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522 A. CONNES

INTRODUCTION.

Let \/ be a smooth manifold and 1#\/ its tangent bundle, so that
for each xe V R ’\; v is the tangent space of \/ at = . A smooth
subbundle Fj of 1—\/ is called integrable iff one of the following equivalent

conditions is satisfied :

a) Every xev is contained in a submanifold W of v such that
T%(W) - Eg VyeW
b) Every xeV is in the domain UcV of a submersion o U —> Rq
(q = C;dim F ) /with Fé = Ke/z (/{Z*)%/ V%é U .
c) C O:) _ {Xé Coo(Tv)) Xxé [1;6 V,fé \/} is a Lie algebra.
d) The ideal Jlj:) of smooth exterior differential forms which vanish on

F: is stable by exterior differentiation.

Any l-dimensional subbundle F? of /r\/ is integrable, but for
dim F = Z the condition is non trivial, for instance if P—LD g is a
principal H -bundle (with compact structure group H ) the bundle of horizontal

vectors for a given connection is integrable iff this connection is flat.

A foliation of V is given by an integrable subbundle Fof 7‘\/
The leaves of the foliation (\/) Fj> are the maximal connected
submanifolds l__ of V with TxO_): EC Vxé L , and the
partition of \/ in leaves \/;: U L‘x j<ﬁé/q is characterized geometrically
by its "local triviality" : Every point «we& \/, has a neighborhood U
and a system of local coordinates (1) Rig - . so that
< )}: L/.r./OL/N'L/V
the partition of LJ in connected components of leaves (2) corresponds to
y A V A F {:R C”}«}'“F
i ™ %
G;;dﬂn =
X

the partition of in the

parallel affine subspaces

b

(1) Such charts are called foliation charts.

(2) Called plaques, they are the leaves of the restriction of FT,
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In the simplest examples, such as the Kronecker foliation of the Z -torus
Z
\/ = H?,/,ZZ' given by the differential equation dx = 6 dﬂ/ where

6 f’d;) , one sees that :

1) Though \/ is compact, the leaves I_“ ’ <xegfq can fail to be compact.

2) The space {q of leaves L X E ;q can fail to be hausdorff and

X ?
in fact the quotient topology can be trivial (with no non trivial open

subset).

We shall study 1) the generic leaf L of the foliation
2) the parameter space ﬁ% s, 1.e. the space of leaves. In 1) the problem
is to be able to say something about the global properties of the non
compact manifold L using only the local information given by the bundle
F'C: W-\/ (1f F is given it is in general not so easy to integrate

it explicitly), the main difficulty lies in the non compactness of L_ ’

since otherwise many classical results of differential geometry allow to
pass say from the knowledge of the tangent bundle to global invariants.

The first part of these lectures is occupied with problem 1), where the
word "'generic" is taken from the point of view of probability theory, i.e.

a suitable "measure" is put on the space A and a property of leaves L?x‘is

generic if it holds for almost all X é& %q . Thus, in this, the space
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is only considered from the point of view of measure theory. It is well

known that the measure theory of usual spaces gives no information about
the space : all Lebesgue measure spaces are isomorphic. However for spaces
like the space of leaves A , the usual measure theory (measurable sets,
measurable functions, positive measures, L spaces etc...) is totally
inappropriate, for instance in the above Kronecker foliation <~\C,FT)

of the Z -torus, any measurable function g’ on /} is, (by ergodicity

of the irrational rotation of angle 271 O ) almost everywhere equal to
a constant, thus [fgq) = Q: for any p,éf [17-+0Q] is about as

informative as the quotient topology on éq .

The proper notion of measure on the set Sé} of leaves of (}(,Fi)

is exactly the notion of transverse measure for the foliation (}/}Ff) .
This is a well established notion, defined in purely geometric terms as a
measure /A\ on transversals which is invariant under the holonomy pseudogroup
or in a more canonical manner as a current, of the same dimension as F R
on the manifold \/ which is a) positive in the leaf direction b) closed.
We shall carefully explain this classical notion in the first two sections,
beginning with the very simple one dimensional case (i.e. flows provided
is oriented). We give there a proof of the result of Ruelle and Sullivan
characterizing transverse measures as closed currents. The main point of
these two sections is to show that, given a transverse measure /\ for
(>\/} F‘) the measure /\(}ﬁ) of a transversal Pd only depends on
the "function" on the leaf space >¢} which associates to each Léf \4ﬁ- the

number of points of intersection of the leaf L with Pd .

We then sketch in a remark, how the classical measure theory has

to be modified to treat spaces like \%; .
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In section 3 we first give two geometric interpretations of the
scalar )((?3‘/\) defined for a measured foliation as the Euler class
@(17) of the bundle F’ , evaluated on the Ruelle Sullivan cycle [(:;]/

[C] € H*(\/, R) . We then define analytically tZe Betti numbers IBL
as the Murray-von Neumann dimension of the space of L_ harmonic forms

and give an application of the equality
L
X(F,AN) = 2 ¢1) B;

In section 4 we state the index theorem for differential operators

elliptic along the leaves, as the equality :
dim (Ko D) — dom, (Koo D) = & ADEV [C]

and we apply it in the simplest case to construct certain meromorphic

functions on G: .

From section 5 we begin the discussion of the topology of the
"space of leaves'". In sections 1-2-3-4 there is no mention of operator
algebras, they disappear from the statements but are however crucial in
the proof of the theorems of sections 3 and 4. From section 5 the basic
tool is the (;*' algebra C:ﬂZWV; F:) canonically associated to the

foliation (Vc F) . We define analytically the k:—theory of the space

of leaves of (\C F7) as the algebraic F<-—theory k<* CKjﬁ(\f F)) .

1) the k(—theory of the space of leaves

of(\{ F) as a certain twisted k:—homology, F<x;t (rEBC§) of the

classifying space [363 of the graph (G of the foliation. This geometric

We then define geometrically

group is rather easy to compute, and for instance we prove that in the

set up of the Thom isomorphism (cf. [i@] ), i.e. for foliations coming

(1) This definition is part of joint work with P. Baum .
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from actions of solvable simply connected Lie groups, the geometric group
is equal to k??ﬂ/) (up to a parity shift). In general, for foliations

with contractible k(—oriented leaves the same result holds.

Before connecting the geometric group with the analytical one,
we discuss the functoriality of the analytical group K:§T\¢?:> .
In algebraic topology, one can under certain circumstances define, given
a k:—oriented map oF )(-f> >/ , a push forward map (P} in k<—theory.
These 49} maps play a crucial role in the proof of the index theorem of
['1_] in the spirit of the Grothendieck Riemann Roch theorem. The most
remarquable property of the analytical group K:*(\éﬁ;) is its wrong
way functoriality which to each k(—oriented map §? of leaf spaces asso-
ciates an element ?l of the Kasparov group \<K(C*(\/4/E)/C*(VZ/E_)) .

In section 10 we discuss this functoriality in simple cases and then in

section 11 we construct QU given a smooth k(—oriented map (? of a
manifold Pq in the leaf space of (\C F;) . This enables us to define

a natural map from the geometric theory to the analytical theory.

It is then easy to define geometrically the topological index
Iku%:(lp) for differential operators elliptic along the leaves, the equality
of this topological index with the analytical index J:nokx(1>>(£ kiﬁz\éﬁr)
extends the index theorem for measured foliations to foliations without
transverse measures. We present it here as a problem, whose solution would

follow from a general proof of the functoriality : (tPo %)) ! = 9’} X CP]

for smooth F(—oriented maps of leaf spaces (cf. Section 10).

In section 12 we discuss when the natural map N~ :
X
/U : K*/Z (BG) —> K (\//F) is bijective. All evidence is that

it is in full generality an isomorphism.
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Finally in section 13 we discuss, by an example, how classical
differential geometry extends naturally to (j* algebras such as (?ﬁ(\é F;)
where F‘ is a smooth foliation of \/ . We introduce the notion of curvature
by studying a purely (:*'algebraic problem. We end by discussing an inte-
grality result, and stating an index theorem for difference differential

operators on the real line.

We have kept these lectures at a very informal level so most proofs

are only sketched, a more refined and complete version will appear later.



528 A. CONNES

1. TRANSVERSE MEASURE FOR FLOWS.

To get acquainted with the notion of transverse measure for a
foliation, we shall describe it in the simplest case : dom F;i, i.e. when
the leaves are one dimensional. The foliation is then given by an arbitrary
smooth l1-dimensional subbundle F of TV , the integrability condition
being automatically satisfied. To simplify even further, we assume that
F is oriented, so that the complement of the zero section has two compo-
nents F:+ and F~ = - FT+-. Then using partitions of unity, one gets
the existence of smooth sections of Fﬁf , and any two such vector fields

X/ Xl € Coo( F+> are related by X’: P X
<P € (:w(\/) . The leaves are then the orbits of the flow eup,t><
so the flows F{E: evat></f1£:<%qtt)<lhave the same orbits and differ

by a time change :

i

] |
He () H (1) Ve G?/T»e\/

UGED)

The dependence in 1L of this time change ‘F(t;1z) makes it clear

that a measure /Lf on \/ which is invariant under the flow }4

(i.e. F4& /J = /&) , k/ t € H€> ), is not in general invariant
1

under F{’ (take the simplest case /K = §%; o S ).

To be more precise let us first translate the invariance F4e/k)::/u

by a condition involving the vector field >< rather than the flow

H, -

X
form on the complex topological vector space C:w (>A\~G% > of smooth

@xr»ff>< . Recall that a current (: on \/ is a contilnuous linear

complex valued differential forms on vV ,» and that C is of dimension q
iff <C/ W>= 0 whenever W 1is of degree q‘# q .
In particular a measure /J on V/ defines a O-dimensional current by

the equality </U , > :jcu CL/U J V(,() € Cgo(\/) . All the usual

operations, the Lie derivative d  with respect to a vector field, the
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boundary d » the concraction U with a vector field, are extended to

currents by duality, and the equa)1<ity BX = di,x + Lxd. remains
of course true. Now the condition He/u :/U y VEe [R is equivalent
to Bx/\J = O and since the boundary d,\) is always O it is equivalent
to o{('ox/\)) = O . This condition is obviously not invariant by
changing X in Xl: CPX , Pe COO(V) . However if we replace )<

by X’: @X and change /U into /U': CP_I/\/ , the current LXI/U| is

equal to (»X/U and hence is closed, so that /Ul is now invariant for

So while we do not have a single measure /U on \/ invariant
under all possible flows defining the foliation we can trace the invariant
measures for each of these flows as l-dimensional currents LX/U = C .

To reconstruct /U from the current C and the vector field X , define :
<M, §r=<C,w> Vo € COO(//\i'I;x), w(X):éZ )

od
Given a l-dimensional current C on \/ and a vector field X ' C (F+)
the above formula will define a positive invariant measure for F{e:-eapft)<

iff C satisfies the following conditions
1) C is closed, i.e. O‘.C:O

2) C is positive in the leaf direction, i.e. if W 1is a smooth l-form

whose restriction to leaves is positive then <C} w> = O

We could also replace condition 1) by any of the following :

1)' There exists a vector field X e Cw({:+) such that exfp l:X

leaves C invariant.

929
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1)" Same as 1)', but for all Xe CDO(F“t)

In fact if (C satisfies 2) then <C/a}> = O for any «/ whose restriction
to F is o , thus (/XC =0 , VvV Xe COO(F+) , and

bXC - oLLXC +iy dc = Ly dC s zero iff dC -0
From the above discussion we get two equivalent points of view on what the

notion of an invariant measure should be for the one dimensional foliation F :

k) An equivalence class of pairs (X/ /\)) » where X € CM(F+) s
P is an oxp t X invariant measure on V , and CX//u> ~ (X/,/U')
when X':@X//u:@/\}' for Cpé COOCV) .

B) A l1-dimensional current C , positive in the leaf direction (cf. 2))

and invariant under all (or equivalently some) flows WEX/ Xécao(Fv

Before we proceed to describe «K) and E) for arbitrary foliations
we relate them to a third point of view &) that of holonomy invariant
transverse measure. A submanifold N of \/ is called a transversal if
at each o E N }T;_L (\/) splits as the direct sum of the subspaces

T (N> and F . Thus the dimension of N is equal to the codimension
T T

of F . Let then ?é N , and U y 17,6 U , the domain of a foliation

chart, one can choose U small enough so that the plaques of U correspond

bijectively to points of N~ U , each plaque of U meeting N in

one and only one point.

Y
1




FOLIATIONS AND OPERATOR ALGEBRAS 531

Starting from a pair (X //\)> as in K) , one defines on each transversal
N a positive measure by observing that the conditional measures of N
(restricted to U ) on the plaques, are, since AJ 1is invariant by H{:

Hé = exp t X , proportional to the obvious Lebesgue measures deter-

mined by X , so the formula /\(B):AL;W éN(B&)/ B.- U He(B)
makes sense. £79 te [ €]

If one replaces (X/ /u) by an equivalent (X/’ /u') it is
obvious that /\ does not change, since /u’: <P"/U while X @ X
By construction /\ is invariant under any of the flows H6: X[V ch
i.e. /\(He B) - /\<B) Vte KR, and any borel subset K of a

transversal. In fact much more is true :

LEMMA. Let N‘/ Nz be two transversals, B{; a borel subset of NL, 0= l,z
and ¥ ; .Bl - gz , a borel bijection such that for each xe 8! (f(z/)
/

is on the leaf of x , then we have /\(8‘> = /\(BL)

To prove this, note that if {Llé Ni and HE (171) = leé NZ
for some Ee R , then there exists a smooth function @ defined in
a neighborhood of 4Z; and such that @(411): t ) ngw)(»rb)é NZ .
Thus there exists a sequence CPW of smooth functions defined on open sets

of Ni and such that

ztﬁlt)é le [R?/ Hl: (ﬂ)éNzg - Uc-mfﬂ‘ (Pm

Let then /\E) be a borel partition of B:L such that for e € E
one has Yg») = H(P (T»)(T‘)’ it is enough to show that /\((}_/(PW>>: A(R)
for all M , but since on K , (:L/ coincides with v H(p C’]"/J (17,)

b -
it follows from the invariance of /\ under all flows X/X[’b(:y/ Yé Cooéj)



532 A, CONNES

Thus the transverse measure /\(8) depends in a certain sense
only of the intersection number of the leaves L , of the foliation, with
the borel set E . For instance if the current ( is carried by a single
closed leaf L the transverse measure /\(_B) only depends on the number

of points of intersection of L and B and hence 1is proportional to

B CBAD# :

By a borel transversal B to (\// F) we mean a borel subset B

of \/ such that BnL is countable for any leaf L_ . If there exists

a borel injection Y of B in a transversal N with Y(L) € ng(:c)

\/xeB , define A(B) as /\(@H(B)) (which by the lemma, is inde-
pendent of the choices of N and ‘.‘K ). Then extend /\ to arbitrary borel
transversals by ( -additivity, (remarking that any borel transversal is a

countable union of the previous ones).

We thus obtain a transverse measure /\ for (\// F) in the

following sense :

DEFINITION X ). A transverse measure /\ for the foliation (\// F) is a
T - additive map B—? /\(B) from borel transversals (i.e. borel sets
in V with \/(\L countable for any leaf L) to [O/ +z><)] such that

1°) If 9_/: gl - Bz is a borel bijection and fﬂ(z) is on the leaf

of ® for any x € Bl , then /\(B‘ ) = /\(Bz> .

