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K HOMOLOGY AND INDEX THEORY
Paul Baum and Ronald G. Douglas

This expository note reports on Ext, K homology, and index
theory. Proofs and complete details will be given elsewhere. Our
point of view is that index theory is based on the equivalence
between analytic and topological K homology.

For a topological space X , analytic K homology groups
Kg(x) ’ Ki(x) are defined in the spirit of C* algebras and
operator theory. Topological K homology groups KE(X) ’ KE(X)

are defined by a topological method using cycles and homologies of
cycles. The Dirac operator of a Spinc manifold gives the link

between these two theories, and gives explicit isomorphisms

t a t a
K (X) > Ky (X) Kl(X) > Kl(X)

Analytic K homology came from the work of Brown-Douglas-
Fillmore on essentially normal operators [23]. A related but
slightly different definition of analytic K homology has been
given by G. G. Kasparov [37]. In [2] M. F. Atiyah proposed the
existence of the analytic theory, and took a basic first step in

this direction.
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Topological K homology came from the work of Baum-Fulton-
MacPherson [17] [18] on the Riemann-Roch theorem. A quite
different topological definition of K homology has been given by
G. Segal [44].

The paper is divided into five parts:

(1) Analytic K homology

(2) Topological K homology

(3) Riemann-Roch theorem

(4) Isomorphism of analytic and topological K homology
(5) Index theorems

At the beginning of each part there is a brief introduction
to that part. These mini-introductions can be found on pages 4,
16, 28, 34, and 38.

The two definitions of K homology and the isomorphism

t

K, ~» Ki are developed in 1, 2, 4. Part 3 is devoted to Riemann-

Roch. By using KE as defined in Part 2, a Riemann-Roch theorem
is stated which extends the Grothendieck-Riemann-Roch theorem to
singular varieties. Part 5 shows how various index theorems (e.qg.
Atiyah-Singer [11], Atiyak-Bott [4], Boutet de Monvel [22],
Cheeger [25], Connes [27]) fit into the general framework for

index theory provided by the isomorphism KE > Ki .

We thank M. F. Atiyah and I. M. Singer for many enlightening
comments and suggestions. Also, we thank R. Bott, W. Fulton,
N. Hitchin, J. Kaminker, R. MacPherson, and C. Schochet for very

helpful and enjoyable conversations.
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Part 1l: Analytic K homology

In Part 1, analytic K homology is defined. The motivation
for the definition came from two directions: essentially normal
operators (Brown-Douglas-Fillmore [23]) and elliptic operators
(Atiyah [ 2]). Both points of view will be made explicit.

§1. Essentially normal operators

Let H, HO’ Hl be separable Hilbert spaces. Recall that a
bounded operator T : H0 > Hl is Fredholm if T has a finite
dimensional null space, and a closed range of finite codimension.

The index of a Fredholm operator T is:

Index(T) = dim_, Kernel(T) - dim, Cokernel (T)

C C
A bounded operator A : H > H 1s essentially normal if the
commutator [A,A*] = AA* - A*A is a compact operator. Two

essentially normal operators A : H > H and B : H > H are

unitarily equivalent modulo compact operators i1f there exists a

unitary operator U : H - H such that:
UAU* - B 1is a compact operator.

We then have:

Problem: Classify essentially normal operators up to

unitary equivalence modulo compact operators.

The remarkable fact about this problem is that its answer is
very simple and only depends on some underlying topological data.
To state the answer, recall that for a bounded operator

T : H > H the essential spectrum of T , denoted I(T) , is

defined by:
Z(T) = {X ¢ €|T - I is not Fredholm}

As usual, I denotes the identity operator. I (T) is compact,
so € - Z(T) is open. Note that € - IZ(T) comes equipped with
an integer-valued function A » Index(T-AI) . This function has
two properties:

(i) Index (T-XI) 1is constant on each connected component
of € - Z(T)
(ii) For |A| sufficiently large 1Index(T-AI) = 0
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Theorem. [23] Two essentially normal operators A : H - H
and B : H » H are unitarily equivalent modulo compact operators

if and only if

(1) Z(A) = Z(B)
(ii) For all X « € - z(A) = ¢ - Z(B) ,
Index (A-)AI) = Index(B-AI)

Corollary: Let A

H - H be an essentially normal
operator. Then there exists a normal operator N and a compact
operator K with A = N + K if and only if Index(A-)I) = 0 for
all X e« € - zZ(p) .

The classification is completed by an existence theorem.

Theorem. [23] Let I Dbe a compact subset of € . Let

a : € ~ X > Z be an integer-valued function such that

(i) o(A) 1is constant on each connected component of
€ - Z
(ii) a(r) = 0 for |X| sufficiently large

Then there exists an essentially normal operator A H > H with
Z(A) =¥ and Index(A-AI) = a(A) for all X e € - ¥ .

§2. The Calkin algebra

For a separable Hilbert space #H there is the standard

notation:
L(H) = c* algebra of all bounded operators on H
K(H) = The closed ideal in L (H) consisting of all compact
operators on H
Q(H) = L (H)/K (H)

The Calkin algebra, 0Q(H) , is a C* algebra with unit. =
denotes the canonical map L (H) > Q (H) .

et A : H > H Dbe an essentially normal operator, and set
L(A) =¥ . Consider the C* algebra C(Z) of all continuous
complex-valued functions on I , with

l£]= sup|£(p) | f e C()
pel
According to the Stone-Weierstrass approximation theorem, the

finite sums
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i3
(2.1) ag + .Z. aijz z aO'aij e €

(i,3)
form a dense sub-algebra of C(ZI) . In (2.1) =z : I > € 1is the
function which maps a complex number to itself.
Hence the essentially normal operator A : H - H determines

the unital algebra *-homomorphism

T : C(Z) -~ Q(H)

given by
T(1) = m(I)
1(z) = 7w (A)
T(z) = m(A¥%)

Note that A = N + K where N 1is normal and K 1is compact if
and only if there is a commutative diagram of unital algebra

*~homomorphisms
L(H)
A
C(Z) — 2(H)

These observations led BDF (BDF = Brown-Douglas-Fillmore) to their
solution of the classification problem for essentially normal
operators. They also led BDF to define an abelian group Ext(X)

for any compact metrizable space X .
§3. Ext(X)

To define Ext(X) , let C(X) be the C* algebra of all

continuous complex-valued functions on X , with

I£]= sup |£(p)] £ ¢ C(X)
peX

An element of Ext(X) will be given by a pair (H,T) where
H 1is a separable Hilbert space and T is a unital algebra
*~homomorphism from C(X) to Q(H)

T : C(X) » Q(H)
For such (H,T) BDF define

(1) Unitary equivalence
(ii) Triviality
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(iii) Direct sum

(1) Unitary equivalence. (HO,TO) and (Hl,rl) are

unitarily equivalent if there exists a unitary operator U from

H0 onto Hl with commutativity in the diagram

Q.(H )

(3.1) ///”ﬁja l

) — QHy)

In (3.1) Q(Hd) + Q(H;) 1is the isomorphism of C* algebras
induced by mapping L(HO) to L(Hl) by T - UTU*

