Grothendieck’s definition of a connection. The Gaul-Manin connection
is given by the infinitesimal automorphism pjdetH*(X/K, Enin) — pj det H*(X/K,
Enin) on K 6 K, induced by 7 : piEuyin = P3Emin, T € TK/k, which by the
choice commutes to Vx,r. By funcioriality of the ¢ lines, this defines a K @y K
homomorphism pje -+ pie. This is the e-connection.

Theorem 5.3 ([1]. Theorem 5.6). For on admissible connection of local equation

dt ) N
A= aﬁ + tmi_l, with m > 2, the local e-connection s

dt
€(VK((t))/K’ F) = TrRest:odaa’lA -+ %dlog det(a(t = 0))
€ Qpp/dlog K.

The restriction on the choice of # given by the commutativity constraint with
some lifting of vector fields of K is not necessary. The construction is more general.
Given a relative connection Vg (())/x; the e-lines for 0 # v € “"I)é((z))/K build a
super-line bundle on the ind-scheme w,’é((m i+ The line bundle obeys a connection

relative to K on u; /K Formula 5.2 identifies line bundles with connections
relative to K, where the left hand side carries the constant connection. The choice
of an integrable lifting ¥ of ¥ x5 yields a lifting of the relative connection on the e
line to an integrable connection relative to k. Formula 5.2 identifies line bundles with
integrable connections where the left hand side carries the Gau-Manin connection
(11, 1.3)

The ¢ lines and connections are additive in exact sequences and compatible
with push-downs. By a variant of Levelt’s theorem for integrable formal connections,
this allows to show that all connections are induced from admissible ones, for which
we have the formula 5.3,
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Question 5.4, We don’t know how to precisely relate the algebraic group viewpoint
developed to treat the rank 1 case, and the special rational point found there, with
the polarized Fredholm line method which works in general.
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