2°) /\(K) < X if K is a compact subset of a smooth transversal.

We have seen that the points of view X) and /B) are equivalent and
how to pass from ) to X) . Given a transverse measure /\ as in X) , we

get for any distinguished open set U (1), a measure /UU on the set of

(1) By this we mean that U is the domain of a foliation chart.
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plaques 71 of U , such that for any borel transversal Bc U one has :

A(B) - S Casd (Bam) dyp, (m)

Put (CU /a)> :—‘5‘ (Sﬂ w ) d/(}u (Tl) » where W 1s a differential

form on U (2) and jﬂ w is its integral on the plaque Tl of U .
]

Then on Ur\ U the currents CU and CUI agree so that one gets a

current C on \/ which obviously satisfies the conditions B), 1) and 2).

One thus gets the equivalence between the three points of view X) Fs‘) and

%)

(2) With compact support in U .



534 A. CONNES

2. TRANSVERSE MEASURE FOR FOLIATIONS

We first state how to modify &) and ;3) for arbitrary foliations
@/{m F;# i). To simplify we assume that the bundle F is oriented. For
®) we considered in the case duvm F:i, pairs (X/ /u) up to the very simple
equivalence relation saying that only X ®C°°(\/) /U matters. In the

: : : o dom F -\
general case, since F is oriented we can talk of the positive part (/\ F‘_)
of /\ F, and,using partitions of unity,construct sections X of this
bundle. These will play the role of the vector field X . Given a smooth
el dom F +

section X € C (/\ F) , we have on each leaf L of the folia-
tion a corresponding volume element, it corresponds to the unique & —form
& on L such that w()(}; 4 . In the case MF::L, the measure

had to be invariant under the flow H = X (tX . This occurs
N E ¥

iff in each domain of foliation chart U , the conditional measures of

fJ) on the plaques of U are proportional to the measures determined by the

volume element X . Thus we shall define the X—invarianee of AJ in
general by this_condition. So X) becomes classes of pairs (X}/U) where
X € CoO(/\Jvm FF)+ and /U is an X—invariant measure, while
[ /

(X///) ~ (X//()’) iff X - CPX and /V: CP/U, for some

¢ e Coo(\/) . The condition of invariance of A) is of course local,
if it is satisfied and y '3 CDO[F) is a vector field leaving
the volume element X invariant, i.e. By(X):O , then )/ also
leaves /() invariant. Moreover since Lebesgue measure in R is characte-
rized by its invariance under translation, one checks that if BY/U =0

\V/ Y ¢ Coo ( F:) with bY(X) = (0 , then /U is X—invariant.

To see this one can choose local coordinates in U transforming X in

the Q—vector field X = b-bj_c'/\ /\b?;_:,@ € Cw(/\F) . With

the above trivialization of X it is clear that the current (/X/U one

gets by contracting X with the O-dimensional current /U is a closed
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current, which is locally of the form :

<C w> = y(ynw) Wy ()

where ) 1is a Q—form with support in U s f &) is its integral on

Tl
a plaque T of U and /UU is the measure on the set of plaques coming
from the desintegration of /\/ restricted to (J with respect to the condi-

tional measures assoclated to X .

Clearly C satisfies conditions 1) and 2) of IB’) and we may

also check that ayc =0 , \/Yé CM(F) , thus for ,8) in general

we take the same as in the case Q:;L , namely a closed current positive

in the leaf direction, the condition "closed" being equivalent to

%C=-0  ¥YeC'(F)

To recover /U ,» gilven C and X , one considers an arbitrary
&k -form «w on v such that w(X): 4 and puts <g//l)> = < C/ §OU>
\%2 g & de(v) . One checks in this way that &) and [3) are equivalent
points of view. For ¥) one takes exactly the same definition as for -4
Civen a transverse measure /\ satisfying X¥') one constructs a current
exactly as for &-41 . Conversely given a current C satisfying B) , one
gets for each domain (U of foliation chart a measure /{)U , on the set

of plaques of U » such that the restriction of C to U is given by :

<C,w> = S(Sﬂw) du,, (1)

Thus one can easily define /\(B) for each borel transversal 8 : if B

is contained in U then one has :

NE) = | Cd (Bam) do @)
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Now we have to check that /\ satisfies condition ¥), i.e. that if 8,) Bz

are two borel transversals, ¥ a borel bijection of B‘ on }Zz such

that ':E(;v) is on the leaf of = for all = , then A(B,) = /\(gz> .
Let /\)3 be the restriction of /\ to 83 , then to show that q_/a/,):/()L
we can assume that both 8, )Bz are contained in domains U:. , UZ
of foliation charts. We let /Pb be the set of plaques of U': , We can
assume that each plaque T € TDL contains at most one point of 8{; so
the obvious projection 1L of BL in 17(, (to each point =& 8& is
associated its plaque) sends /U"/ to the restriction of /UU,; to
/{7'(',(8(/) . We want to show that any borel bijection ('i) of a borel subset
Di of 191 on a borel subset ]DZ of E such that the plaque H.)(TI)
is on the same leaf as the plaque T , V"ﬁé—.Di , transforms /UU in
4
/UUJ_ . We shall do this with more care than required, to get acquainted
with the notion of holonomy, to be used later. For each Tl€& E , let
I(T'i) be the set of plaques of B which are on the same leaf as Tl ,
this is a countable set and we just have to construct, as in the case

%:1 » a sequence Cp,w of smooth maps from open sets of E to open

sets of E and such that :
1) Each (P transforms in .
n Mo, B My,

2) Forall Tcl, , L(m) = {(pn(ﬂ),/we N}

Then the borel map 9_) coincides on borel subsets ]2 of D with ¢«v

1
and hence maps to .
Mo, My,

Now the current C is 1nvariant under all flows H(: = xp b )’
where Y€ C(F) , since 3y (=0 (f.p)) . For T, ¢ I(T,)
we can construct a simple arc X(t) s K(O) e T, , K@)é T, on
the leaf of TI, , i.e. with (k) € Fg@) C VtEtelo, 1] .1t
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YQ CDO(F> is a smooth vector field with Yg(e} = 5(‘:)/ \V/té [0/ i]
and H{: = X {’Y the corresponding flow, one has a smooth map (P from
an open subset of the transversal N:L of Uj_ parametrizing the plaques,

to an open set in PZ , and such that :

1) P transforms /UUI in /UU
2) C{? maps TTi to _”2

3) P1) is on the leaf of 11 for all TI

This allows to define a sheaf of sets on E , given an open set (2 cC E
we let EKYZ) be the space of smooth maps from Y/ to E which are
locally of the above form. Letting E be the covering of E associated
to the above sheaf (so that the fiber over each TIE€ E is the set of
germs of maps CP as above at Tl ), it is enough, to get the existence

of the sequence ﬂ » to show that the (not necessarily hausdorff) space

E is a countable union of compact subsets.

The main point about holonomy is that in the above construction
of ¢ (from the path B, the vector field Y and the section N:L )
the germ of @ at TI; only depends on the homotopy class of X , not
of the other datas. To see this, note that, with 0 a small enough neigh-
borhood of TI, and W = U H{:SZ the restriction of the foliation

te[o4]

to \/\/ will have its leaves parametrized by £2 , two distinct plaques

of Q being in different leaves of the restriction of F to \/\/

237
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Thus in the neighborhood W of X the only plaque WZGE which is on

the leaf of 17, is P(,)

In fact this picture shows that one can construct the map CP
in other ways, for instance if W Il is a smooth Euclidean structure on the
bundle F and X(f) is a geodesic in the corresponding Riemannian
structure on leaves, with (2{(0)) 2.5(0)) & F , 1t follows that for all
Z in a suitable neighborhood of CK(O)/ 8(0)) in F , the geodesic
(/xp,<l: Z) , te EO, :Lj ,» lies entirely in W and hence connects a
plaque T7 & ]71 with Cp(ﬂ) éE . To each ZE F  such that
/{YF(Z) € N:L and /PFC@:L(Z)> e Uz , where G{: is the geodesic
flow on [ , one can associate the element of E given by 'PF (Z>
and the path X(E) - /PFCQE;Z') . The abo—v_e discussion shows that
we get a continuous surjection to E . Thus ': is a countable union of

compact subsets.

Remark : Abstract measure theory.

Let X be a standard borel space. Then given a standard borel

space Y and a borel map Yi; X with countable fibers ( 1?/_‘{2:‘; countable
for any z¢ X ) , there exists | 14] a borel bijection ¥ of ¥ on the
subgraph {(:z;/rn) ,o0=m < FCz)j of the integer valued function -

F(r) = Cand (/(L" 8;55) on X . In particular if (x///ﬂl);()i/ﬂ&)
are as above, then the two integer valued functions F (%)= Guad (f,7'(x3)
coincide iff there exists a borel bijection % ; Y, —» Y,  witn
oo - Y= g1y . tet X beaser,and ¥, ¥ be standard borel spaces
with maps f1; ! Y. > X with countable fibers and such that

i(%’v'/(’jj)é X X >/; //ILL'(@L? = 122(%1).2( is borel in YL X >§ , L;j,\: 4.2
Then we say that the "functions" from X to the integers defined by

(yl//[z‘) and ();/{LJ are the same, iff there exists a borel bijection
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Qf : »c.,> );_ with It o %/.: A - By the above, if : \/a:éf )(
Cand (/]’LL—:L {xZ,) = Cand (417:1{:55 ) and if the quotient

borel structure on )( is standard, then the two "functions" are the same.

However, in general we obtain a more refined notion of integer valued
function and of measure space. Let (V/ F) be a foliation with transverse
measure /\ , we shall now define, using /\ , such a generalized measure
on the set x of leaves of (\4 F) . Each borel transversal B is a
standard borel space gifted with a projection 4 xe Eg)pg> <1eaf of
xﬂé )< with countable fiber. Clearly for any two transversals we check
the compatibility condition that in Bi X E%Z_ , the set {(b,} bz> s

bi on the leaf of l% },is borel.

DEFINITION. Let Av be a map with countable fibers from a standard borel

space >/ to the space ><' of leaves, we say that Y 2 is borel iff

ﬁ(«é/x) ) Lgé y , € leaf TL((j)} is borel in YXV

Equivalently, one could say that the pair (>C 4@) is compatible

with the pairs associated to any borel transversals. Given a borel pair

(36 {L> we shall define its transverse measure /\ (}{/11) by observing

that if (E%,q ) is a borel transversal with c1(Eg):: >< » we can define

on E;L)>/ the equivalence relation coming from the projection to >< and
o0

then find a borel partition Y. U >f; and borel maps qinl X;—<> 153
“ =

with q- &it= 4Lf s giv injective. Thus ;?L /N\(9<1<>£‘)) is an

unambiguous definition of /\ (/yj‘fbj

We then obtain probably the most interesting example of the

following abstract measure theory :

A measure space (><)j§i) is a set >< together with a collection :EB

539
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of pairs ()C11) , y/ standard borel space, {r map with countable fibers,

from Y to >< with the only axiom :

A pair ()C1L) belongs to 38 iff it is compatible with all other pairs of 33

(i.e. iff for any (Z ,q) in g one has {(%/%) ) Tb(g)ich)}, borel
in YxZ ).

A measure /\ on <><}i£3) is a map which assigns a real number !

/\(}j ,p) € [O/ +o<)j to any pair (X 17,) in B with the following

axloms

T -additivity /\(2 (){ﬂ} /1%)) = > /\ (}ﬁ , /}'L,n) (Here > (Xb/ 1%,)

is the disjoint union with the obvious projection).

Invariance If ﬂ! ' >< — ); ia a borel bijection with /Fla q{: 411

then :

AL ) = AL gpe)

Of course the obtained measure theory contains as a special case the usual
measure theory on standard borel spaces, it is however much more suitable
for spaces like the space of leaves of a foliation, since, giving a trans-
verse measure for the foliation </\C, Fi) is the same as giving a measure
(in the above sense) on the space of leaves, which satisfies the following

finiteness condition :

/\\(/F<:‘,1z) < X for any compact subset ki of a smooth transversal.

The role of the abstract theory of transverse measures (I??j})

thus obtained, is made clear by its functorial property : if b is a borel

map of the leaf space of (Né_}{i ) to the leaf space of (\é/ EA) then
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‘7,* (/\) is a "measure'" on V/F for any "measure" /\ on V}{/: . (\%F is
the space of leaves of (\/ ﬁ)z ?
/
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3. THE RUELLE-SULLIVAN CYCLE AND THE EULER NUMBER OF A MEASURED FOLIATION.

By a measured foliation we mean a foliation (\ffj) equipped with
a transverse measure /\ . We assume that F. is oriented and we let C be
the current defining /\ in the point of view B) . As constructed C is an
odd current, i.e. it is an odd form with distributions as local coefficients.
As it is closed : dC = 0 , it defines a cyle [Z:j] € F*&(j\(/lf?> , by
looking at its de Rham homology class ({:2611> . The distinction here between
cycles and cocycles is only a question of orientability, if one assumes

that F: is transversally oriented then the current becomes even and it

defines a cohomology class (cf. [23:]).

Let now €<F> € Hé(\// [R) be the Euler class of the

oriented real vector bundle F. on \/ (cf.[zﬂ:}). Using the pairing which
makes L{@(\/} B%‘) the dual of the finite dimensional vector space

He(V, R) . vesget ascatar X(F,A) = < e(F) [Cl>€ ¥
which we shall first interpret in two ways as the average Euler characteristic
of the leaves of the measured foliation. First recall that for an oriented
compact manifold (\q the Euler characteristic ;(<}“1) is given by the well
known theorem of Poincaré and H. Hopf :

(M= S w(Xp)
pe Zeno X

where >< is a smooth vector field on P4 with only finitely many zeros,

while C&>(></4L) is the local degree of ;( around ,1v » generically 4L

is a non degenerate zero, i.e. in local coordinates h )( = > a é%;z s
RS- . .
the matrix S‘~d (41) 1s non degenerate and the local degree is the
x

sign of its determinant.

Also, choosing arbitrarily on F“W a Riemannian metric, one has the

generalized Gauss Bonnet theorem
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which expresses the Euler characteristic as the integral over ™M of a form
5L on [\1 , equal to the Pfaffian of (2T1)_1 k: where k< is the
curvature form. These two interpretations of the Euler characteristic extend

immediately to the case of measured foliations (\6 F; /\) .

)

First 1if )( € (: (‘Fi) is a generic vector field tangent to the
foliation, its zeros will form on each leaf L. a locally finite subset on
which the local degree UU(iX;‘TL> = ¥4 is well defined. Using the
transverse measure we can thus form 3ﬁ W Ob\

1Lé‘22ho X ()QITP) C%v)
(using § ). This scalar is again independent of the choice of )< and
equals 7(([:) /\) = < e (F)/ [C] > as 1s easily seen from the
geometric definition of the Euler class by taking the odd cycle associated

to the zeros of a generic section.