(ii) Triviality. (H,t) 1is trivial if there exists a

unital algebra *-homomorphism n : C(X) » L(H) with commutativity

in the diagram

L(H)

A |

C(X) = Q(H)

(iii) Direct sum. The standard inclusion

L(HO) ® L(Hl) c L(H0®Hl) induces an inclusion
Q(HO) ® Q(Hl) c Q(H0$Hl) . Given (HO,TO) and (Hl,Tl) , the
direct sum (HO,TO) ) (Hl,Tl) is (HoeHl,Toerl) where

TADT

0 : C(X) ~» Q(HOQHl) is the composition

1

T0+Tl

c(x) >Q(Hy) ® QH{) > Q(H8H,)

On the collection of all such (H,1) define an equivalence
relation ~ by:
(HO,TO) ~ (Hl,Tl) if there exist trivial (HO,TO) and
]
(Hl'
(Hl,Tl) ® (Hi,Ti)

Ti) with (HO,TO) ® (H',Té) unitarily equivalent to
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Ext(X) 1is the set of equivalence classes. Addition in
Ext(X) 1is given by direct sum. The zero element in Ext(X) 1is
given by any trivial (H,T) .

Let f : X > Y be a continuous map. Define a homomorphism
of abelian groups £, : Ext(X) > Ext(Y) as follows. Let
£ : C(Y) » C(X) be given by

(3.2) £(6) = ¢ o £ o ¢ C(Y)
Then:
(3.3) £, (H,7) = (H,1of)

A

In (3.3) 7T o £ 1is the composition
f T
c(Y) - C(X) » Q(H)
If 1T : C(X) » Q(H) 1is injective, then by setting
A = ﬂ_l(Image T) an exact sequence is obtained

0~ K(H) ~ A »C(X) -0

Thus Ext(X) could have been defined as equivalence classes of
extensions of C(X) by K(H) .

Ext is a covariant functor from the category of compact

metrizable spaces to the category of abelian groups.
a
§4. KO(X)

From now on Ext(X) will be denoted Ki(x) . This group
Ki(x) is closely connected to the odd-dimensional homology of X

[36] . For example, if s™ is the n~sphere, then

0 n even
a,.n, _
Kl(S ) =

Z n odd

To obtain a group Kg(x) , which will be related to the even-
dimensional homology of X , an idea of M. F. Atiyah [ 2]
applies.

An element of Kg(x) will be given by a 5-tuple
(Ho,wo,Hl,wl,T) such that:

(1) HO and Hl are separable Hilbert spaces,



K HOMOLOGY AND INDEX THEORY 125

(ii) wi : C(X) ~» L(Hi) is a unital algebra *-homomorphism.
i=0o0,1

(iii) T H0 > Hl is a bounded Fredholm operator with
T o wo(f) - wl(f) o T compact for each f ¢ C(X)

For these objects (HO,wO,Hl,wl,T) define:
(1) Isomorphism
(2) Triviality

(3) Direct sum

(1) Isomorphism. (Ho,wo,Hl,wl,T) and (Hé,wé,Hi,wi,T')

are isomorphic if there exist unitary operators Uo : H0 > Hé ’

U, ¢ Hl > Hi such that T' = UlTUB , and for each f ¢ C(X) ,

wi(f) = ini(f)Ui , 1 =20,1.

(2) Triviality. A trivial object is one of the form

(H,v,H,¥,I). Here H0 = Hl = H , wo = wl =Y ,and T =1 is

the identity operator of H

(3) Direct sum. Given (HO,wO,Hl,wl,T) and
(Hé,wb,Hi,wi,T') , the direct sum is evident and is

(H0$H',wOQW6,Hl$Hi,wl®wi,T®T') .

On the collection of all these objects (HO,wO,Hl,wl,T)
define an equivalence relation ~ by letting ~ be the equivalence

relation generated by

(1) Isomorphism
(ii) Direct sum with a trivial object

(iii) Compact perturbation

(1) Isomorphic objects are equivalent,

(ii) Let (HO,wO,Hl,wl,T) be an object, and let
(H,y,H,¥,I) be a trivial object. Then (Ho,wO,Hl,wl,T) is
equivalent to (HO$H,w06w,HleH,lew,T®I).

(iii) Compact perturbation. Suppose given two objects
(HO,wO,Hl,wl,T) and (Hé,wé,Hi,wi,T') . Assume that
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H0 = Hl = Hé = Hi = H and that wo = wl,wb = wi . Thus the two
given objects are of the form (H,y,H,y,T) and (H,Y',H,Y',T") .
Let V,V' be the partial isometry parts in the polar
decompositions of T,T' . Then (H,y,H,y,T) ~ (H,¥',H,v',T") 1if
V - V' 1is compact and for each f ¢ C(X) , Vv(f) - yY'(£f) 1is
compact.

Remark. Some care must be taken with compact perturbation.
For example, let (HO,wO,Hl,wl,T) be an object. Assume
H0 # Hl , wo # wl . Let wé : C(X) ~» L(HO) be a unital algebra
*~homomorphism with wo(f) - W6(f) compact for each f € C(X)
Then compact perturbation does not assert that (HO,wO,Hl,wl,T)
is equivalent to (Ho,wé,Hl,wl,T)

Kg(x) is the set of equivalence classes. Direct sum makes

Kg(X) into an abelian group, and the additive inverse of
(HolwolHllwllT) iS (HllwllHolwolT*) .
For the n-sphere s™ ’

Z & Z h even
a,.n, _

Z n odd
For any compact metrizable X , Kg(x) surjects onto Z by
(HO,wO,Hl,wl,T) v Index(T) .
Denote this by
(4.1) Index : Kg(X) » Z

Let £ : X > Y be a continuous map. As in (3.2) there is

f : C(Y) » C(X) . Define a homomorphism of abelian groups
£, ¢ Kg(X) > Kg(Y) by:

(4.2) f*(HOl‘pOIHqu)lIT) = (Horwo°frﬁl,¢1°f,T)
In (4.2) wi o £ 1is the composition
;o
C(Y) » C(X) = L(Hi) i=o0,1

Kg(x) and Ki(x) are the analytic K homology groups of
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In the BDF [24] formulation of analytic K homology, Kg(X)
was defined using Ext and the suspension of the space X . As
indicated in [24], the Ext-suspension definition and the

definition stated here are equivalent.
§5. Elliptic Operators

One raison d'étre for analytic K homology is its very close
relationship with elliptic operators. Roughly speaking, an object
(HO,wO,Hl,wl,T) for KS(X) can be thought of as an elliptic

operator on the topological space X . An object (H,t) for
Ki(x) can be thought of as a self-adjoint elliptic operator
on X .

To make this more precise, suppose now that X 1is a closed
c¢” manifold. (Closed = compact without boundary.) Let EO,El
be two complex c® vector-bundles! on X . Cw(Ei) denotes the

vector-space of c” sections of Ei .