Second, let || || be a Euclidean structure on the bundle F: ,
(cf. [21] ), then each leaf L_ is equipped with a Euclidean structure
on its tangent bundle, i.e. with a Riemannian metric. So the curvature form
of each leaf ,. allows to define a form .iZL , of maximal degree, on L. ,
by taking as above the Pfaffian of the CZT?)~J curvature form. Now .Szl_is
only defined on [, but one can define easily its integral,using the

transverse measure /\ » which is formally :

| (fL fz,_) dA(L)

(In point of view ), this integral is /L;(Q?) where QP is the function
!
(Péfb): YZP(X’VJ » in B) it is <52’/C> where 3/ is any ®-form
on \V/ whose restriction to each leaf L is SZL. , and in X) it is the

above integral computed using a covering by domains L& of foliation charts
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and partition of unity q% , the value of j\(/jl_ q%_§2_> A/\(L?
being given by j;(i S\ <P SEZ (A/\(T1> where 71 varies on the set
U.y.

of plaques of .

To show that the above integral is equal to 7((1;;/\) , choose
a connection V on F- compatible with the metric, and from the curvature
form k: of ‘7 , take JEZ’: T%g (,Fg/éj] ) , this gives a closed
Q—form on ‘\/ and by [21;] p. 311, the Euler class of F is represented
by j:Z] in }-{Q(j\/; ﬂ%y ) . Now the restriction of X7, to leaves is
not necessarily equal to the Riemannian connection, however both are compa-

tible with the metric, it follows then, that on each leaf L. there is a
canonical &-1 form Wy with 'SZL. — lﬁZl_ = Ciébl_ where :EZL—
is the restriction of S to L_ . Now since LUL is canonical it is the
restriction to L. of a B-4 form (W on \/ and hence :

S(jL SZL> ALY = <52'vdw, C> = <elF) [c]~
So in fact both interpretations of 7(‘(Fi,/\> follow from the general
theory of characteristic classes. There is however missing the third inter-
pretation of the Euler number ;((ﬁ4) of a compact manifold :
7((}4) = ;§:<71)D}ZL , where the /5; are the Betti numbers :

B = OUNﬂ'<'}4L<fh4/ BQ;)) . The first idea to define the f?z in
the foliation case is to consider the transverse measure /A\ as a way of
defining the density of discrete subsets of the generic leaf and then take
ﬁ% as the density of holes of dimension 1 . However the simplest examples
show that one may very well have a foliation with all leaves diffeomorphic
to HZ while X(F; /\) < O , so that 51 > O cannot be defined
in the above naive sense. Specifically, let Tl be a faithful orthogonal
representation of the fundamental group r‘ of a Riemann surface ES of
genus 2 , then the corresponding principal bundle \// on ES has a natural

~
foliation : \/ is the quotient of S x ‘S()CTL) (x) by the action

~

(%) S is the universal covering of 5
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~

of {-1 and the foliation with leaves 5 X fto is globally invariant

under ["l and hence drops down as a foliation on \/ . The bundle F is

the bundle of horizontal vectors for a flat connection on \/ , each fiber
17," {x?) is a closed transversal which intersects each leaf in exactly

one orbit of (_' . So the Haar measure on SO(’\’L) defines a transverse

measure /\ (using point of view 25) ). One has X(F/ /\): -2 as is

easily seen by taking a generic vector field X on S and pulling it back

T od
to an horizontal vector field X e C (l:) on \/ , since the

transverse measure of each fiber is one it is clear that X(F’: /\) = -2

Moreover, since the representation Tl of |7 in SO(’H) is faithful)each
~
leaf L of the foliation is equal to the covering space S i.e. is con-
formal to the unit disk in € . So each leaf is simply connected while
‘\Eo - /81 + IBZI/< O . However though the Poincaré disk (i.e. the unit
disk of ([. as a complex curve) is simply connected it has plenty of non
zero harmonic l-forms. For instance if g is an holomorphic function in
the disk D , then the form UK = 5(3)0{,5 is harmonic, and its
f__z normn S‘(,u A ) 1s finite when gé LZ(D> , in particular if
g is bounded. Thus the space Hi(D/ ([:) thus defined, of square
integrable harmonic l-forms, is infinite dimensional. Note that the defi-

nition depended on the conformal structure of D , not only on its smooth
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structure, since on d: all square integrable harmonic 1-forms are O
(end of the example) . Given a compact foliated manifold we can, in many
ways, choose a Euclidean metric |l il on Ff , however since \/ is compact,
two such metrics I \L\l '“ always satisfy an inequality of the form
(:‘i ‘l {I’g ]I ” = C |l fl‘ . So for each leaf L_ the two

riemannian structures defined by || Iland‘| ”'will be well related : the
identity map from (l.) to (L.), being a quasi isometry. Letting then }7L
be the hilbert space of square integrable l-forms on [_ with respect to )| ||
(resp. FZ with respect to Il ‘“) the above quasi isometry determines a
bounded invertible operator-T— from kl to IWL‘ . We let P (resp. TD, )
be the orthogonal projection of kiZ (resp. +Zl ) on the subspace of harmonic
1-forms. Then ’P|1— (resp. T"T’i) is a bounded operator from }vfi(l_/df)
o HY(L)') €)  esp. eron H(CL) €) w HY(L C)
These operators are inverse of each other since for instance the form

TD-F”IF7|T—CL) - W is harmonic on L. , and is in the closure of
the range of the boundary operator, and hence is O . (At this point, of
course, one has to know precisely the domains of the unbounded operators
used, the compactness of the ambient manifold \/ shows that each leaf with
its quasi isometric structure is complete, in particular there is no
boundary condition needed to define the Laplacian, its minimal and maximal
domains coincide. To see that F7’T—LL) — Tew  is in the closure of
the image of d. , note that | iy — ! is closed, s¢ that in the
decomposition (u! — ?'w‘ = a)'l + w;_ with wi € _—E;;ba R

I T () )
wze Ivrp(O\/) , one has w, = o ).

From the above discussion we get that the hilbert space Figzi,/d:)
of square integrable harmonic ér—forms on the leaf L— is well defined up

to a quasi isometry. Of course this fixes only its dimension,
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dirn HX(L/Q:> € {0, i, ....}+0<5}I . In the above example all leaves
were equal to the Poincaré disk ]:7 and hence for each L

dive, Hi([’_/([j) = + 00 . However in this example X(F; /\): -2
was finite, which is not compatible with a definition of ﬁzL as the
constant value + of cLQnm F{l(wﬂ/ Q:) . In this example one can
easily see that HO(L/Q:): @) and HZ(L/ (L,) =0 , thus

we should have ﬁ;‘ = 2

~ Now note that the quasi isometry defined above from H 3( L/Q)
to L{Z(([—))/ G:\) C?:i) was canonical, this means that, on the space of
leaves ¥%7 of (GV; Fi) , the two "bundles" of hilbert spaces are isomorphic
as "bundles" and not only fiberwise. The point that there is more information
in the "bundle" than in the invidual fibers is well known, however it is
also well known that in measure theory all bundles are trivial. If<><//J)

J

is a Lebesgue measure space and <¥42:> e X s (P4Z:) e X are
two measurable fields of hilbert spaces (cf. [IZ.:] ) with isomorphic
fibers (i.e. o ‘4)::: Ao #JJs a.e.) then they are isomorphic as

bundles.

Since in our example : dim L41(1_/¢:) = +X k/L—é V%:
one could think that this bundle of hilbert spaces is measurably trivial,
let us show in fact that it has no measurable cross section of norm one.
To define measurability we pull the section back to the ambient manifold

using the projection ¢ of \/ on the space B& of leaves (through each

point =x¢€ \/ passes one and only one leaf -@@5) = L_ , the pull
1/ & . .
back of the bundle P4 (1_/ C ) having an obvious measurable structure.
14 2
Now since F{ (/Lf/d:‘> is a subbundle of the bundle of L_

1-forms on leaves, which is measurably isomorphic to the sum of two copies

2
of the bundle of L. functions on leaves, we just have to show that the
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latter does not have sections of norm one which are measurable. So let for
each leaf L ’ (PL € Lz( L) be an Lz function. We can then
associate to each | the measure ’BL on V which is carried by the leaf
L and is the product of ICPle by the volume element on the leaf. If

Il CPL Il = 4 then the measure BL is a probability measure :

IQL € ?(\/) = { probability measures on \/5 . 1f ¥ is measurable
the map =x > ,Be{x) from \/ to P(\/) which we obtain is now
measurable (when P(\/) is considered as a compact space with the

U‘(T{\/)/ C(\/)) topology). But the map ¥ ) S{/(x) = Ee@:) is
constant on each leaf and heﬁce due to the ergodicity of /\ , which holds
if ﬂ(r’) is dense in SO@L) R Y is almost everywhere constant, which
contradicts the disjointness of the measures EQ@) for disjoint
leaves. (To get the ergodicity of /\ note that the transversal N:‘ So(fﬂ)
meets ecah leaf of the foliation, in one orbit of T!(F) in SO(TL) , while

the action by translation of T](F) on SO(’FL) is ergodic).

Thus we see that the measurable bundle Hi(L/C) is not trivial,
it is however isomorphic to a much simpler measurable bundle, which we now
describe : We let B be a borel transversal, then to each leaf L of the
foliation we associate the hilbert space HL = QZ(LQ g) with ortho-
normal basis (€?{> canonically parametrized by the discrete countable
subset Bﬁ L of the leaf l._ . (To define the measurable structure of
this bundle, note that its pull back to v assigns to each X & V ’
the space Q (ch N B) where L:z; is the leaf through = , so given
a section (/3 C:t)) SeV of this pull back, we shall say that it is

measurable 1ff the function (I,lé) E \/X B = </3@:) e, >
/

3

is measurable).
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LEMMA. Let B/ gl be borel transversals, then 1f the two bundles of
) z ] z I
Hilbert spaces (HL>LGV/F ) HL: Q (LF\B)) HL: Q (L(\B)
are measurably isomorphic, one has VAN (8) = /\(Bl)

Proof. Let <UL>Lé V/F-‘ be a measurable family of unitaries from HL_
to H;_ . For each < B let )\L be the probability measure on Bl

z
given by /\L(ilé5> = I< Ue@c) ex ) €3>l . By construction >\L is

. . . . I .
carried by the intersection of the leaf of x with g . From the existence

of this map = > /\;c which is obviously measurable one concludes as in

the proof of lemma 11 that /\(g) < A (8 |) . Q.E.D.

From this lemma we get a non ambiguous definition of the dimension
z
for measurable bundles of hilbert spaces of the form HL - Q (Ln B)

by taking

dim, (H) = A(B)

We can now state the main result of this section. We shall assume that
the set of leaves of (\4 F) with non trivial holonomy is /\—negligible.
This is not always true and we shall then explain how the statement has

to be modified for the general case.

THEOREM 1. a) For each 4 = O©,4, 2, .-, dim F , there exists

a borel transversal 573 such that the bundle (H/&(L/ G:)) e \//F_

of jth square integrable harmonic forms on L is measurably isomorphic

o (C(LnBI) v

b) The scalar /672 = /\ (gﬁ) is finite, independent of the choice

of g.)of the choice of the Euclidean structure on l“

c¢) One has Z C—i)%. 53 = XCF-/ /\) .
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Of course if F:_— T\/ so that there is only one leaf, a
borel transversal B is a finite subset of \/ . /\(g> is its cardinality
so that one recovers the usual interpretation of the Euler characteristic
and Bettl numbers. Les us specialise now to 2-dimensional leaves, i.e.
dim F2 2. Then we get B, — B+ ::Zﬁﬁ f KGL/\ where |
is the intrinsic Gaussian curvature of the leaves. Now /80 is the dimension
of the measurable bundle HL:, {square integrable harmonic O-forms on

Lg , thus, as harmonic O-forms are constant, there are two cases

If I_ is not compact, one has HI_ = {05

If L is compact, one has H L= C

0 i Rl
Using the ¥ operation as an isomorphism of H (L/ (L) with

Z ~ - ~
H a,/ @) one gets the same result for Hz( L/ (L) and hence :

COROLLARY. If the set of compact leaves of (\// F) is /\—-negligible
then the integral S K< Ol/\ of the intrinsic Gaussian curvature

of the leaves is < 0

Proof. Zi‘ﬁ y Kd/\ = B, _/gi +/gz :—/g;l. = 0. Q.E.D.

Remark. The above theorem was proven in the hypothesis : "The set of
leaves with non trivial holonomy is negligible'". To state it in general,
one has to replace whereever it appears, the generic leaf L. by its
~ .
holonomy covering L_ . Thus for instance the measurable bundle P44(174;>
L A zZ
is replaced by P{g(TL_ C > , and e (1.0 E;) is replaced by
2/ NS ~ /
€ (/L.ﬂ E§> where Lmd% is a shorthand notation for the inverse image
- ~

of [__ N B in the covering space L . One has to be careful at one

point, namely the holonomy group of L acts naturally on both !

: AU
H $ (E/ iL:) R 62( Lﬂ g) and the unitary equivalence
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L)L : FJ&([Z,¢:)F% e?fEé;lﬂ) is supposed to commute with the action of

the holonomy group. Then with these precautions the above theorem holds
~

o ~
in full generality. Now unless L_ is compact one has f4 (/Li/d:) =0

thus unless L. is compact with finite holonomy (which by the Reeb stability
theorem implies that nearby leaves are also compact) one has ﬁ%::ﬁé:ﬂﬂ s
this of course strengthens the above corollary; to get 5‘ k(cA/\ < O

3 3 2 . 3

it is enough that the set of leaves isomorphic to ?; be /\—negllglble.

Of course one may have \S k(OU« > O as occurs for foliations with

52 —-leaves.

The statement of the corollary is fairly intuitive, if there is
enough positive curvature in the generic leaf, this leaf is forced to be

closed and hence a sphere. This fact should have a simple geometric proof.
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4, THE INDEX THEOREM FOR MEASURED FOLIATIONS.

The above theorem 1, defining the Betti numbers of a measured
foliation and proving the formula 2> C—i){‘ /% = X(F;/\) , is a
special case of the following index theorem for measured foliations. The
main value of this index theorem is that it extends to non compact mani-
folds results computing the dimension of spaces of solutions of elliptic
equations, since even though the ambient manifold \/ is compact the
leaves L. of the foliation will in general fail to be compact. The solutions
of interest will be the L? solutions and though the ordinary dimension
of the solution space over each leaf L_ will be in general O or +00 ,
its average with respect to the transverse measure /A\ will be finite, non
zero unless the solution space is trivial for almost all leaves. So it is
very much in the spirit of the theorems of Atiyah [3:]and Singer EZQ] for

covering spaces.

One starts with a pair of smooth vector bundles Ezi/ Ezz on \/
together with a differential operator D on ~\/ from sections of EiL to

sections of E;_ such that :

1%) D restricts to leaves, i.e. (?E)g7lv only depends on the restriction
of 2 toa neighborhood of x 1in the leaf of x (i.e. D only uses

partial differentiation in the leaf direction).

2°) I> is elliptic when restricted to any leaf.

For each leaf L_ , let j:i be the restriction of ‘I> to L, (replace l_

~

by the holonomy covering [_ if l, has holonomy), then I%_ is an

2
ordinary elliptic operator on this manifold, and its L -kernel
{ g€ LZ( l_/ Eﬂ_) J DL (Z) = O 5 is formed of smooth sections

of E;L on l_ . As in [:3 ] one does not have problems of domains for
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Z
the definition of DL as an unbounded operator in L sirce (cf. [7_1 )

its minimal and maximal domains coincide. In this discussion we fix once
. od . . . ..
and for all a l-density x e C (§2>+ which is strictly positive.
. z Iy
This choice determines '_ (L/ Ea) , L=1,2 as well as the formal

adjoint DL of ]jL which coincides with its hilbert space adjoint.

The principal symbol (]]/D(gc/ Z) € Hom (Eul.x/ Ez/z ) is defined
X_
for any > & \// se Fz and being invertible for Z#O , 1t gives
an element of K*( F*) (described as K—theory with compact

supports as in [1]). Using the Thom isomorphism as in [i] one defines

the chern character oup(q—D> € H*(”\// @>

. |
THEOREM 2. a) There exists a borel transversal B (resp. B ) such that

the bundle (Q (Lm B)) v/ is measurably isomorphic to the bundle

(er D), (_fesP o F (Ker L)Lé\’/F)'

b) The scalar /\(B) < X is independent of the choice of

and noted c{mw (K@r‘ (D))

o) dum (Ker(D)) ~ olx&m/\(K@l’(D*)) = e <h AP TJ{EE )/ [C:(>
e I)%Lf') ko i F L

In this formula [C:{ is the Ruelle-Sullivan cycle, TOL(EC)
is the todd genus of the complexification E‘(; of F , which due to the
Bott vanishing theorem (i.e. F is flat in the leaf direction) together
with the orthogonality of C with the ideal of forms vanishing on the

leaves, can be replaced by the Todd genus of ‘(C\/ .

(1) Assume for simplicity that F is oriented.
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Before we illustrate this theorem by an example we note that in

c) the two sides of the formula are of a very different nature. The left
side gives a global information about the leaves by measuring the dimension
of the space of global t? solutions. It depends obviously on the trans-
verse measure A . The right side only depends on the homology class
[C:] & F{%<i\// EZZ> (a finite dimensional vector space) of the
Ruelle-Sullivan cycle, of the subbundle F? of 1—\/ which defined the
foliation, and on the symbol of I) which is also a local data. In particular
to compute the right hand side it is not necessary to integrate the bundle

F? . This makes sense since the conditions on a current C to correspond
to a transverse measure on (\4 Fj) are meaningful without integrating the
foliation ((: should be closed and positive on 2’—forms W whose restriction

to F is positive). Let us now give an example. We take two lattices

TT , [; in (I:~ and in \/ ¢;?7 X Q;/ which is a compact torus

L
we consider the foliation FT , which is the projection on \// of the folia-

~2

tions of { by affine lines parallel to the diagonal. So F? is 2-dimen-
sional and each leaf has a natural complex structure. In fact, if the inter-
section of the diagonal with lT X {2 is Zog , i.e. if (T N (;_::‘%05

then each leaf of (\4 Fj) is an affine line G;:

On \/ the normalised haar measure of this compact group is inva-
riant by the translations by the subgroup (C: (we assume (7/\ r; = {CD;
and defines a transverse measure /\ for (\4 F7) » taking on Qj the
natural haar measure. We shall assume that ffi'(w fl%': {oj where

1, )
f; is the dual lattice of fn

4

Then /\ is ergodic and by the ergodic theorem (for actions of
Q: ), given any borel transversal E; , the density of Eiﬁl_ on L_

exists for almost all leaves L_ and equals /\ (E;) . (Each leaf L_
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here an affine line © R g(\ L is a discrete subset and its density
exists when for any = € Bﬂ L the limit of the number of points of
B(\L in a disk with center x and radius FR divided by the area of

this disk exists (for R—?OO ) and does not depend on the choice of X ).

Let 113 be a point of q:/rt , EJ_ (resp. El ) the holomorphic
line bundle on (I:/r’ (resp. (L/r. ) associated to the divisor — Ay
(resp. + /(Lz . Con81der the holomorphic line bundle E 029 E on

_ e X Q:/ . The restriction of E to each leaf :
V i
{ 3,+ % 3‘7_"’3’) }6 (L/j is a holomorphic line bundle. The

constant function 1 is a holomorphic section of EJ_ on (E/rr and is a

955

meromorphic section of Ez on (C/rn , using it, one identifies holomorphic
z

sections of E on L with meromorphic functions CP on (l: which have
poles only at the points of E: fu-3,t [Z , these poles being simple,

and are equal to zero at all points of E = {L‘,_—gz + [72 -

v
For such a holomorphic section, to be L (which is well defined

since \/ is compact) means that the meromorphic function q) satisfies

|

c (d(/é/E)/d(%/g))z !@(})}Zlo{é/\o{gl < 00

where GL(%/T)(; ) is the Euclidean distance of 3 with the set —}?

If we let 1) be the differential operator on \/ , acting on sections

of E as the 9 operator in the leaf direction, (i.e. (DZ)(31,37.>

= 53‘ < {3,} 2z) + 33?, Z(}., 51) , then |/ satisfies
the hypothesis of the theorem and we can easily compute the right hand

side € CQ/ TOQ;(F: > [C]> of the index formula, since I

is trivial we have TOL CE‘::) = 41 and C,Q, Q_—D = QQU E

- (/1 + CJ.(E.L)) (’L + C;L(EL>) , whose component of degree 2
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is Cj_(El)@J. + ;(_@Ci(EZ) , i.e. is equal to 4® V, -V, ® 4

where QC’ is the volume form on Q;/T7 . From the construction of the
c

current (: we thus get :

& <Z<JL Qii 15L(E; >/ [t:].> = density [1 - density El

1

where the density of [Z has the obvious meaning and equals the inverse

of its covolume.

Thus, since if the index of ];> is >0 , k;UL Iz’ is necessarily
non zero for almost all leaves we get :

COROLLARY. Let fl , [Z be two lattices in d:‘ with density [1 >

density [; , then for almost all 1Lé I: there exists a meromorphic

-

function @#O on & with :

a) The only poles of (¥) are simple and are on 11-% Cz

b) CP(%):O Vé,e G_

&) g@ ( d(z-¢, [ )/ot(giVZ)f [P(3)]  1d34d3] <o

Of course the non trivial part of the statement is the growth
condition c), otherwise one could take an entire function éP on U vanis-
hing on P but here one can show that if density 1 = density >
then there is no meromorphic function CP on satisfying a) b) c¢). Thus
indeed the Murray and von Neumann dimension of the space of q)'s is equal
to density (7 - density [; since the kernel of I) corresponds to

exchanging the roles of Tf and E; and hence vanishes for density [7 >

density [;
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5. ANALYTICAL K THEORY OF FOLIATIONS.

The index theorem for measured foliations has, as its main feature,
the replacement of the hypothesis of compactness of a manifold P1 by the
hypothesis : P4 is a leaf of a foliation of a compact manifold. So the
emphasis is on the properties of the generic leaf as a non compact manifold,

and it uses only measure theory in the transverse direction.

If the foliation (VC FT) comes from a submersion f:! \/-—9 Eg
so that the leaves are the fibers : /Pflfxﬁ , XE E% , the ergodic trans-
verse measures correspond exactly to points of Eg . Let =< & E%D and /\25
the corresponding transverse measure, the index theorem for (\4 Fi /\:a) is

simply the ordinary index theorem for the compact manifold 41"{;63

In this situation, the index theorem for families [;2 :] gives

a much better result than the index of the restriction of the operator to

each fiber, by showing the equality of the analytical index with the topo
logical index of the family T;L , €& Eg , both elements of the
k:—theory group kf*({g) . In general, the foliation does not come from
a submersion and the space of leaves, with the quotient topology, is of
very little value since if, for instance, the foliation is minimal (all

leaves are dense) then the only open sets are the empty set and the whole

space of leaves.

The main point is to replace this quotient topological space
X
by a canonically defined C algebra, which will play the role of the

algebra of "continuous functions, vanishing at infinity, on the leaf space".

Thus the first task will be the construction of a canonical

X
(: algebra C:*(\C F;) associated to the foliation (\6 FZ) and which,
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for foliations coming from a submersion f2 \/«—47 E; will be stably
isomorphic to (:0 (Eg) (the algebra of continuous functions vanishing

at o0 on Eg ).

The local triviality of the foliation (\6 F:) will be visible
on (:x(ﬁVC F?) from the first important property of the construction :
if \A/ is an open subset of \/ and ﬁ; is the restriction of F~ to V/ ,
then one has a canonical isometric homomorphism of (:x(¥VC[iv ) in
Cj*(\6 FT) . So, covering \/ by domains \VE of submersions ’PL :VVL—? Ei
one generates (:*Yi\c pf) from the subalgebras (:Tj\Aéjl Fih@ )
~ Co (8L> 0.9} {compact opera,torsj . Of course, the way these sub-
algebras fit together can be very complicated and is related to the global

nature of the foliation.

*

We shall define the analytical k: theory k: (QY??:-> of the
space of leaves as the K theory group k:* (T(:*(\C,Fj)> (with its
natural ;Z:z grading). Now among the existing homology or cohomology
theories for topological spaces, k: theory is particularly well adapted
to the replacement of the space )( by the algebra C;<><) of continuous
functions. Thus, for instance the basic cocycles of F: theory are matrix
valued continuous functions (i.e. matrices of continuous functions) and a
natural frame for the proof of Bott periodicity is non commutative Banach
algebras. When extended to arbitrary non commutative (:*‘algebras, F<
theory retains the main features, such as Bott periodicity, it had for
locally compact spaces. Moreover, it becomes an extremely flexible tool if

one uses the bivariant groups introduced by Kasparov.

X
In fact we shall devote a whole section to determine the (:

*
modules over C (&6 F:) , making clear that this notion and hence
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ki*(\é/F‘) only depend on the "space of leaves" \4/Ff (of course we do

not mean here the set VQ%; with the quotient topology, but the meaning

of the equality of the spaces of leaves \Q/kf , bé/%f of two foliations
1 z

should be clear). Our nextpoint is that the analytical index of a differen-

tial operator on \/ elliptic along the leaves is, in a natural manner,

an element of F<an\c/Ff> . When the foliation comes from a submersion

! V—9 B s K*(\//F") is equal to K*(B) and the analytical

index for families 1is indeed an element of Kj?VE;) . Moreover a transverse

measure /\ on (\// F) corresponds to a trace on CY\// F) and thus

defines a canonical morphism : Ohkﬂv\ ! kf*(\¢4j ) —> ﬁ%) , the

index theorem for measured foliations only determined the composition

dirny o Tad,

sense without any choice of transverse measure.

not the more primitive analytical index, which makes

X
Our next two problems will be 1) to relate k( (\éﬁf) with a

geometrically defined group, 2) to compute ]}wkb in purely geometric terms.

Construction of (j*(\é ﬁj) .

Let (\{ Fy be a foliated manifold. The first step in the construction
X LY

of the (: algebra (j (\C F?) is the construction of a manifold G ,

dom <%:: Adrn \/+~ JJWLF:/ called the graph, (or holonomy groupoid), of

the foliation, which is made by Winkelnkemper in [3Cﬂ.

An element & of (? is given by two points .x_:,0(57 s é::fbcg)

of \/ together with an equivalence class of smooth paths :

XG:)/ Ce [o, 1 ) X(O)f x X("): 4 , tangent to the
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bundle F (i.e. with b/(f:)é FZ{([:) , Yte R ) up to the following
equivalence : X, and Xz are equivalent iff the holonomy of the path

-1
¥. ,b/ﬂ_ at the point = 1is the identity. The graph GL has an obvious

. | .. /
composition law, for X/ S € @ ,» the composition XOX makes sense

e AX)= 12(X')

If the leaf L which contains both = and 5, has no holonomy
/
(this is generic in the topological sense of dense @gA ) then the class
in G of the path XGZ) only depends on the pair (lé, z) . In general,
if one fixes x = /3(}{) , the map from @:; = »;(Zf/ /J(X): xg
to the leaf L through o , given by X¢& 623 —> lj: fz(b/) is the

holonomy covering of L

Both maps fz and A from the manifold G to \/ are smooth
submersions and the map (/),fb) to \/x \/ is an immersion whose image
in Vx \/ is the (often singular) subset {(g/z:) E \/x \/ R
Y and  are on the same leaf 3 .In first approximation one can think
of elements of C*C\// F) as continuous matrices %(%/ x:) , where (cé,z;)
varies in the above set, but we shall now describe this C* algebra in
all details. We shall assume for notational convenience that the manifold
G is hausdorff, but as this fails to be the case in very interesting

examples we shall then devote a whole section to remove this hypothesis.

x
The basic elements of C <\// F) are smooth half densities
%) i/ o
with compact support on G R gé Cc C@; 52 Z) where _(22)/ for
e T . . i Yz
¥ €5 is the one dimensional complex vector space ﬂx K JZ%

Yo
where X! © —> %’ and Szx is the one dimensional complex vector

& .
space of maps from the exterior power /\ E; y &= dim F , to C
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such that !

e(Av) = % per)  VueANE, VAeR

Yz
0f course the bundle (Q:C ) < V is trivial, and we could
Choose once and for all (as in [7' ]) a trivialisation / making elements
of C:) CG_/ SZI/Z) into functions, let us however stress how canonical
the algebraic operation is. For %/ q € CSO(G'/ SZ'/Z) , the

convolution product g*% is defined by the equality :

(g*%)(X) = S £(¥) q(¥.)
X.8,=% e
This makes sense because for fixed X b > % , fixing ‘U;é/\ E;

'U% & /\Q F‘J; » the product *g(z{,) %Oﬂ-lx) defines a l-density
Glg = { b/lé G—/ )L(X‘ ) =Y 5 , which is smooth with compact
support (it vanishes if Xl ¢ support g ) , and hence can be integrated

over G'g/ to give a scalar : ’g X‘(é, (X) evaluated on U;,// U'é,

One has to check that g*% is still smooth with compact support, we

shall check that in detailil when G is not hausdorff later.

The % operation is defined by %* (%) = g@f') ,
E o, ve /\Q@ then §¥)
evaluated on V., VU, is equal to §(¥7') evaluated on Vo Vx
We thus get a x algebra C:o (C;‘”/ SZ'/Z) . For each leaf | of

i.e. if 7{‘, T -7 Y and ’\/’;/é/\

= /

VA
(\// F) one has a natural representation of this ¥ algebra on the L
~J
space of the holonomy covering L of L . Fixing a base point x€ L s

~3

one identifies L with @; = {X s, N (X) = 3 and defines :

(M. (§)2)) = [ §60)2(%)  Vzel6,)

o08,=0
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where Z is a square integrable half density on jS . Given 2{} Y,
2 2/
one has a natural isometry of L (G—;C )on L (C% ) which transforms

the representation ﬂx in T—(% .