Let D : Cm(EO) > Cm(El) be an elliptic pseudo-differential
operator. Choose a smooth measure u on X , and choose c”
Hermitian structures on EO’El . Thus each fibre (Ei) has
been made into a finite-dimensional Hilbert space, and the inner
product varies in a c” fashion for pPp e X . Cw(Ei) then has

an inner product given by
<u,v> = J <u(p),v(p)>du u,v € Cw(Ei)
X

Completion with respect to this inner product gives Hilbert spaces

L2(E0), L2(El) . D can be viewed as an unbounded? operator from

L2(E0) to L2(El)

2 2
D : L (EO) > I (El)

1 All manifolds are assumed to be C , Hausdorff, and para-

compact. A topological vector bundle on such a manifold can be

given a ¢® structure which is unique up to isomorphism. So on
such manifolds there is no essential distinction between

topological vector bundles and c” vector bundles.

2 If order D > 0 , D is unbounded. 1If order D < 0 , D is
bounded.
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This possibly unbounded operator is closable. Therefore we may
take its polar decomposition. Let V be the partial isometry
part in the polar decomposition of D . V 1is then an elliptic
pseudo-differential operator of order zero. Hence V 1is a

bounded operator from L2(E0) to L2(El) .
2 2
Define by ¢ C(X) - L(LZ(Ei)) by

(b; (£)u) (p) = £(p) -u(p) PeX,ucLE,)

2 2 . ; a
Then (L (EO),wO,L (El),wl,v) is an object for KO(X) .

The element in Kg(X) so obtained depends only on the

original elliptic operator D : Cw(EO) - Cm(El) , and will be
denoted by [D] with

(5.1) [D] € Ky(X)
For a closed C  manifold X , all elements of Kg(X) arise in

this way from elliptic pseudo-differential operators on X .
See §23.

If D : Cw(EO) > Cw(El) is an elliptic pseudo-differential

operator on the closed c” manifold X , then Kernel(D) and
Cokernel (D) are finite dimensional vector-spaces over € .
Index (D) is:

Index (D) = dimc Kernel (D) - dimc Cokernel (D)

Let Index : KS(X) > Z be as in (4.1), and let [D] e« KS(X) be
as in (5.1). Then:

(5.2) Index (D) = Index|[D]

§6. Self-adjoint elliptic operators

With X still assumed to be a closed c” manifold, let
A : C(E) » Cw(E) be an elliptic pseudo-differential operator,

where E is a C* complex vector-bundle on X . Suppose that

a smooth measure pu on X and a ¢” Hermitian structure < , 2
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for E can be chosen such that for all wu,v « c”(E) ,
f <Au(p),v(p)>du = J <u(p) ,Av(p)>du
X X

Hence A 1is a self-adjoint elliptic operator.

If A is a differential operator, then L2(E) has an

orthonormal basis of eigen-vectors of A . In this case, let

Li(E) be the closed subspace of LZ(E) spanned by the eigen-
vectors belonging to non-negative eigen-values. If A 1is only a

pseudo-differential operator then apply the spectral theorem and
let Li(E) be the spectral subspace corresponding to [0,«).
Define ¢ : C(X) ~» L(LZ(E)) by

(V(£)wp = £(p) -u(p) peX,ucLiE)

For f ¢ C(X) , let Y(f) Dbe the compression of Y (f) to Li(E).
Thus Y (f) 1is the composition

Y (£) P
(6.1) 12() -  L%(E) - Li(E)

In (6.1) P 1is the Hilbert space projection of L2(E) onto the
closed subspace Li(E)

As in §2 above, T denotes the canonical map
. 2 2
T L(L+(E)) > Q(L+(E))
Define 1t : C(X) - Q(Li(E)) by
T(f) = 7(y(£f)) f ¢ C(X)
Then (LE(E),T) is an object for Ki(x)

The element in KT(X) so obtained depends only on the

original elliptic operator A : Cm(E) > C7(E) , and will be
denoted by [A], with

(6.2) [a] € K(X)

For a closed C° manifold X , all elements of Ki(X) arise in

this way from self-adjoint elliptic operators on X . See §24.
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§7. Elliptic complexes

on the ¢~ manifold X , let EO'El""’Er be C° complex

vector bundles. Let di : Cm(Ei) > ¢ (E be a pseudo-

i+1)
differential operator. The sequence

(o] [0 0] (o]
0 >~ C (EO) > C (El) > ... > C (Er) >0

is an elliptic complex if

(i) di+l ° di = 0 i = 0,1,...,r—2
(ii) The sequence of leading symbols
0 -~ ﬂ*Eo > ﬁ*El O W*Er +~ 0

is exact outside the zero section of T*X

In (ii) T*X denotes the cotangent bundle of X and n*Ei is
the pull-back of E;, to T*X by the projection m : T*X > X .

For elliptic complexes see [6], [11].

Let £ Dbe an elliptic complex on X :
£=(0>C'(E)) » C (E)) > ... > C (E) > 0) .

The i-th homology group Hi(g) of & is:

Ho(g) = Kernel(do)
Hr(E) = Cokernel(dr_l)
H; (&) = Kernel(di)/Image(di_l) i=1,2,...,r-1
Hi(g) is a vector space over the complex numbers € . If X 1is

a closed c manifold, then each Hi(E) is finite dimensional.
So if X 1is closed, the Euler number X (£) 1is defined:

r
x(€) = ) (-1
i=0

)L dimg H, (£)

If r =1 , then the elliptic complex & 1is just

0 »~C (EO) > C (El) -0
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In this case do : Cw(Eo) > Cw(El) is an elliptic

pseudo-differential operator and

X (&) = IndeX(dO)

More generally, assume r > 1 . Let Index : KS(X) > Z be

as in (4.1). Then £ determines an element [&] « Kg(X) with

X (§) = Index[&]

[€] is obtained by "assembling" & . To do this, choose a

smooth measure on M and for each Ei choose a C~ Hermitian
structure. L2(Ei) denotes the Hilbert space of all L2 sections

of Ei . Then di : L2(Ei) > L2(Ei+l) is a (possibly unbounded)

closable operator. Let Vi : L2(E.) > L2(E. be the partial

i 1+l)

isometry part in the polar decomposition of di -V is a

pseudo-differential operator of order zero and is a bounded

operator from L2(Ei) to L2(E. . Since L2(Ei) and

1+1)

L2(Ei+l) are Hilbert spaces there is the adjoint operator
V* : L2(E ) > L2(E ) Set
i*® i+l i :
_ 2
HO = ® L (Ei)
i even
Hl = ® L2(Ei)
i odd
and define V : H0 > Hl by
_ * * *
V(uo,uz,u4,...) = (V0u0+vlu2,V2u2+V3u4,V4u4+V5u6,...)
u, ¢ L2(E,), i =0,2,4
i i’ AN A AU

Then V 1is a Fredholm operator with
Index (V) = X (&)

As in §5 and §6 above, define ¥, : C(X) - L(L?(E;)) by
(b5 (£)w) (p) = £(p) -u(p) peX,uecLiE)

f ¢ C(X)
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Set
bg =, & W
1l even
¢, = ® U,
1 i odd t
Then [£] e Kg(X) is:

[€] depends only on the original elliptic complex & .

Two naturally occurring elliptic complexes are the deRham
complex of (complex-valued) differential forms on X , and the
Dolbeault complex of a holomorphic vector bundle.