*
DEFINITION. C (\/J F) is the C* algebra, completion of
O L, :
\'C L(J/S’Z,/) with the norm Il % = guq/ “ T‘x (g) “
xe

(cf. Section &)

If the leaf L has trivial holonomy then the representation

ﬂ;c ) xéL , 1s irreducible, in general its commutant is generated by

. . 2T 2 0
the action of the (discrete) holonomy group G:c in L (U, . If
the folliation comes from a submersion 17, ' \/_7 B’ , then its
graph G is i (I, %) € \/x \/ //P,@c) = /[ch)g which is a submani-
fold of \/x \/ , and C*( \// F) is identical with the

2 -
. . . -

1 1 1 ( )
algebra of the continuous field of hilbert spaces L 1 { x4 « B
Thus (unless dum F =0 ) it is isomorphic to the tensor product of

. ~X .
Co B with the elementary C algebra of compact operators. If the folia-
tion comes from an action of a Lie group H in such a way that the graph
is identical with \/x H (this is not always true even for flows,
cf. Section © ), then Cﬁ(\//F) is identical with the reduced crossed

product of C;(V) by H . Moreover the construction of C*(\/j F) is

local in the following sense :

l
LEMMA. TIf V/C \/ is an open set and F is the restriction of F
I
to \/l , then the graph G of (\/// F}) is an open set in the graph
— o —~ , .
G of (\// F) , and the inclusion Cc (Gl/ 2/2) C CCDC(C/ jzl/z)
extends to isometric % homomorphism of C*(V’/ F)) in CX(\// F)
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The proof is straightforward (cf. [?]) and also applies in

the case of non hausdorff graph .
We now define the analytical K groups :

DEFINITION. Let (\/‘/ E) , (\/Z /E) be two foliations, then we put

KK (\//Ft y \/Z/E ): KK(C*(\/I/ E )/ C*(\/z/ E)}, the Kasparov group

of this pair of C algebras.

.\x,
Note that C (\/ 1'_) is always norm separable. Of course

X’
(\//F ) KK(/[\A‘/ \//F) coincides with the denumerable abellan
group obtained by the stable comparison of projections in M (C*(\/ F—))

(its odd component involving homotopy classes of unitaries), however it
would be narrow minded not to introduce the other groups such as !

K*(\//F> = KK(WF J 17}) which, through the existence of pairings

with K*(\//F) will be useful tools in proving the non triviality of

elements of K*(\//F.‘>

As a minor point we want to relax a little bit the definition
of the basic objects "abstract elliptic operators™ of the Kasparov group
in allowing the operator ( F ,» in the notation of Kasparov ( [18] )) to be

unbounded, then the F of Kasparov is related to D by a formula like

F. DG+ DD )2,
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6. CY\// F) WHEN THE GRAPH IS NOT HAUSDORFE.

In this section we shall show how the construction of the
* .Y

(: algebra (: C\é F{) has to be done in the case when the graph of
the foliation is not hausdorff. This case is rather rare, since it never
occurs if the foliation is real analytic. However, it does occur in cases
which are topologically of interest, for foliations, such as the Reeb
foliation of the 3 sphere, which are constructed by patching together
foliations of manifolds with boundaries (:\/Z») FE > where the boundary
b \/L is a leaf of E; . In fact most of the constructions done in
geometry to produce smooth foliations of given codimension on a given

manifold give a non hausdorff graph. We shall then see in a simple example

how the (:*(/N/;/ F;) are glued together to give (:%%i\é F?)

Now, let (} be the graph of (}/, Fj) , being non hausdorff
it may have only very few continuous fonctions with compact support,

. ) . X dim G
however being a manifold we can give a local chart U = E?

o A G
take a smooth function P & Cc (R )) Su,ﬁu P c X(U) and
consider the function on (; equal to 427( on (J and to O outside L).
o9
If (3 was hausdorff this would generate all of C; Ct?) by taking linear
combinations, and in general we take this linear span as the definition
W ——

of (;:(i;) . Note that we do not get continuous functions, since there

may well be a sequence B;Vé (j with two limits, one in Siﬁ*’(il )C

one in the complement of L) , as is illustrated in the simplest case :

k\rﬂ"‘\

M aseracacasyy N

[
U
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Note also that with the above notations, X’l(gwm @) is

a compact subset of G but is not necessarily closed.

The above definition of C:Q(@) obviously extends to get
C:O(GL/ YZVZ) the space of smooth % functions on G . It is not true
that the pointwise product of two elements of C:(G) is in C:(G),
it is true however that if P is a smooth function on V and
Ve CGR%) e (©s)¥ ¢ C(G,32") ,asis
easily seen by writing Sl_/: > 9_/3 s g./a of the form Qi]-o 7%‘

LEMMA. The convolution (-{-/1 * ‘:{_/2 of Sl_/l/ Q/Z e C:’ (@; SZ-VL) is
W C°(G, 52%) |

Proof. Let 9./€ C:o(@—/ SZ,]/Z) and CW(,) t=1,., v an open

covering of its support by domains of local charts, then we can find S{_/(;/

~0
v=1%,..., M Y, % € C’c (G‘/ 524/1) of the form @L- o X so that

, Y

9_/ = 2 %,/;/ . Thus here we can assume that for 4= 4,2 4

is of the form Q’é ° 7(3, where X} is a local chart in 6_ of the
following form : we are given submersions (-

4

]
) q(f from open sets
Dmrrv 6}’, in \/ to B\>‘1 which define the restriction
¢

DOTT'U C] . ,
]
of F to their domains (cf. condition b) defining a foliation) and

W(q; / qg ) '1|s the set of all paths &€ G with A(X)é Lo, C{a

965
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whose holonomy is the identity with the identification of transversals
around 2 @f) /n:cy) with an open set of “%? by qé /C13 . Let
4?1_ = . (support gﬁ ) gth:/b (Support gé) » then for each
x € Qiﬂ Qz there is an open set §2 C pomain d, (1 Domain q'
2
and a local diffeomorphism E; of B%ﬁisuch that, on JZ. one has
! . .. .
q;& = 6?4 C{i . Thus using a smooth partition of unity on QQLIW QZZ
in V » and replacing % by %_ @0/) ) CPé Czd(\/) we may assume
) .
that Q, N @z < S/ and that sz = 9 on 3 . Then taking

obvious local coordinates we get for %; * %é_(é{) the expression :
(@) (6t a) = (@ (8t ) Lt a)de

which obviously defines a smooth function with compact support in the

variables (6% t//ﬁ)

Then we proceed exactly as in the hausdorff case, and construct
X |
the representation T(x/ of the x algebra CC (@/ Sz/zjin the hilbert
Z
space L_(TC%?') . We note that though (} is not hausdorff, each Gzc)

being the holonomy covering of the leaf through =« 1is hausdorff.

LEMMA. For each q./é C:o(@'/jz%’) and =€ \/ , T{x/(g) is

. . . 2
an ordinary smoothing operator, bounded in L,GEZ:) .

Proof. Again.we can assume that ¥ is of the form ¥, X where X
is a local chart in a W(q’, q ) as above. Now (ﬂz((.(,/) Z)(b/)
= S x YO)EE) Vie LEL), ow 1 (Y)
is defined by the kernel R(¥, %)= Yx5"); ¥,.,%, ¢ G, -
This kernel is invariant by the action of the holonomy group @j (at © )
on the holonomy covering and it is equal to O unless 2{1/ X, are

in associated connected components of fL”‘(TQan/Cr) . fa’i(/IZanc7),
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so that it is a sum % = b3 on( where the QD( are smooth kernels
l
with compact supports gu«p{v %o( < Ko( X Ko( where the Kx
I
(resp. F(;( ) are pairwise disjoint. Thus L% is a smooth kernel and its

p

2
L norm is the supremum of the L norms of the Q‘,( which is finite

say by the usual hilbert-schmidt estimate. Q.E.D.

%_
x
Of course C (\// F) is defined as the C completion of

Cj (@—/ SZVZ) with norm : Swfu l ﬂx/(&/) I
xe V

To get some feeling of what is different in the non hausdorff
situation, we shall discuss the simplest example of a foliation with
s
non hausdorff graph and see what Cj*z\vc FT) looks like. We take

2 Zz
\/ = -ﬂ~ = EEZ/;ZZZ the two torus, together with the following

-

foliation :

To simplify even further we take the open transversal Pd
(which we identify with j]—-i/ ﬁ.[: ) as indicated on the figure. We
choose it so that O 1is on the leaf with holonomy and so that on rd

two points cLl¥> ‘are on the same leaf of the foliation iff :
1) If 4 <O or b < 0 then a,—;b

2) 1f a>0 , b>o then a/bs 2-% for some /\‘Léz

Thus this equivalence relation is the following subset of the square

(3-+,+0)".
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It is not a manifold because of the singularity at O , and the
corresponding graph G is easily identified as the quotient of !
{((7,2) € ]—i/ :L[ X Z P b(Z% } by the relation which identifies
all points (f;/ /n,) , M€ 2 , if £E<O . It is obviously a non

hausdorff l-manifold :

E {
L. r
L L
- <
T iy 1
_ 0E € 4
1 72
Y
2

All the points (O, &) , Re Z are in the closure of ]—i, O}:

Since we have cut down to a transversal, we do no longer have to talk
5
about % functions but of functions on G » belonging to C; (GL)

/ 80
i.e. which are finite sums of [po X » where ¢6 Cc (:Drru X)

and X is a local chart. We have :
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0
LEMMA. A function ¥ on G belongs to CC (@7) iff it is zero on

all but a finite number of the intervals J—& , 1s smooth on each of them

and the function g(t) = > Ja./( £, Q) is smooth on j—i/ i[ .
e Z

Proof. The condition is satisfied by any <po X and is stable under

linear combinations, also if Y satisfies it then we can extend H./Q
(-V%({;) = EE(C‘/ Q) , «QeZ ; bgo to ]—:L/ < [ and express

s . . /
E{_/ as a finite linear combination of @,7( A . Q.E.D.

It is obvious that this condition is not stable under pointwise

product, and however that it is stable under the convolution product :
Y« & (3] - = V() ()
%.%,-¥

For instance g./.*’%/z (o, %2/ = ? 9_/1(0/3_/) ‘;(L(O/ M—g) and
hence (g./,x— %) (o) = %(O) g-/z(o) ,» which shows why (%x%)d

is still continuous at O .

~X . .
One can reconstruct C (\// I:) in our example as a fibered
X 7
product 11 C (\/L,E)Of the C° algebras of the foliations (\/,, / E)

of the manifolds with boundaries the compact leaves with holonomy:




570 A. CONNES

We end up this section with two interesting questions :

X
1) Compute the k: theory k< (\4?7) in the above example as a function
of the integer MW which is the number of Reeb components separated by
stable compact leaves, show in particular that while the foliation is

defined by a flow and the rank of ki*(\/) is 242 that of k<*(\6/F')

can be very large (thus there is no Thom isomorphism in this case).

2) Compute the extension of Cj*'algebras obtained for a foliated manifold
with boundary (\/’Fj) with 5\/ a leaf of F‘ , by taking the ideal in
(:*(\(/F;) of those elements which vanish on the boundary. (This is very
interesting even in the simplestcase of the full 2 torus in E%g'with

the Reeb foliation).
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X X
7. (" wopures ovEr (C (\// F) AND CONTINUOUS FIELDS OF HILBERT SPACES

ox V.

Let )( be a locally compact space, the notion of continuous field

of hilbert spaces on >< extends that of hermitian complex vector bundle
in a way which not only allows the fibers to be infinite dimensional but
also allows the fibers to vary in a less trivial manner. For instance if

)/ is an open set in )( and Es/ is a complex hermitian vector bundle on

Y it is not true in general that E}/ is the restriction to )/ of a vector
bundle on >< , however, viewed as a continuous field of hilbert spaces on
)/, E&/ extends canonically to a continuous field of hilbert spaces on.)( >
simply by taking all fibers to be O in the complement of >/ . So if one
starts with the usual definition ([11]) of K theory with compact supports,
from complexes with compact supports the above pushforward operation from
kfzﬁ/) to k(f;() though well defined by using trivialisation at infinity
in )/ is not easy to use since the complex first has to be deformed. In
[IS:] Kasparov has given for arbitrary non unital C:*-algebras B (in the
above context D = Co (X) is the C* algebra of continuous functions
vanishing at 00 ) a construction of the group Kx(B) = KTX) which
is well adapted to the pushforward operation. For EB = (;;()() the basic
triples <’E;_/ E;a/_T_) are given by two continuous fields of hilbert
spaces Eﬂ_ y Ez, on X together with T € HOW(E/EZ) (i.e. for
each e X ) —T; € Hom (E;/x) Ez,z;) , and if Z 1is a conti-
nuous section of E1. tending to O at oo then 1’; : C?EZ)z = T;;ézc
has the same property in E;L ) which is invertible modulo the '"compact"
elements of End (E_b) ¢=1,2 ([1‘81> . It follows then that _T; is
an isomorphism outside a compact subset of )( and is everywhere a Fredholm
operator. The equivalence relation one has to put on such triples to
obtain K:T§<> is exactly analogue to the equivalence used for

theory with compact supports, namely the degenerate triples, with
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everywhere an isomorphism, are considered as equivalent to O , and two

homotopic triples are considered as equivalent.

Now let (\// F) be a compact foliated manifold, then

g = C*(\// F) is not unital (unless dure F=-o ) and in
describing the denumerable abelian group K*(\//F) = K* (C Y\& F))
we shall use the point of view of Kasparov, i.e. his refined version of
K—theory with compact supports. (It should be stressed at this point that,
of course, the definition obtained by adjoining a unit to B and then

~
taking the kernel of the augmentation SB : KX_(B) > 2 gives

the same result, but will not be as useful).

The basic triples are now of the form (g,]_/ Ez, T) where
511 Ez are C*modules over B , while Té Ha-rnB (gi, g’z) is
invertible modulo the '"compact'" elements of EnwLBCg‘L),()::L/Z . In the
case B = Co (X) there was an easy correspondence between conti-
nuous fields of hilbert spaces on X and C* modules over C;(X) ’
which to each field E associates the module E = C; (E) of con-

tinuous sections of E vanishing at 0

%
In our case : B = C (\// F) 3 we should successively

X
describe the C

modules over B , the homomorphisms and "‘compact" endo-
morphisms of such modules. With the material of [7'] Section IV, this

will be mainly a matter of translation.

In the case B = C;(X) , the basic data for a continuous

field of hilbert spaces on X is a (measurable) field (I_L_) of

e X

hilbert spaces on X , together with a linear space 17 of sections

(Zx) e X whose main property is
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(%) \V/ Z/? S F the function x — < Zt , 7,6> is

continuous.

Giving, in a measurable way, one hilbert space per leaf means
giving a measurable field (Hz) ze V of hilbert spaces on \/ s
and for each element & of the graph G of (\// F) , B —> Y a
unitary operator which identifies Hz with Hé and defines a repre-
sentation of G in the obvious sense. It will be convenient to consider

@ as acting on the right on H , and to denote the above identification

of Hx with Hg by : Se Hg > 5.8 € Hz-

By a measurable —;— section of H we mean a measurable section
gy Ve
of the measurable field (JIZL o2y H:C) ce V » where Qx; is
LAY
the bundle of half densities used already in the construction of C (\// F).

1 . .
Let 2/7 be measurable 5 sections of H , then the coeffi-

cient (3 is the 1 fonction on GL defined by
/H 5

(Z,0)(%) = <348, p >

(We took the scalar product in Hx antilinear in the first variable

and linear in the second).

Given a measurable % section E of H one defines || g “oo
€ [o/ +oo:( as the smallest C(C¢g [O , JrOO] with :

‘Y \<Z3.,b/,p7)z = c® 119112 \/7éHx/iC€v.
G

x

If Il 4 “DO < 0 , then Z defines an intertwinning operator

T(2) e Hm, (H, , L@,))
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by the formula :
(TE)H)E) = <25, p>  VpeH, Vyel .