For the Dolbeault complex, take X to be a complex-analytic
manifold, and let E be a holomorphic vector bundle on X .

-k
A9T denotes the ¢C° complex vector bundle on M whose c”
sections are the ¢~ g-forms of type (0,q). The 3 operator is

a first order differential operator

5 . c®(EeAdT*) > ¢ (Eendt 1T«

The Dolbeault complex of E 1is:

0 > c(E) & (reT*) 2 ... 3 c®(E@APT*) » 0

n = dimcx . ue C (E) has 3u

holomorphic section of E .

0 if and only if u 1is a

In 8§16 below (See (16.5)) and again in §19 (S8ee (19.7)) the
Hirzebruch-Riemann-Roch theorem [35] will be stated. This is a

topological formula for the Euler number of the Dolbeault complex.

Part 2: Topological K homology

In Part 2, topological K homology is defined. Preliminary
to this, some well-known facts on Spinc vector bundles and
Spinc manifolds are reviewed. The basic cycles for topological
K homology are SpinC manifolds. Although this has been known
for some time [26], it was not previously understood how to give
a geometrically defined equivalence relation on these cycles.

The geometric equivalence relation defined here (See §11 below.)
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yields a definition of KE which makes the theory applicable to

index problems.

§8. Spinc vector bundles

For n 2 3 , Spin(n) is the non-trivial double cover of
SO(n) . Denote the projection of Spin(n) onto SO(n) by
n : Spin(n) > SO(n) . Let € be the non-identity element in
Kernel(n) . As usual Sl denotes the multiplicative group of

complex numbers of modulus one.
1 _ —
ST = {} € ¢| !KI =1}
In Spin(n) x S1 , let I' be the two element subgroup whose
non-identity element is (e,-1). Spinc(n) is:
. C _ . 1
Spin~(n) = (Spin(n) x §7)/T

For Spin(n) , Spin®(n) , see [ 8]. A Spin (spin®)
vector bundle can be defined as a vector bundle of R vector

spaces together with a given lifting of the structure group from

GL(n,R) to Spin(n) (Spin®(n)).
M. Hirsch, however, has suggested an elegant equivalent definition

[39]. The Hirsch approach will be followed here.

GL+(n,IU denotes the group of all nxn invertible matrices
”aijn of real numbers with

det | aij" > 0

H' (Y) denotes the i-th cohomology group of the topological

space Y with coefficients the integers Z
If n =2 3 , then
1 (cLt (n,R)) = =
1 +
(8.1) H (GL (n,R)) =0

2Lt (n,R)) = 7/ 2%

Let E be a vector bundle of R vector spaces with base
Y . For simplicity, assume that Y is connected and that the

one-point compactification of Y is a finite simplicial complex.



134 PAUL BAUM AND RONALD G. DOUGLAS

Assume also:
(8.2) For p e Y , the fibre Ep of E has dimREp > 3

Let F(E) be the fibre bundle over Y whose fibre at p is
the set of all vector space bases of Ep . Since Y is
connected, the topological space F(E) either is connected or has
exactly two connected components. If F(E) is connected then the

R vector bundle E is non-orientable. If F(E) has two

connected components, then E 1s orientable. 1In this case, an

orientation for E 1is a choice of one connected component of

F(E) . The chosen component is denoted F+(E) . These are the

positively oriented bases for the fibres of E .

F+(E) is a fibre bundle over Y . The fibre F;(E) at a
point p € Y 1is homeomorphic to GL+(n,R) . By (8.1) and (8.2)
H2(F;(E)) =z /2%

Let ig : H2(F+(E)) - HZ(F;(E)) be the cohomology map induced by

the inclusion F;(E) c FT(E) .

(8.3) Definition. A §pinc structure for the R vector bundle

E 1is:
(1) An orientation for E
and (ii) A cohomology class u « H2(F+(E)) such that for
peY, ig(u) # 0 .

A Spin® vector bundle is a vector bundle with a given
Spinc structure.

If E 1is an oriented R vector bundle on Y , some standard
algebraic topology gives the exact sequence
* i*
(8.4) 0 -~ H2(Y) 2 H2(F+(E)) g H2(F;(E)) - H3(Y)
where p* : HZ(Y) > H2(F+(E)) is the map of cohomology given by
the projection p : F+(E) Y .

Recall that any R vector bundle E on a topological space
Y has Stiefel-Whitney classes wl(E), w2(E),...,wr(E) .

w, (E) « nl(yv;z /22) r = dim. (E_)

rEp
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For a very clear exposition of Stiefel-Whitney classes see [40].

E 1is orientable if and only if wl(E) =0 . E can be given a
Spinc structure if and only if wl(E) = 0 and w2(E) is the mod
2 reduction of some element in H2(Y) . This can be proved by
using the exact sequence (8.4). Suppose that the R vector

bundle E can be given a Spinc structure. The exactness of
(8.4) then implies that the set of all Spinc structures on E
inducing one fixed orientation of E can be put into one-to-one

correspondence with H2(Y) .

In definition (8.3), it was assumed that Y 1is connected and

that dbnREp > 3 ., To remove these simplifying assumptions,
first suppose that dimREp < 3 . Let @3 be the trivial R
vector bundle on Y with fibre R3.

63 =Y X R3

Then a SpinC structure for E is a SpinC structure for E$63.

If Y is not connected, & Spinc structure for E 1is a
Spinc structure for the restriction of E to each connected
component of Y

By forgetting some structure a complex vector bundle or a

Spin vector bundle canonically becomes a Spinc vector bundle.

complex

&
G S . C
Spin => Spin

v

oriented

A Spinc structure for the R vector bundle E can be
thought of as an orientation for E plus a slight extra bit of
structure. Spinc structures behave very much like orientations.
For example, an orientation on two out of three R vector bundles
in a short exact sequence determine an orientation on the third
vector bundle. Analogous assertions are true for Spinc

structures.

(8.5) Exact Sequence Lemma. Let 0 - E0 -> El - E2 +~ 0 Dbe

an exact sequence of R vector bundles on Y . If two out of

three of Ey/Eq/E, have Spin® structures, then the third has a

uniquely determined SpinC structure.
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If E 1is a Spinc vector bundle on Y , then the Spinc

structure on E can be reversed. To do this, as in definition
(8.3), let the Spinc structure on E be given by F+(E) and

u e H2(F+(E)). Denote the negatively oriented bases by F (E)

be a negatively oriented basis for E . Map

Let el’e2""’e p

r
F"(E) to F'(E) by ¢ : F (E) ~ FT(E) where

)

¢(el,e2,e3,...,er) = (—el,ez,e3,...,er

Then the reversed Spinc structure on E 1is given by F (E) and

o* (u) ¢ H2(F(E)) .
If E 1is a Spinc vector bundle on Y , then E has a
first Chern class

¢, (E) « m(y) .

To define cl(E) , let u e H2(F+(E)) be as in (ii) of definition
(8.3). Since H2(F;(E)) = 2 /22 , i%(2u) = 0 . Use the exact
sequence (8.4) to define cl(E) by

p*(cl(E)) = 2u

For a Spinc vector bundle E , the Todd class, denoted
Td(E) , is

cl(E)/2 ~
(8.6) TA(E) = e A(E)
with TA(E) ¢ H*(Y;Q)

In (8.6) A(E) 1is the A polynomial in the Pontryagin classes
of E :
xi/2

(8.7) AE) = T st/

i

where the j-th Pontryagin class [35] of E 1is the j-th elementary

symmetric function of the xi

For a complex vector bundle E the Todd class is defined by

X .
(8.8) TA(E) = I —r—
i1 - e %

where the j-th Chern class [35] of E is the j-th elementary
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symmetric function of the X, -

The identity

————5:§ = ex/2 x/2
1l - e sinh (x/2)

implies that for a complex vector bundle E , the Todd class of
E as a complex vector bundle equals Td(E) of the underlying

Spinc vector bundle.

§9. Spinc manifolds

A Spinc manifold is a C€° manifold M with a given Spinc
structure on its tangent bundle TM . M can be compact or non-
compact. M may have a boundary.

If M 1is a Spinc manifold with boundary, then the boundary
(denoted ©O9M) 1is again a Spinc manifold. To define the Spinc
structure on T(oM) , let Vv be the normal bundle of OM in M

On 0OM there is the exact sequence
0 > T(dM) - TM|3M + v - 0

and Vv can be trivialized by choosing an inward normal vector
field on 9M . This trivialization of Vv makes Vv a Spinc
vector bundle on 9M . The exact sequence lemma (8.5) now
applies to give T(9M) a uniquely determined Spinc structure.
Various well-known structures on a manifold M make M

into a Spinc manifold.

(complex-analytic)
l

7

(symplectic) => (almost complex)

I
v

(contact) => (stably almost complex)
|
~
(Spin) => (Spin®)
|
\d
(oriented)

A Spin® manifold can be thought of as an oriented manifold with
a slight extra bit of structure. Most of the oriented manifolds

. . . . C .
which occur in practice are Spin manifolds.
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§10. Clutching construction: example 1

Let M be a Spinc manifold. On M let H be a C°
Spinc vector bundle with even-dimensional fibres. 1 denotes the

trivial R 1line bundle on M :
1 =MxDR

Ina C. way, choose a positive definite symmetric inner product
for each fibre of H® 1 . Let ﬂ be the unit sphere bundle of
Hoé 1l .
M=S(H®1l)

The Spinc structures on T and H give a Spinc structure on
Tﬁ and so ﬂ is a SpinC manifold. ﬂ is a sphere bundle over
M with even-dimensional spheres as fibres. Denote the projection
by p:f’l—»M

For p e M , set n = dimR(Hp) . Since n 1is even
Spinc(n) has two %-Spin representations. The Spinc structure

on H associates to the %-Spin representations complex vector

bundles H+,H_ on M ., Let HO’Hl be the pull-backs to H of
H, and H_ . Clifford multiplication gives a pairing
Hx H_ ~ H_

which defines a vector bundle map

S u .

Hy 1

0 is an isomorphism off the zero section of H .
M =S(H® 1l) consists of two copies of the unit ball bundle
of H glued together by the identity map of S(H) .
M = B(H) u B(H)
S(H)
Form a vector bundle H on M by putting H0 on one copy of
B(H) , H on the other copy of B(H) and then attaching

1
together on S(H) by o .

Starting with M,H this clutching construction has produced

A A

M,H,p . For each p ¢ M , the restriction of H to the even-

dimensional sphere p-l(p) , 1s the Bott generator vector bundle
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on p_l(p) . Compare [ 8]

This clutching construction will be used in §1l1 below to
define the equivalence relation on the cycles for topological K
homology.

§11. Topological K homology

A K cycle on the topological space X 1is a triple (M,E,¢)
such that:

(1) M 1is a compact SpinC

manifold without boundary
(ii) E 1is a complex vector bundle on M

(iii) ¢ 1is a continuous map from M to X .

M is not required to be connected, and E may have
different fibre dimensions on different connected components of
M . Thus for K cycles on X there is the evident disjoint

union operation. Denote this by (Ml,El,¢l) U (M2,E2,¢2) . Two

K cycles (M,E,¢) and (M',E',¢') are isomorphic if there

exists a diffeomorphism h mapping M onto M' such that h
*
preserves the Spinc structures, h (E') € E , and there is
commutativity in the diagram
h

M > M'
o\ /cb'
X
Let T (X) be the collection of all K cycles on X .
Define an equivalence relation ~ on T (X) by letting ~ be the

equivalence relation generated by the following three elementary

steps.

(i) Bordism
(ii) Direct sum

(iii) Vector bundle modification

(i) Bordism. (MO,EO,¢O) ~ (Ml,E1,¢l) if there exists a

compact Spinc manifold W with boundary and a complex vector

bundle E on W and a continuous map ¢ : W - X such that
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(3W,E|9W,9|3W) is isomorphic to the disjoint union

(MO,E0,¢O) U (—Ml,E1,¢l) . Here —M1 denotes Ml with the

Spin® structure on TMl reversed.

(ii) Direct sum. Suppose given (M,E,¢) and also given a

Then:

direct sum decomposition E = E1 ® E, .

(MlEleE2I¢) ~ (MlEllq)) U (MlEzlq))

(iii) Vector bundle modification. Suppose given (M,E,¢)

and also given a c” Spinc vector bundle H on M with even-
dimensional fibres. Use the clutching construction of §10 above
to form M,H,p . Then:
(MIEI¢) ~ (MIH®Q* (E) l¢°p)
This completes the definition of the equivalence relation ~

on T (X) .

Set KE(X) = I'(X)/~ . Disjoint union makes KE(X) into an
abelian group. Note that for a K <c¢ycle (M,E,¢$) on X , the

equivalence relation ~ preserves the parity of the dimension of

M ., In KE(X) let KE(X) (KE(X)) be the subgroup given by
all (M,E,¢) with each connected component of M even-

dimensional (odd-dimensional). Then
Ky (X) = Kg(X) @ KS(x) .

KS(X) ’ KE(X) are the topological K homology groups of X .

If £f : X+ Y 1is a continuous map, there is a homomorphism

of abelian groups
£, : KE(X) > KE(Y)

For a K cycle (M,E,9) on X ,

£,(M,E,$) = (M,E,fo0)

Let Kg(X) denote the Grothendieck group of topological complex
vector bundles on X . There is a bilinear pairing (the cap
product) :

Ky (X) © KE(X) » K§(X)
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Let F Dbe a complex vector bundle on X , and let (M,E,¢$) be a
K cycle on X . The cap product pairing, denoted F n (M,E,¢) ,
is:

F n (M,E,¢) = (M,EQ)*F,¢)

For a point, a calculation using Bott periodicity gives

Ko(*) = 2
KS() = 0
et € : X > + be the map of X to a point. Consider
€4 ¢ KE(X) > KS(-) . Since Kg(') = Z , ¢, may be viewed as a
map from KE(X) to Z .
(11.1) €p 3 KS(X) > Z

This map can be made explicit either by using Bott periodicity or

by using characteristic classes. The characteristic class formula
for e, 1is:
(11.2) €, (M,E,$) = (ch(E)uTd(TM)) [M]
In (11.2), [M] 4is the orientation cycle of M . Also,
X X X
(11.3) ch(E) = e 1, e 2, ... + e £

where the j-th Chern class of E 1is the j-th elementary symmetric
function of the X, . Td (TM) 1is the Todd class of the Spinc
vector bundle TM , as defined by (8.6).