The representation H of G is square integrable iff the subspace
2 Z/ | £ ”oO < K 5 is large enough to contain a countable total subset

(i.e. total in each H:o ).

X Ly
The basic data to construct a C module over C (\// F‘—) , is
the following : a (square integrable) representation H of G and a

linear space rl of 42- sections of H such that :
Y2 K icient (£ (V. F
(%) , i) € , the coefficient ( ; 9) belongs to C ( ) .

(The coefficient (Z/ D) is given as a -/'2—- function on G and 1t makes

sense to say that it belongs to the norm closure CY\// F) of

(e, 52%).
LEMMA. Ome has, for Z € [\, 12 Il = (2, 2y 117,

Proof. || (Z/ Z) I| = S""F Wx(Z/ Z) and a straightforward computation

( [?] Prop. 8 p. 77) shows that :
n.(2,2) = TE)TE)” 0.£.0.

Now given gé r{ and ,g < C*(\// F’) we would like to define

a i‘z— section Z*g of H by the formula :
(Zx§)er= §  2.% )
Gx
However, for g € C*(\// F) ) %(5) does not make sense in

X
general, so we let C (\/j F)Z be the left ideal of those g for
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ol 2
which the restriction g to GL makes sense and is in LC@)
x

(it is a left ideal since (%*g)z: = ﬂx(g)gx , v %)%, .
We then rewrite the above formula as follows :

(Gx§)e) = TE)E Vce V
So Z*? is a ;_— section of H for any gé C*(\// F)z_ , and

we construct the ( module E as the completion of the linear span

of the Zﬁg , Zérl s gé C*(\// F)Z , with the norm |

Ly -
LEMMA. E is a C* module over CT/\{F)

Proof. The equality (Z* g ) 9 *% ) _ g** (Z/D) ¥ g/ shows

|
that for Z/ 0 in the linear span rl of the Z*g one has
(Z,{y)éck(\/,’:) and ”Z"oo < o0 . The map 2/995*7
extends to Ex E by continuity and satisfies conditions 1°) 3°) 4°)

of [29] Def. 1. The map Z' g > g x g extends to & X CT\C F)

by continuity and 2° of [19] def.l holds. Q.E.D.

X
We are only interested in C modules which are separable, as
> AT
Banach spaces, or equivalently (since EF-C (\// F) is norm separable)
which are countably generated in the sense of [lgj . The above construction
. C’f K .
yields such a module when has a dense countable subset (in the

(l “oG norm) .

Exactly as in the case of continuous field of hilbert spaces
on a locally compact space, we now define arbitrary continuous 1. sections
2
of H as those measurable % sections which belong to E . It is not

true in general that all elements of E define 42 sections of H s
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this fails in the simplest example, taking H:c: LZ(G—L),Vxé \/ s
(3.5)®) = Z2(5,5") V5 eG,  onegets € = C*(\// F)

and not all its elements define % sections of H .

The next lemma shows however how to pass from elements of 8

to % sections of H :

LEMMA. For any ZG g and 'g € C*(\// F)L , the element

Z*g of E defines a _;f section of H .

Proof. Let 7 be a continuous % section of H (in the above sense)

ten (hx &) = TGIT S , MhxE) I = hpl, 1E N -

(this makes sense by evaluating both sides on a volume element U~

7
w F
avars /\dum E: ). By construction of 8 we can approXimate Zé E by

continuous % sections 7 of H in the |l "00 norm and it follows
m

that the (/7 X %) will converge in norm. Q.E.D.
m x

Definition. A continuous field of hilbert spaces (H ) Y, on the space
~nirron L LG/F

of leaves of the foliation (\// F) is given by a representation !
se H3 > Z.X € H;o of the graph of (\// F) and a linear space F

of 3— sections of H such that :

1°) P has a countable total subset, |l “oo dense.

2°9) VZ}76 [ one has (Z/I))é C*(\//F)
3°) F is closed in the |l ”90 norm.

4°) For gé CX(V/F)Z 5 fe F one has Z*g € r{

In condition 4) one can replace C,*(\// F)z by any subset

dense 1in the C norm, slnce by hypothesis is closed in the | “no norm.
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oQ |
Thus it is enough to check 4°) for —g € Cc (@'/ jZ/Z) . Conditions
1) 2) show that the representation of @ in H is square integrable

(cf. [ 7':' part IV).

We now pass to the description of the endomorphisms of the
module 8 associated to a continuous field of hilbert spaces on the space

of leaves.

Our aim to describe  Emd (E) (or more generally Hm(g‘If&))
as the random operators | € Emdl (H) (i.e. measurable bounded
families CT ) .. > with I acting in H_ ana T.(-%8)
= (T% Z)a ¥ V¥ Ze H% (c€ [ #3) ) which are continuous
in the sense that : If 2 is a continuous % section of H then TS

T*S also.

Now, in [7'] we introduced the random operator Q(Z/y) associated
to a pair of sections, this with our change of notations translates as
follows : let Z/ l7€ r( be continuous él: sections of H , then

9 g = T(Z )*T defines a continuous random operator, and the
(2, h

obvious extension of this operator to 8 is given by :
« > b (Zx) Ve €

(1f T is a continuous random operator, it extends from continuous ;__
sections of H to arbitrary elements of g by the inequality
“TZ “ SMP “T “ u Z “ ( [71 Prof. 8c)) and the existence

of T shows that Z —> TZ is an endomorphism of g in the sense

of [lgj ).

By construction the endomorphism of E defined by @(Z/D) agrees

with the & of Kasparov ( L 19 ), when we close in norm the linear

2h
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span of the 9(2/ D), Z/ D € r( we get the same result as when we close
in norm the QZ/O 3 Z,? € g » since by construction F is norm

dense in 8 . (Note that if T is a continuous random operator, its norm
as an endomorphism of E is the same as SL.P ” Tx ” » since both

C * xE
norms are norms) .

The norm closure of the linear span of the Q[Z/Q) will be

denoted by Emdlza(g) . By [19_7 thm 1, Erwl(g)is the algebra of multi-
pliers of E\'wto (E)

*
PROPOSITION. E/thg is canonically isomorphic to the C algebra of

continuous random operators E;ﬂAG (H >

Proof. We have already seen that every continuous random operator !

T e WQ(H) defines an endomorphism of 8 with the same norm.
Conversely, given an endomorphism T of g we want to find the family
(’l;)xév)Txe E;ﬁél-Hx with (TZ)?&: Txe,VZéﬂer.
But by [lg:(thm. 1, T is a limit in the multiplier topology of a

sequence Tn € Emoto (E) , with ”T;, H = HT “ . For each ‘T;L

the existence of the T,; =
/

is proven by construction, thus it remains
only to show that for fixed xé€ V » the sequence (T;/x )MN converges
strongly in Hx to an operator _I; (It is then obvious that the family
(T; ) ~eV is measurable and that the associated endomorphism is equal

to T ). So the next lemma ends the proof :

LEMMA. If (1) is a sequence of continuous random operators which

converges in the multiplier topology of Emo(<8) » then T

41/.13 converges

strongly for all =x¢& \/ .
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Proof. Let S € ET"O\o (E> P S = ( Sx >:CéV » then by hypothesis
'T;S > 1S in norm, thus Tm/x Sz/ > Tx S:c in norm. As

“T nc I is bounded, it remains only to show that the union of the ranges
©
/
of the S;r/ ) S € EMOCS) is total in H.L , but this follows from
condition 1°) on H . Q.E.D.

*
THEOREM. Let 8 be a C module over CT\// F) , then there exists a
canonical continuous field of hilbert spaces <HL> Le \//F. on the space

of leaves and a canonical isomorphism of g with the C~ module associated

o H

Proof. We shall first define (Hx) in a canonical way from E .

eV

We consider in 8 the linear span go of the Z-Xg) Zé g , XGCT\JF)Z

and on 8

(4]

, given =x¢€ v we define a scalar product by :
<Z*g/ hxq> = < gL ) WL(Z,’))%L> (x)

(Thus it is antilinear in the first variable).

Since WL(Zly) (hox)=(ﬂ% (E/D)h>"2§ Vhe Lz(G;)

we see that there exists, given ¥ € G , a unique isometry Z—a Z,Z{

of H% on H;‘5 (the completions of E;) with the ( b scalar product)

X .
such that, for any Z € g and /gi ; gz < C (\// F)Z with
%2}% . G gi,.ﬁ , one has :

(Z*Ci>gdb/ :(Zaegl)x

(Here s > gzé Hzc is the canonical (¥) map of go in Hx ). With Zx§

and 9*% as above, we have for 56@) X.‘:CF? S/ 5

dem F
(¥) Note that.to do that ,one needs to choose a volume element WV, _e€ /\ Ec .
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<(Z*g)‘3,,2§ ,(7*%7%> = < gg,x, ﬂ;c(zly)%z>
:(g** (Z/b) % %) (8) . So the space of i— sections of H

given by sz) ze V for £ € 80 satisfies condition 2°) of the
definition of continuous fields of hilbert spaces on \//’—__— . Taking F as
the closure of the above space in the | “oo norm, we check directly 1)

.. X
and 3). To check condition 4) one has to show that for g ' % € C (\// F—)z_

& \/J and 2 € é one has

o) = (Tfng))
G
<
which easily follows from the definition of the action of @ on H .
Finally for %,%, Z,? as above we got that the coefficient (Z*g , 7*%)
L7
is equal to the C(V/ F) valued scalar product of these elements, this is

x
enough to show that the C module associated with H is canonically

~ isomorphic to 8 . Q.E.D

In conclusion, we adopt the point of view that giving a C*module
over C*(V/ F) (or equivalently a continuous field of hilbert spaces
on V/F ) is giving in a continuous manner one hilbert space HL per
leaf of the foliation, to simplify the notation we shall only rarely mention
the space f’ of % sections, for instance a typical such field is :

<LZ( [’_) >Lé \//F where L is the holonomy covering of L

J
Given continuous fields of hilbert spaces (H ) (H )
L/ e \7,: ML Lév/F
on the space of leaves, and a continuous random operator (T ) L \// ’
€ VF
we shall say that T is compact iff the associated morphism of C* modules

is compact in the sense of Kasparov (['9]) i.e. belongs to the norm

closure of the QZ 7
/

We shall say that T is a quasi isomorphism iff it is invertible
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s X/
modulo compact random operators. From the definition of K /F) we get
a natural map Ind from quasi isomorphisms T to the group KY\//F> , which

satisfies :

o Ind(T)_0 if T is an isomorphism

w (e 1) < Ind (T, )+ Ind(T2)

o Ted(ToT) = Ted(T)) + Tnd(T)

&) 1t 1, and [, are homotopic then Ind(T,)- Ind (T, ).

* —_—
e) Any element of K (\//F') is of the form _L/erT for some quasi

——

isomorphism |

To end this section we shall just translate the results of the
pseudodifferential calculus of [ 7 j to give the definition of the
analytical index I/era (D) € K*(\//F‘> of a differential
operator on v elliptic along the leaves of the foliation (cf. section 4).
First, using an auxiliary Euclidean structure X > | X I on the
bundle F , one gets the Laplacian in the leaf direction :

A : Coo (\/) > Coo(\/) which is by construction elliptic along
the leaves, with principal symbol qz& (x/ Z): (| Z/F ”2 ( Z/F is
the restriction of Z te F ). The restriction AL of A\ to each
leaf | (to the holonomy covering t of L if )_ has holonomy) defines
( [:Fj Part ¥ ) a positive selfadjoint operator in the hilbert space
LZ(LN_) . The Sobolev space WO( E) is defined, for A =0
as the domain of the operator C/l—l- AL) Yz anf for H< 0 as the
dual of W—A . We thus get for each I_é \//F a chain W/J(I:l) of

]
)
hilbert spaces, and for /5'>A the random operator (LL//)) of

Le e
) ot p) _
inclusion of V\/ in W is compact ( L?’] ). While the hilbert space
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A ~
structure of \AJ (’L,) depends on the chosen Euclidean structure, the
underlying topological vector space is independent of this choice, moreover

I
if X — | ><l] is another choice of Euclidean structure, the natural
A Y
identification of \A/ (/L_) with \N/ (,L_) defines a continuous random

operator. All these definitions and properties extend to the sections of
. . A 'l
a hermitian vector bundle E on \/ . We use the notation W (L/E)

for the corresponding Sobolev spaces.

o)
PROPOSITION. Let D . C (Ei)w Cw( Ez ) (Xx) be a differential

operator on \V/ elliptic along the leaves of (\C Fi).

a) For each Ae R , the family DL. : W/JAM.L(E/ Ei) HWA(E) Ey_)

(n = order of D ) is a quasi isomorphism .

b) The index .Ikmdkb(TED) of the above quasi isomorphism, is independent
%
of A and only depends on the K—theory class [TD 1 e K ( F)

of the principal symbol of D.

The proof follows from the pseudo differential calculus for

families when used in domains of foliation charts (cf. [t?:l). The analytical
x
index map thus obtained from K (¥7) to k:?ﬂzaj) is of course the

. X .
same as the one coming from the exact sequence of C algebras described

in [:}j
o > C{VF) Y* L c(E) L o

* X
where 9% is the (: algebra of pseudo differential operators of order O

along the leaves.

(%) t4_/ Eiz are smooth vector bundles on \/ .
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8. THE CANONICAL MAP OF K (N) IN K /F->ASSOCIATED TO A TRANSVERSAL.

Let (\// F) be a foliated manifold, and N a submanifold of
\/ , with dom N - Codinm - , which is transverse to F , 1.e. the

inclusion map L N — \/ satisfies :
W(TN)) + By = Ty (V)

Our aim in this section is to construct a canonical map L ot K*(N)
in K*(V/F) . This will be done in constructing for each continuous
field of hilbert spaces E on N a pushforward L! E which is a conti-
nuous field of hilbert spaces on the space of leaves. This construction
will be functorial (each T e Ha’fﬂ/(Ei/ Ez_) yields an L! (T)/
L‘(T)é Hm’w(b! E:L/ il EZ )) compatible with homotopies and will
map compact homomofphisms to compact ones, thus yielding a K theory map.
Letting L be a leaf of the foliation, and E the given continuous field
of hilbert spaces on N , we define the fiber of b’ E at L as the
hilbert space QZ( L’(\)/N , E) where T__/ is the holonomy covering

of L . 1If Te Hm( Ei y EZ) , then the action of (! T on
Z € QZ(LHN ,E.’L) is given by :

((iT)Z)wy - T2, € B Vee LN

This makes L} in a functor and the only thing one has to check is that

T is compact if T is compact. The details are as follows.