It is not immediately apparent that the right hand side of
(11.2) is an integer. This integrality, however, is not difficult
to prove as a corollary of Bott periodicity [5] [21].

There is a natural transformation of homology theories: the
(homology) Chern character from KE to H,( ;D). As usual,

H,( ;@) is ordinary homology with coefficients the rational

numbers @ . Denote this natural transformation by
t
ch, : K (X) » Hy(X;@)
To define ch. 1let (M,E,$) be a K cycle on X . Let
¢4 2 H (M,0) » H,(X;0@) Dbe the map of rational homology induced by
¢ . Then ch(E) u Td(TM) n [M] 1is the Poincaré dual of

ch(E) v Td(TM) and

ch. (M,E,$) = ¢, (ch(E)uTd(TM)n[M])
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0

*
Let ch : K. > H ( :0) be as in (11.3) ch 1is the (cohomology)

Chern character. ch and ch. preserve cap product;

is commutativity in the diagram:

Kg(x) ® Ko(x) ¥ kE(x)

lch ® ch. ch.

B (x;0) ® H,(x;0) 3 H, (X;0)

i.e.

If X 1is a finite simplicial complex, then KE(X) is

there

a
finitely generated abelian group [ 9] and ch. gives an
isomorphism
t P~
Ky (X) ® 0 £ H,(X;0)
Z
§12. Clutching construction: example 2
Let X be a finite simplicial complex. Suppose given
(Vv,i,n) such that
(i) V 1is a (possibly non-compact) Spinc manifold
without boundary
(ii) i is a topological embedding of X into V with
the pair (V,i(X)) triangulable.
(iii) n = {0 - Ey > Ey » ... > E_~ 0} is a complex of
€ vector bundles on V with n exact on V - i(X)

From (v,i,n) a K cycle (M,E,¢) on X can be constructed as

follows. Denote the ma E. - E. b o « E. - E.
BBy 7 By Y j 7 E+
Hermitian structures for the Ej . Each fibre of E.
finite dimensional Hilbert Space, so the map o : Ej
*

an adjoint o : E. -~ E. . Set F, = ® E, , F

J+l ] 0 j even J

*
Map F0 to Fl by o+ 0 .
%*
o+ O : Fo - Fl
*

o+ 0 is an isomorphism on V - 1i(X) .  Regard

i : X~>V as an inclusion X <V ., Include V
setting v =V x {0} .

1 . Choose

~ Ej+l

is then a

has

= ® E,
j odd J

the embedding

in

V x R

by
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X cV cV X R

In V x R let W be a regular neighborhood of X with smooth
boundary. Let p : W > X be the retraction of the regular
neighborhood W onto X . Set M= 93W and ¢ = p|M . The
Spinc structure on TV gives TW a Spinc structure. M = 9W

so M is a Spinc manifold. Set:

M, =M (VXR,) += {MeR[220}
M_=Mn (VXR_) R_= {)eR|A<0}
M, = Mn (vx{0})

Then M consists of M, and M_ glued together along M0 .

+ -
Mo
Map M to Vv =Vx {0} by (p,X) >~ (p,0) . Form a vector
bundle E on M by pulling-back FO to M, _, Fl to M_ , and

*
then attaching together on M0 by o+ o0

This completes the construction of the K cycle (M,E,9) .

(12.1) (M,E,$) e Ki(X)
Set n = dim(V) and define e(n) Dby:

0 n even
e(n) =
1 n odd

t

Then (M,E,¢) e Ke(n

)(X)

Let Y be a simplicial complex. For an inclusion X c Y
with the pair (Y,X) triangulable, Kg(Y,Y—X) is defined as
equivalence classes of vector bundle complexes n on Y such
that n is exact on Y - X . Compare [ 8],[18]. The above

clutching construction gives a homomorphism of abelian groups
(12.2) kO (v,v-x) » k&, . (x)
' t e(n)

Using Bott periodicity it can be proved that this map is an
isomorphism. (12.2) is Lefschetz duality in topological K

theory.
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Part 3: Riemann-Roch Theorem

In part 3, the Riemann-Roch problem is stated, and then a
Riemann-Roch theorem is given which extends the Grothendieck-
Riemann~Roch (=GRR) theorem to singular varieties. For an earlier
version of this RR theorem see [18].

K theory has its origins in the RR problem. Following basic
work of J. P. Serre [45], Grothendieck gave the first definition
and application of K theory in his statement and proof of
GRR [20]. wWithin the context of algebraic geometry, Grothendieck
defined the K homology and K cohomology of a projective
algebraic variety X . The algebraic geometry K homology,
denoted Kg(x) ;, 1s the Grothendieck group of coherent algebraic
sheaves on X . The algebraic geometry K cohomology, denoted
KS(X) , 1s the Grothendieck group of algebraic vector bundles on
X .

If the ground field is the complex numbers @ , then the

underlying topological space of X 1is a finite simplicial complex

*
and has topological K groups KE(X) ’ Kt(x) . To extend GRR to
singular varieties one has to define natural maps
0 0
Kw(x) _— Kt(X)
w t
KO(X) S KO(X)

The cohomology map is evident. By forgetting some structure, an
algebraic vector bundle becomes a topological vector bundle. This
> Kg(x) . Using KE as

gives the cohomology map Kg(x)

defined in Part 2 above, the homology map Kg(X) > KE(X) is

also readily defined.
§13. The Riemann-Roch Problem
Let X be a projective algebraic variety over the complex

numbers € . X may have singularities. On X , let F be a

coherent algebraic sheaf. Hl(x,F) denotes the i-th cohomology

group of X with coefficients in F . For each integer i ,
Hl(X,F) is a finite dimensional vector space over ¢ . If
i>n-= dimCX , then Hl(X,F) = 0 . Hence the Euler number

x(X,F) can be defined:
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n .
Y(X,F) = Y (-1)*dim
i=0

The Riemann-Roch problem is:

cHl(x,F) n = dim_ X

RR Problem: Given X and F , compute as topologically as

possible, the Euler number Y (X,F)

If E is an algebraic vector bundle on X , then E denotes
the sheaf of germs of algebraic sections of E . Consider the
RR problem in the special case when X 1is non-singular and

F =E . 1In this case, as in §7, there is the 3 complex of

E .

0 —> C (E) 9 > C” (E®T*) 0 5.2 c®(EeA"T*) —> 0

Denote the Euler number of this 3 complex by Index (3,E) .
According to the Dolbeault theorem [31], the i-th homology group
of the 5 complex is canonically isomorphic to Hl(X,g)
Therefore:

x(X,E) = Index(g,E)

Thus the general RR problem can be viewed as an interesting index

problem on the possibly singular variety X .
§14. K homology in algebraic geometry

X 1is a complex projective algebraic variety. Kg(x) is the

Grothendieck group of coherent algebraic sheaves on X .

Kg(x) is the Grothendieck group of algebraic vector bundles on

X .
Tensor product of vector bundles makes Kg(x) into a ring.

Kg(x) is a module over this ring

(14.1) Kg(X) ® Kg(x) > Kg(X)

7
Let Fl ’ F2 be coherent algebraic sheaves on X . OX denotes
the structure sheaf of X , i.e. the sheaf of germs of algebraic
functions on X . Then Fl g F2 is again a coherent algebraic

X

sheaf on X . The pairing (14.1), denoted E n F , is:
(14.2) En F = F

E ®
Ox
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In (14.2) E is the sheaf of germs of algebraic sections of E .

If Y is another projective variety, and £f : X > Y is

a morphism of algebraic varieties, then there are induced maps

* 0
(14.3) £ Kw(Y)

0
> K, (X)

(14.4) £,

W
Ky (X)

> Kg(Y)

*

f is given by vector bundle pull back. £, is defined by

n .
£,F = ] (-L)T(REF n = dimgX
i=0
R'f is the i-th derived functor of direct image [20]. 1In
particular, define x : Kg(x) > Z by
2 i i
X(F) = x(X,F) = J (-1) dimg H™(X,F) n = dimgX
i=0
Let ¢ : X > * Dbe the map of X to a point. A coherent

algebraic sheaf on a point is just a finite dimensional vector
space over € . To such a vector space assign its dimension.

This gives an isomorphism

w —
KO(') =7

By definition, the map e, : Kq(X)

> Kg(') is
x:Kg(X) >z,

§15. Riemann-Roch theorem

As above, X 1is a complex projective algebraic variety
which may be singular. The underlying topological space of X is
a finite simplicial complex and so has topological K groups
Kg(x) ’ KS(X) . Kg(x) is the Grothendieck group of topological
complex vector bundles on X . KE(X) is the group of K cycles
on X as defined in 8§11 above.

To solve the RR problem, define two natural maps

. 0 0
a’ Kw(x) > Kt(x)
o, : Kg(X) > Kg (X)
a® 1is evident. By forgetting some structure an algebraic vector
bundle on X becomes a topological vector bundle on X . This
forgetting operation gives a° : KS(X) > Kg(X) . a° 1is a

natural tranformation of contravariant functors.
For o. : K§(X) > KE(X) , let (M,E,$) be a triple
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such that:
(i) M 1is a non-singular projective
algebraic variety
(ii) E 1is an algebraic vector bundle
on M
(iii) ¢ 1is a morphism of algebraic varieties
mapping M to X . ¢ : M > X

Such a triple will be called an algebraic K cycle on X .
Given an algebraic K cycle (M,E,$¢) on X , consider
(as in (14.4)) ¢, : Kg(M) > Ko (X) .

E denotes the sheaf of germs of algebraic sections of E .

Thus ¢, (E) e K%(X) . By forgetting some structure an algebraic

K cycle (M,E,¢) Dbecomes a topological K cycle and determines

an element (M,E,¢) « KE(X) . 0. Kg(x) > KE(X) is given
by
(15.1) a. 0,(E) = (M,E,¢)

Two observations are needed. First, the ¢,(E) obtained from
algebraic K cycles on X generate K%(X) . If X 1is
non~singular this is not difficult, and follows from the
well-known lemma that any coherent algebraic sheaf on a
non-singular variety can be resolved by locally free sheaves [20].
For singular X , this is a corollary of Hironaka's resolution
of singularities theorem [34].

Second, suppose that (M,E,¢) and (M:E:¢') are two
algebraic K cycles on X such that in Kg(x)

64 (E) = ¢, (E)
It is not obvious that in Kg(x) one then has
(M,E,$) = (4,E, ¢ )
Although not obvious this is true. 1In fact, this assertion is

the heart of the RR matter.

(15.2) Proposition. Let (M,E,¢) and (M,E,¢ ) Dbe two
r 1
algebraic K <cycles on X such that in Kg(x), . (E) = ¢,(E ) .
(I B | - -
Then in K§(X), (M,E,$) = (M,E,¢ ) .

Once this proposition has been proved, it is then immediate

that for a morphism of algebraic varjieties f : X > Y there

is commutativity in the diagram:
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K2 (x) —fx> k¥ (Y)
0 0
o. o,
t v t
KO(X) —?:—> KO(Y)
This is summarized by
(15.3) RR Theorem. da. : Kg(x) _— KS(X) is a natural

transformation of covariant functors.

816. Properties of the RR map

The RR map da. : K%(X) —_— KE(X) has several very useful
properties.
Cap Product. o° and a. preserve cap product; there is

commutativity in the diagram

0 w w
Kw(X) 3] KO(X) > KO(X)
0°®a. Oe

AV A\

0 t t

Kt(X) ® KO(X) > KO(X)

Embedding. Given F on X , let i : X —> V be an
algebraic embedding of X into a non-singular projective variety
V . On V let

(16.1) 0 > EO —— El e — E~r —_— i*F —_ 0

be a resolution of the direct image sheaf i, F by locally free
sheaves. Let n be the complex of vector bundles on V obtained

by deleting i,F from (16.1) .

n=1{0— E0 —_ El———-> ee. — E. —> 0}

n 1is exact on V - i(X) . The clutching construction of §12
above now applies to (V,i,n) to give a K cycle (M,E,¢) on
X . Then:

(16.2) The element in KE(X) obtained by applying
the clutching construction of §12 to (V,i,n)

is a.F

Solution of the RR problem. Let ¢ : X —> . be the map
of X to a point. It follows from the RR theorem that there is

commutativity in the diagram
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w
KO(X).
X
a. N
tV
KO(X) ———z:——> Z
€ 4 KS(X) —> Z 1is as in (11l.1). In principle at least, this

solves the RR problem because it replaces the algebraic geometry
problem of computing ¥ (X,F) by the topological problem of
computing e,a.F . This topological problem can be solved either
by using Bott periodicity or by applying the Chern character to

obtain a characteristic class formula.

*

Chern Character. o and o. can be composed with the

Chern character.

o ch

k% (x) > k9(x) > H (X;®)

€ E o

0
t
Ko(x) a. t ch.

> KO(X) > H, (X;®)

Let €, : H,(X;®)
homology induced by mapping X to a point.
Let td(X) = ch.a.(OX) .

> H,(*;®) = @ be the map of rational

td(X) e H,(X;D)

If E is any algebraic vector bundle on X , the RR theorem

implies
(16.3) X (X,E) = e, (ch(E) n td(X))

If X is non-singular, then td(X) is the Poincare dual of
Td(TX) .

(16.4) For non-singular X , td(X) = Td(TX) n [X]
Hence for non-singular X , {16.3) can be rewritten

(16.5) X (X,E) = (ch(E) v Td(TX)) [X]

(16.5) is the Hirzebruch-Riemann-Roch formula [35].