Given E as above, il E corresponds to the representation

by right translatiom of the graph G of (V/ F) in the borel field of hilbert

spaces (l,! E)z = QZ(C;M‘L"(N)I&,*(E)) (where "L:G_;,/a L s

the range map, realising the holonomy covering of L. ). Any Z,

o83
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Z € Cc chﬂ fZ-I(N)) '"C*(E>®Af(52‘§) (%) defines a % section
of LIE by restriction to each @xn h"(N) (Note that fz being

a submersion ! (N) is a submanifold of & , if G is not

Hausdorff, C

. 1s taken in the sense of section 6). For Z as above,

the coefficient (Z} Z)(X) of the corresponding % section of ZI(E)

is given by

EHE) - = < Z(¥¥)EE) >
(x')e N

Thus by the same argument as in section 6 Lemma,one checks that

(g}Z) € C*(\// F) . Thus the [} (Iw closure of the above set
of i— sections of LI(E) satisfies conditions 1) 2) 3) 4) defining a

continuous field of hilbert spaces on the space of leaves. To check 4)

one notes that if ﬁé C (G- EVZ} Ze C (@ln J‘L'(N)/ fZ’{E)@ A*(—)—Z—Vz))
then Z* g c C (G A nl(N Z{E)@A*@Zb‘)> where

(Z+$)0) = § 50") 2(s%")
Next, if T-é HM(E1/ E;) , L!T is given by :

(T)2)E)= T, 265) |, V8 12>y, 2e(L1E)

One checks that it is a continuous random operator, in fact it maps C:L

C. (Gnn'(N), e*(E)es(2?)) in C, .
We now check the important point :

LEMMA. If T (T € HM(EJ_/ EZ ))is compact, then l:'_r also.

Proof. We can assume that Ed_ = EZ_ and that | = QZZ with the
/

4.
(%) §2% is the bundle on \/ of half densities on F .
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notations of Kasparov [19 ] , where Z is a continuous section with

/
compact support of E on N . Thus (Tx Z’) = Zz < le Z}
and for any Z}G(L'.‘ E );c one has :

((C'T)zg|>(2f) = Zﬁ < 5 /Z'(b’)> VX:I—?%.

Now any 7 € CC (@ﬂ W"(N>/57*(E)@ /J*GZVZ}) defines a compact

random operator on L!(E) by the equality

(E.9), 2 @) - g% p(¥) < p(B.373), :(%,) >

2
|

ret K be the compact support of 2 , U a neighborhood of {ee, ), xe K g
in f‘L"CN) c & sothatif ¥e V. VU ™' »®)e N
then ¥ € G@)z \/
L :N — V , vith the foliation. Then if  is 0 outside U~ , we

see that, given gelN , ¥ %, € G%, Y, ernN), »(5.)= )
7(5/1)?6 O l)(b’,_o ¥.%)t0, af,-8") e N , wnile ¥,.¥ "
(6.5 e VLU L and a(%-%87) 2 yeN so that

¥ =3,

. To get such a V one uses the transversality of

. Thus for such a 7 the above formula simplifies to :

(60y,9) 2')(¥) - Lﬂm) <h(%,), 2(5)>

Choosing 7 of the form 7(2{) = g(b/) Z,L(K) , fz,(b/)éN where
% < C; (Cn fl'i(N) s A*(SZVZ)) one gets the equality
9(?, ?) = b' (T) provided that g is 0 outside VU and satisfies :

S,180017 < 1 wyeK
G

One constructs such an ’g' using a partition of unity on K .

Q.E.D.
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Thus if T = Honm ( Ej_/ E2_> is a quasiisomorphism,

the same is true for L|<—r> , and we thus get a well defined map from

K*(N) to K’z/\//}:> , the class of T being mapped to the class

L‘(T) . (It is clear that homotopic TA map to homotopic ones).

To give some reality to this map, we shall take some special

cases

X
1) Closed transversals and idempotents of C (V/ F)

Assume that N is a compact transversal to (\// F) , then to
the trivial bundle with fibers € on N is associated a K theory
element 4 ¢ K*N) , thes 0! (1y) is a well defined
element of K*( V/F> . We shall show now that it corresponds to
an idempotent € ¢ C*(\// F) /[:6:( = .C,l (iN) . In fact, choose
g € CC (@ n jz"(N)) /5*(32‘/2)) so that with the notations of the
proof of lemma p 64 , g is 0 outside U and S Ig(?ﬂ)lz =
%4 y € N . G3

Then g defines a continuous % section of () (1N) and
since 9(%, g) = Ll (identity) is an idempotent, the same is true
for T(g)*—r(g) = (g/ g«) € C*(\// F ), so that the equality
€ (b/) = (g/ g) (K) =2 %(XL X'|) §<XI> determines an idempotent

X .
< € C(V,F> with Lel = i} ClN) . Of course
foliations can fail to have such a closed transversal N , and we shall
show in an example that even C*(v/ F) can fail to have any non
zero idempotent. We let F be a discrete cocompact subgroup of gL(Z, R)
\V = SL(Zj U?) /F has a natural flow Hb , the Horocyle flow

defined by the action, by left translations, of the subgroup :

[ 41, EeK Jor SL(=z,K)
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We let F be the foliation of \/ in orbits of the horocycle
flow. First the flow is minimal, so, [’15 J[z;"’] CkCV/ F) is a simple
C* algebra, then letting A’ be the measure on \/ associated to the
haar measure of SL (2/ [R) { we can associate to /U , which 1is
H(: invariant for all t e H? , a transverse measure /\ for (\// F)
and hence a trace G on CX’(\// F) . By simplicity of Cx(\// F:)
this trace G 1is faithful, for any idempotent e e Cf\// F) one

has :

6< Cle) < if € # O

Now let G; s A€ [R , be the geodesic flow on \/ , defined

A
by the action by left translations of the subgroup { [S é-/’:( ) AE Rj .
For every A , GA is an automorphism of (\// F) since the
-4 4 o]
equality @A HEG/J = H e 2?t  (which follows from : [L— e 2b 1]
2 - 7 o
= [ % eQ”] L jE :CL)] [% e"’]) shows that for Y = G/-.\ (x) R
F-(;I = (G; )* F‘;/ . Let @)

C*(v} F) . For every < € C*(\/, F) the map A > 9/)(1)

X
from IR to C (\/j F) is norm continuous, which shows that if € 1is a

be the corresponding automorphism of

self adjoint idempotent, then 94@) is equivalent to &€ for all A€ [F

and hence Z(é’,,(e)) = Z(e)J Yoae R

But though 0 1is invariant obviously by the geodesic flow

the transverse measure /\ is not invariant by GA , indeed the equality

_1 -
G/J H‘: 60 = He_zo E shows that @/‘) (/\) = e 25 /\
for all Aec [K . Thus C o 9/‘) = e* z and C(€)=o0
for any self adjoint idempotent € . So C*(v/ F) does not have any

non zero idempotent though it is simple (cf. [5 ] for an earlier example

X
of such a C algebra). We shall describe in section 12 an other example
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. X
with a unital C algebra.

2) The fundamental class.

Assume that the foliation <\// F) is transversally oriented,
so that the real bundle C_, = DO/)/F on V is oriented. We
=

also assume of course that \/ is connected.

We shall now define a canonical element [ \//F] € K*(\//F) .
Let q be the codimension of F , and at fixed =x & v , choose a
transversal embedding ¢ . Dq —> \/ (where Dq is the q—dimensional
disk) which preserves the orientation. Then letting 5‘1 € K*( DCi)

X -
be the canonical generator of K (Dq) = Z , we get an element

Ti(g) c KUVE).

Now note that the choices of xe V and of @ do not
affect CP'(EC[) . (Construct for instance a homotopy (using a path
x(t)e’\/, (Pt . D' —> V) from C_[’o' (Ecl> to ?_LI(IBC]> )
Thus we get a well defined class [VF]* € K*(Vf:) . The obvious
question is whether one can show that this class [\//F]* is non zero.

X/
To do that one should of course use the natural pairing of K (\//F)

with K*( \//F) and construct an element [V/F ]* of K*<VF) such
that < [\//F]* ) [\//F_]*> =1 .

Prohlem. Assuming that '(\// F) is transversally K—oriented, i.e. that
the transverse bundle G is gifted with a holonomy invariant spin®©
structure, construct the K homology class [\//F]* using a suitable

Dirac type operator on the graph G of (\// F) .
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9. THE GEOMETRIC GROUP Ky z (BG)

In that section we shall describe in purely geometric terms a group
ki*/Z (15(3) (with a £, grading) associated in a purely geometric way
to any foliated manifold (NC F:) . This construction is the result of a
collaboration with P. Baum (cf. his lecture in thesg proceedings). The basic

cycles are triples (M, E , g/) where :

1) ™M is a smooth compact manifold .
2) E is a complex vector bundle on ™M .

3) % is a K-oriented smooth map from M to the space of leaves of (\/, F) .

A very convenient way to describe a smooth map from M to the
space of leaves of (\// F) is to lift it on small enough open sets .QD(
Of~M in a smooth map %o( ! sz —> \/ , then, with USZD( = MJ
if x< € M belongs to both SZ“ and Q'g , the points go( GC) and
%ﬁ (=) should be on the same leaf. Due to the possible presence of holonomy
one thus requires a smooth map, %p/% J Q(x N 52’5 — G= @m,'«g»(\é F)
where &glo((x) goes from gx () to gﬁ (x) and the obvious
1- cocycle condition holds. Thus we get a l-cocycle with values in the graph
G_ of (\// F) ,» and we can define a smooth map from M to the space of

leaves of C\// F) as an equivalence class of such cocycles (two cocycles

<Q04 ) gﬁ/o( )7(SZIO< y g!’g/o( ) being equivalent if they extend to a

cocycle on the disjoint union of the two open coverings).

If one wants, one can characterize % by its graph Glg/ » constructed
as the principal @' -bundle associated to a cocycle. Thus % is a smooth
manifold, of dimension : domn @Ng = deév M + Ao , one has a
submersion /fb of G} on M and an action of G on @g (i.e. a smooth

map 61 from G-g to (j}@): \/ and a smooth map fé —  Foe Pl of
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q"(ac) to q"(‘é): VZ{ ! xr—?% with %(2{,,51):@25‘)5/2
whenever it makes sense) such that the usual conditions for a principal
bundle hold when suitably translated. In particular the action of @' on
each fiber {L"(;c) , <€ ™M (note that dum 11"(;0) = dee M)
should be free and transitive (given xéM/ 3,3 € 11"(3:) there is
a unique ¥e(G  with %, & = %, » and in particular all

qQ3) , 3 é{l-—‘(x/) belong to the same leaf).

Given a cocycle, as above, from M to Graph (\// ‘:_) = @-
constructs % as the quotient of {(:c/o(/ 25) , X<€ SZX /fZ(X)= g(”)5

by the equivalence relation which identifies two such triples if, with the

. . -4 .
obvious notations, = = x! and % , (<) = b/)g . Conversely, given
X

/
since 7\ is a submersion one can cover M by domains SZO( of local cross

sections Co( : 320( > @;g and then define g“ (=) = q ( Cx (a:))
while /g () 1is the only element of 6 which moves C (<) to
B,

Cp =)

To get the condition of K—orientability of g note that along
each leaf L of (\// F) the differential of the holonomy gives a natural
trivialisation of the transverse bundle lifted to the holonomy covering
~
L of L . Thus given a l-cocycle (ﬂo(} »g“ ) gﬁ/"( ) with values in
G = Graph (V/ F) we can give a meaning of the pull back of ¢ to M s
since the differential of the holonomy of /g/ « can be used to glue

)

together the bundles g: (3) . We shall denote this bundle by %*(Z)
and the K orientation of g is a spin© structure on T<M>€P %x(5>

Having described the basic cycles (M/ E, g) , one constructs
the group K* = ( = @) in exactly the same way as P. Baum
)

defines the K—homology of topological spaces, (except that the map g is

G,

x
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oriented and smooth instead of fV1 being oriented and é% continuousY).
Thus there are three steps defining the equivalence of cycles : 1) direct

sum, disjoint union 2) bordism 3) vector bundle modification.

Since in defining these steps all the modifications occur at the
source P4 of the map é; , it is obvious how they should be phrased in our
context (cf. Loc.cit). Instead of listing carefully these axioms, we shall
express the result in terms of the classifying space of the topological
groupoid G . on BG one has a natural principal G -bundle EG and hence
one deduces from it, as above, a real 9 —dimensional vector bundle 2:}36?
Now given a topological space )( with a real vector bundle G one can
slightly modify the definition of the F(—homology K:*(T><> to take in
account the absence of a spinc structure on G . This means that in
defining the k(—cycles (‘F“1, E; §?<) , one will require the existence
of a spinC structure on _T”P“]» @ é?kZ; rather then on "TP4 . We let

k(*yz(ff§é¥) be the corresponding group, it agrees by construction with

the above group of geometric cycles for the foliation.

If the foliation comes from an action of a Lie group t* in such
a way that the graph (? is identical with \/x }4 then E?C? is the
quotient <\/ X E}4 )/1{ of the product of \/ by a contractible space
E}J on which F{ acts freely, with quotient E;}4 = E¢4//}4 y
the classifying space of )4 . Thus E;GF is quite computable, if, say

mn
}4 — EZ it is homotopic to \/ . In general, if the leaves are contrac-

tible one has the same equality.

Finally note the strong connection of E;(} with the classifying
space [gfl defined by Haefliger ([47]). On \/ the foliation determines

a (I structure, which the holonomy trivializes along the holonomy covering
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of each leaf. One then easily gets a continuous map, well defined up to
homotopy, from Q@ to QF , and the above cycles in KX’ Z(BG) map
/

to elements of k<*,5 (Eg({)
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10. FUNCTORIALITY OF K THEORY FOR FOLTIATIONS.

The preceeding construction of the map Li : Fi*?FJ) 4 k(ﬁd%%:)
shows that in general the interesting functoriality will be the covariant
one rather than the obvious contravariant one. The functor X k(?i%:)
for )( locally compact is contravariant for proper maps but for smooth
manifolds it becomes a covariant functor for not necessarily proper
IC -oriented smooth maps. ) In our context, if (\// FT ) L= 41,z are
foliated manifolds, the notion of proper map from i/ﬁj‘ to \//?f

4

is very restrictive and excludes the following very interesting maps

1°) The projection Q from \/ to \4?Ff .

2°) Given a leaf L €& \§?: the map {th%> L. from a one point space
to V/F

3°) The map from y%: to a point.

So instead of discussing proper maps and contravariant functoriality,
we shall discuss smooth ’<'-oriented maps and covariant functoriality. In
the next section we shall construct g! for any smooth K -oriented map
{g from a manifold P/] to the leaf space \4?: , here we shall discuss
the case when f? \1/17 > {/ij is an etale map and several important

special cases. The general problem being :

a) Given a smooth K oriented map g? \/// \é?ﬁf define a
natural element g‘ € KK(\//F V/F> -

b) Show that (g:»%)l = %. X g‘. (where [ is the Kasparov cup

(%¥) A smooth map Cpl )( > >/ of manifolds, is called K -oriented when

the bundle | X + @K—TY on >< is gifted with a SpinC structure.
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product).

We shall construct a) in the following examples :

(1) Let N f.; \/ be a (not necessarily closed) transversal to
(\// F) . Then the map L] of K groups constructed in section 8 1is
givenby U[E] = (I [E] , V[Ele KUN) , where il
is the element of the Kasparov group KK (CO(I\D/ CXV,F) )
described as follows. Let & be the C module on CX 'V F) associated
to the continuous field of hilbert spaces  [!(Ly) on Y . The
fiber of (! (1) at the leaf Le \//F is @a[L(f\\JN) and one
has an obvious homomorphism of C:,(N) in E:er 8 , to each
heC(N) corresponds i !(h)e Emd &  given by a multiplication
operator in each € ( L/:N) . In this way C becomes a bimodule
and since  (!(h)  he C.N)  is a compact endomorphism of &
we see that the module map F-O of & in the trivial bimodule O is

a quasiisomorphism, hence defining an element L’ of KK (N/ \//{:) .