In (16.4) and (16.5) , Td(TX) is the Todd class of the complex
vector bundle TX as defined by (8.8)

Resolution of singularities. If X 1is singular , let

~

m : X

> X Dbe a resolution of singularities of X in the

sense of Hironaka [34].
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m, + H,(X;0Q)
induced by: m™ . ﬂ*(td(i)) is usually not equal to td(X) .

> H,(X;Q) 1is the map of rational homology

However, ﬂ*(td(i)) is intrinsic to X ; i.e. ﬂ*(td(i)) does
not depend on the choice of the resolution of singularities. The
difference td(X) - ﬂ*td(i) is made up of contributions from the
singularities of X [14],I[17].

Part 4: Isomorphism of analytic
and topological K homology

Part 4 describes an isomorphism of homology theories
(VIS Kz(x) _ Ki(x) . Suppose given a K cycle (M,E,¢) on
the topological space X . Let D be the Dirac operator of the
Spinc manifold M . Form the tensor product of D with the
identity map of E +to obtain an elliptic first order differential
operator D@IE on M . As in Part 1, D@IE determines an
element (denoted En[D]) in K3(M) .

If M is even dimensional, then En[D] € Kg(M) . For M
odd dimensional D®I is self-adjoint, so in this case

E
En[D] ¢ K3(M) . If ¢, : Kg(M) > K3(X) is the map of

analytic K homology induced by ¢ : M > X , then
b KE(x) —> k3(X) is defined by:
u(M,E,9) = ¢, (En[D])

§17. Dirac Operator

*
Let M be a C  manifold. T denotes the complexified
cotangent bundle of M .

T* € ® T* (M)
r R

For E a C. complex vector bundle on M , C (E) is the ¢
vector space of all c” sections of E . d is the de Rham

operator

1 % 1 *
a: c® it > ¢®(n3tie")
Given a Coo complex vector bundle E on M , it is always
possible to choose a connection for E . This is a € linear

map

o) 00 *
V ¥ C (E) > C (T ®E)
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such that for any c¢® function £ : M
S € Cw(E) ’

> ¢ and any

V(f*s) = df ® s + £-Vs

Now let M be an even dimensional closed Spinc manifold
with n = dimnz(M) . The Spinc structure on the tangent bundle
of M asociates to the two 1/2 - Spin representations of
Spinc(n) c” complex vector bundles F, , F_ on M . Clifford

+
multiplication gives a bilinear pairing

* Y
(17.1) T ® F, ——> F_

Choose a connection V for F+

v

[e9) [e9) *
(17.2) C (F,) > C (T ®F,)

The Dirac operator of M 1is the composition
v

oo o * Y ©
C (F,) > C (T ®F,) > C (F_)
Denote this operator 3 by

> Cw(F_)

D:C YF+)

More generally, if E 1is a c” complex vector bundle on

M , define

> ¢ (F_®E)

(e 0]
D@IE : C (F+®E)

as follows. Tensor (17.1) with the fdentity map of E to

obtain
* Y®I
(17.3) T ®F  BE E > F_BE
Choose a connection V for F+®E . Then D&IE is the
composition
. Y®I
c”(r,8E) ——> c” (T ®F,6E) E > ¢”(F_8E)
As in §5 above, D@IE determines an element ID@IE] € Kg(ML

Set [D@IE] = En[D] . (In a sense which can be made precise,

En[D] is the cap product of E and ([D] .)

3The Dirac operator of a SpinC manifold is not unique. For
example, different choices of connection V for F+ will
give slightly different operators. There is, however, no

difficulty in verifying that the element [D] ¢ KS(M) is

well defined and depends only on the given Spinc structure
for T™™ .
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Let M be an odd dimensional closed Spinc manifold with
n = dimIQ(M) . The Spinc structure on the tangent bundle of M
associates to the Spin representation of Spinc(n) a C complex
vector bundle F on M . Clifford multiplication gives a

bilinear pairing

*
P @ F ——> F

Choose a connection V for F . The Dirac operator D of M

is the composition

\

o o % [
C (F) > cO(T ®F) —Y—> c”(F)

More generally, if E 1is a c” complex vector bundle on

M , choose a connection V for F®E . The operator
D@IE : CW(F®E) _ Cm(FQE) is the composition

o .V o % Y81, %

C (F®E) > C (T ®F®E) > C (F®E)

D@IE is a self-adjoint first-order elliptic differential operator

on M . As in §6 above, D@IE determines an element

a
[D@IE] € Kl(M) .

Set [D@IE] = En[D] .

§18. The isomorphism KE(X) > Ki(x)

Let (M,E,¢) be a K cycle on the topological space X .
Ou : K3 (M)
induced by ¢ : M
define 1 : KE(X)

> Ki(x) is the map of analytic K homology
> X . With En[D] as in §17 above,
> K3(X) by

(18.1) u(M,E,¢) = ¢,(En[D])

It is not immediately clear that u 1is well-defined. This basic

point is asserted by:

L} L} L
(18.2) Proposition. Let (M,E,¢) and (M,E,¢ ) be two K
cycles on X such that in KE(X)

(M,E,$) = (M,E.¢ )
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. a
Then in K (X) ,

¢, (En[D]) = ¢,(E nD 1)

(18.3) Remarks. Naturality of u 1is a corollary of the

proposition; if f : X > Y 1is a continuous map then there is

commutativity in the diagram

kE(x) — 2 xE(v)
(18.3) u u
\4 A\
K2 (x) —> k3 (v)
£

Mapping X to a point gives a commutative diagram

t
kS (x)
€%
(18.4) u
A\
a
Ky (X) ———> 2z

Index

For Index : KS(X) >7Z and e, : KE(X) > 7Z

See (4.1), (11.1), (11.2).

So far there is a very strong formal similarity to the
Riemann-Roch map «. of Part 3. But a. is usually not an
isomorphism. The contrary is true for u , and the main result

of this note is:

(18.5) Theorem. If X 1is a finite simplicial complex, then

uoe Kf(x) > Ki(x) is an isomorphism of abelian groups.

Outline of proof. Groups KE(X,A) and Ki(X,A) are

defined for any simplicial pair (X,A) . Thus KE and Ki
become homology theories on the category of simplicial pairs.

t
o K

theories.

> Ki becomes a natural tranformation of homology
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To prove that u is an isomorphism, it then suffices to check

that u 1s an isomorphism for the n-sphere s .

The theorem gives insight into both the analytic and the
topological theories. All basic features of the two theories
(cap product, slant product, external product, Chern character)

are preserved by u .
Part 5. Index Theorems

An index theorem is a formula for the index of a naturally
occurring Fredholm operator in terms of topological information
associated to the operator. A premier index theorem is the
Atiyah-Singer index formula [l1l1]. Proceeding in the direction
indicated by Atiyah-Singer several other index theorems have been
proved: e.g. Atiyah [3 ], Atiyah-Bott [11] [41],

Atiyah-Singer [13], Boutet de Monvel [22], Cheeger [25],
Connes [27], Connes-Moscovici [29] [30], Lazarov [38], and
Miscenko-Fomenko [41].

The isomorphism u : KE(X) > Ki(x) provides a unified
framework for these diverse index theorems. Given an ind<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>