The construction (1) extends to the case of l-cocycle (No( g >
, /) A=
on ‘\I with coefficients in the graph GL of (\/) F) , and where each of
the smooth maps %o( ‘ No( —> \/ is etale from ND( to VF (i.e.
\Qo %x is etale where Q is a submersion Dom R [Rq) defining the

restriction of F to the image of gx ).

(2) Let »g: W o V be a smooth map of the manifold W to V s
then g is called transverse to the foliation F of \/ if for any
%éw’ x = ,g(lé> , one has T;;C\/) = Ec + g*_r%(W) ([20])
It follows that on W there is a natural pull back H , of the foliation
F , which has the same codimension as F , and whose leaves are the

connected components of the inverse images of the leaves of (\// F) . We thus

have a natural map ‘g from ( \/\///H ) to (V/F ) .
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which is etale in an obvious sense. We now describe :

e KK (W, %)

Let I = {(c}/ X)éWXC'l) 2(%) = fz;(?f) } , where G is the graph
of (\// F) , and for each =e \/ let [1 = {(%,/ 5) € F ,
/)CX): x 5 . For each xe \/ , let l"lx/: LZ( r;) be the space

of square integrable ;— functions on the manifold F:O (which can fail to

be connected). The map (%, 25) —> ((é, b/ogi) of ‘;{‘ in E’C‘ | for ?516 (;/
o P B s ‘é[‘ defines a natural representation of @ in CH")xz(s V .
To make it into a continuous field of hilbert spaces on V/F , one lets

// 4/2 8z
S24+ be the bundle on K whose fiber at [(3 Zf) is 32 ® I -

N 4 Hl‘gf F;z:
C:t_ = /3(2{)) . Then any element 5 of CC( [ 52;;‘) defines by

/
restriction to the (—L , a ﬁa— section of H , and one checks that the
closure of this space of iz" sections satisfies conditions
1) 2) 3) 4) defining a continuous field of hilbert spaces on \//F'
For a leaf L of (\// F) without holonomy the fiber of H over L is
2 I
easy to describe, as HL - @ L ( L,) where L varies through
all leaves of (\/\// H) which map to L by g . If | has holonomy,
2 ]
. . -4
then Hl—;\, is the L space of the manifold g (L) = ﬁ (tg,;c)é
W x L , g(%) = Z(x) € \/ 3 (where here ft stands for
~J

the holonomy covering : 7 ! L = L— ). Thus in general we note

H = BC o)

x -
Next, we shall represent C (\/\// H) as endomorphisms of
{1
the above continuous field of hilbert spaces (TTL) Lév/ . In fact, any
. F
-& € C*(V\//H) defines a compact endomorphism of the continuous field
. z, T .
of hilbert spaces L( L ) on W/H and we shall associate to any
continuous endomorphism (TL,) Lfé \A//H of this field, a continuous

endomorphism of (HL> Le VF . If L has no holonomy,
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2/ ‘
HL - @g(LI)L I}L ) thus one takes (g‘(T))L , as the diagonal

operator with T(:r , as diagonal entries. In general, the connected compo-
~s

nents of g_l(l_) are each of the form AD where Ll is a leaf of

(V\/) H) and one defines CXICT) )L_ in the same way. We leave it as

an exercice to check that if | is compact, then g!(—l‘) is also compact,

so that by taking the triple (H , 0,0 ) one gets an element g! of

KK(Wy , Vi) -

(3) In the above example the map from the leaf space W/H to \//F
was etale, so in particular it was obviously K -oriented. In the next
example we consider the natural projection Q of \/ on \//F which
to each =xe& \/ assigns the leaf L: Q@c) through = . To K—orient
. . C .
this map means to choose a spin structure on the real oriented vector
bundle F . We let then S = SO:) be the corresponding complex
- vector bundle of spinors, while Cliff(F) is the bundle of Clifford algebras

associated to F (%)

The associated element @‘ € KK(\/ V/F_—> has a mod 2
J
degree equal to O or 1 according to the parity of the dimension of F

For instance, we shall assume that dim F is even, then using clifford

multiplication by the orientation & of F one splits S as a direct

sum of two bundles 5 = §+ 2) S‘ , and given Xg} E; , the
clifford multiplication C(X) by X maps S:; to SL . Let

then P be a pseudodifferential operator along the leaves, elliptic of

order O , with principal symbol Q_P given by :

T (=,2) = WZI1"*c(Z) VZzo

(¥) We choose a Euclidean structure X 2 || X | on the bundle F
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Z e
Then P defines a quasi-isomorphism (T'z > Le \//F. of L(L/ 5+)
with L?(/[; S;_) . Moreover, one has a natural representation of (:(\/)
as multiplication operators in each of the L?(T [j) E;i:> , and since
the commutator of ’FD with multiplication operators is pseudo-differential
with negative order, we see that the quasi isomorphism ,FD commutes modulo
compact endomorphisms with the obvious action of C:(\/’) , we thus have
a very natural element QZ! of ka:(/ \/// \77: ) . Note also that
to determine the corresponding index map : K:*(\/) > kffﬂ%%j) is

exactly equivalent to the determination of the analytical index :

I}uiw ' l<:f(igj) —> kiﬂzr\éij) for arbitrary elliptic operators
along the leaves (since, as Fohas a spinC structure, one has a natural
Thom isomorphism k:*(fF?) o~ ‘<f*(\/) ) . In section 11 we shall
give a construction of ‘g! for any k:—oriented map of a manifold b4 in
the leaf space \4?7 . This construction of g! is based on the existence
of a factorization of % as g = /(lo%o { where ) L 1is an
imbedding of M in a manifold N , ﬁ ) % is an etale map from N to
the product \47& X H%ﬁt’ 55 11 is the projection of \{%j X Igfo

to \%& . Applying the construction of section 11 to (2: \/L<> \¢¥f thus

yields an element of F<'k:</\¢; M?Ff) and the longitudinal index problem

for foliations is

Problem. Show that the two definitions of -Q! coincide.

The solution of that problem contains as a special case the equality

of the index maps : k:*</\/ ) —> kiaY/\éﬁf) associated to the two

constructions of.gi and hence the computation of the analytical index

X . .. . .
I}w&x CID> 'S ki (/\6¢:) of arbitrary elliptic pseudo differential
operators :[) along the leaves of (\/} F?) , in terms of a purely geometric

construction. This construction amounts essentially to find an open trans-
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m
versal N of the foliation of \/x K by F @ |04 which is

naturally homeomorphic to the total space of a Spinc vector bundle over \/

The index theorem for measured foliations, of section 4 follows
also from the solution of the above problem, one would then obtain a proof
very different from the heat equation method used in EQSI[}]. Finally the
above problem is a special case of the problems a) b) stated at the begin-

ning of this section, since it would be settled by the equality :
ol [ !
gt = (I K 9l 8 !

To end this section we shall take the simplest case ( F; = O and
F; - O ) and, given a smooth KK oriented map -g ! \(; —> \42 we
shall sketch an easy construction of %;1 (here the two foliations are
trivial) and show how the index theorem follows from the functoriality.
Using the factorization of g, as g = gz o é%_ where !
§. () = (=, §@)) e Vix\V, and § (z,%)= x, , wve shall

specialize to the case of g’ and 52 and then get é?! as the product
2

4
LR

@ rec £V, -V,

- be an imbedding. The obvious thing to

do to get g%} is to take a tubular neighborhood // of the image of gi
in \é and use the element of k:k((/ VQ , L/) associated in

to the classical Thom isomorphism (note that since gi is k(—oriented the
vector bundle 2 is a spinC vector bundle). Then one has to replace the
open set J/ of \é by \é_ . To fix the notations let us assume that the
codimension of \[L in \%; is even. Let then E: be the continuous field
of hilbert spaces on \é , whose fibers are O outside V2, , obtained by

pulling back to J/ the bundle giﬁL/) of spinors associated to the

Spinc structure of J . So, formally ET is the pushforward by the inclusion
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of UV in \/2 of the pull back /ﬂy* C S(y))

Given h € C(\/i) , the composition "Lo/ﬂy of h/
by the projection of 2 on \/1_ , acts by multiplication as an endomorphism
of E , we thus have a natural homomorphism of C(\/:L) in E"W{(E) .

_‘.— —
Finally the orientation & of 2/ splits E in E and E as in (3)
| - -1
and for Se€ L the clifford multiplication c(Z) by 5’:(11*“5") g

defines an element E of Hmn (E; ) E%) . The corresponding

triple (’E*"/ E‘ F) defines /gl‘ = KK(\/i/ \/2) .

]

(5) Let «g ! \/x\/
2

1 > > \(z be the second projection. Assuming

gz is K—oriented means that V:L is a SpinC manifold, then the construction
of gz‘ is a very special case of the construction (3) or of the analytical
index for \é -families of elliptic operators on \é . One considers the
bundle 61_ of Spinors on \/1 associated to the SpinC structure and the

two constant field of hilbert spaces on \/2 with fibers E(VJ , Sit)

(¥). Then C(\éx \4) acts, by multiplication operators in each fiber, as
endomorphisms of the two above continuous field of hilbert spaces and

letting F vea pseudo-differential operator of order O on Vj_ , from

+ S . . . . . s e .
Si to S:L » with principal symbol given by Clifford multiplication by

Z’ = Z/" 4]l one gets the desired triple.

(6) Let g ! \/1 > \/Z be an arbitrary smooth K -oriented map
we have g = gz ° gl where gi is the imbedding gi (=)= (:C/ g(x))
while gz is the projection of \/i X \/2 on \/2, . If both gi R

. . [ .
gz, were K-orlented, we could define /g as %1, K gzl using

(4) (5). However, this product is easy to compute and makes sense without

(¥) We assume again for convenience that dim V:L is even.
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orienting g and g . It is given by a family ‘: =, € \/ of
1 z

X, 2

pseudodifferential operators of order O on \/1 , which we shall describe
by giving for each x,¢& V?_ a pair of continuous field of hilbert

i
spaces CE <, 2o ) v V1 on \/1 and a symbol of order O !

(F(’»Q,%,Z) e Hom (f Et:.lxz , E;L -, ) for any Z?’—'O,

e Txi(\/i). /

As is K -oriented we let S be the bundle of Spinors on V
4

; ) L
assoclated to the Sp1nC structure on T\/l @ g TVZ , and
assuming the even dimensionality of this last bundle, we split S in
S+ @ S using its orientation.

we let X e | (\/2) > (IXH € R+/ be a Riemannian metric on \/

Z

such that, given x, g € \/Z 5 A(:C, té) < 1 there exists a unique

X e 7;(\/2) , |l X || <4 with exponential equal to Y this unique

7 Y 7 "1
X is denoted by X(x, '-d) while X(z,%) = X(I,%)(l— “X “3 .
T
wepue £ o =0 if d(g=), x2) =2 4, and
/ t
+ T
otherwise E:‘%/ <, = Sxi . The principal symbol of F-:Cz is
. - P I
given by Q"(xi/ ., Z) = C((Z} X(g(:c,)/ :CZ)) ) where C
means Clifford multiplication, Z = T:r, (\/1) is a tangent vector
I

to \/j_ at x, , X(g(x,)) ZZ) is the element of :

%*(T\/Z )xi = (TVZ ) ¢ (=) with exponential equal to =X, ,
and the ( )’ means that the vector Y € ";' ( \/1) &P §*(T\/L)zj—
Y _ (Z/ X(g(x.)/xz)) ’ is replaced by
AR 2 Rl A D

One then has to check that this definition of gl is compatible
. . I _ | I :
with (4) and (5). Then the equality ’g" &) = % K . applied

to the factorization of the map of a Spinc manifold v to a point through
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. . ‘Tl
an imbedding of \/ in Ez gives in particular the F( —theory formulation

of the Atiyah Singer index theorem.
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11. CONSTRUCTION OF g/l FOR ANY SMOOTH K—ORIENTED MAP FROM M TO THE

SPACE OF LEAVES OF ( 7 F) .

Let M be a smooth manifold, g a K-oriented smooth map from
M to the leaf space of (\/I F) (cf. Section 9). To construct g' ,
g' € KK(M/ \//F) , we shall show how to come back to the special

situation of section 8 where the map g/ was etale.

For each n there is an obvious foliated manifold (V' )
with space of leaves \/ﬂ/p/n/ identical with the product of VF by
(R™ . one takes V™ _ Vx [K" and for each (=, k)¢ V™ the
subspace E: e) of the tangent space T;(\/) & Fﬂ is
F & {o} . Each leaf " of (V* Fn) is of the form
_ =, k), =e L} where L is a leaf of (V/ F) ana te R"
The C
C*C \// F) & (,;) (ﬂ?“) and thus by Bott periodicity one has a

natural isomorphism of K*( vm/}:‘“> with K*C V/F) . Letting
1%

™

algebra C*(\/j Fﬂ) is naturally isomorphic to =

j be a smooth imbedding of M in (X, we shall replace the original
map : g ‘ M —> WF by the map ’gn: M > vn/F—ﬂ given by

~ > (§@)), j(x)) € \//F X H?ﬂ . Once (gn)l is constructed
one gets {g! by composing with the canonical element of KK (\C%:“ / V%;)

given by Bott periodicity.

T
By replacing \//F by \%j X ﬂ? we made g into an
immersion, to make it etale we now have to modify the original manifold M

We let J be the normal bundle of the imbedding /3 : Z/x = 4*<Tz (M))L

Ve M

We let h, be the Haefliger E; structure on M ([’¥]) which is

the pull back by the map g of the natural Haefliger structure on \%F .

To be specific, let CVD) be an open covering
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9
of \/ by domains of submersions Q‘; : \/C > ? defining the
restriction of the foliation F to VL- . Let then CEIZ(X/ gﬁ/“”()
be a l-cocycle on M (with values in the graph G_ of (\// F) ) defining
the map g ; we can assume that each go(,o( (SZO() is contained in some
- = N o i 52

\/L(o() . Then }’Lo( %b(o() go(ﬂx is a smooth map from X

to (Rq and for =€ 4N jzﬁ , the holonomy hﬁ,o( (=) of the
2

element %ﬁ < =) of the graph G of (V, F) gives a germ of diffeo-
/

morhism of a neighborhood of ho( (=) to a neighborhood of h‘g Cz)

The cocycle 52 I’L defines the P structure \'Z on M .
<, X 1

¢
Let M —> H g M be the foliated microbundle of rank q

on [\4 associated to the E], structure h (cf. [‘6:( p. 188).

With the above notations, one can take for H the quotient of a
neighborhood of i(x/ X, ho( (x)) , Te€ SZc,(j in (lL SZX) X [R‘{
by the equivalence relation which identifies (76, X, %) with

(,pcl ﬁ/ hégo( ((’é)) for =< & SZ(X[\ jZ;g and

kéé Domain h'Bo( . The projection T H —> M is given by
/fl ()C/ X, 13) = , the section L {\/l — H by
L(x) = (x/ x, ho( (xj)) for =e S’er , and the foliation of H

is given by 4 = ot

We let ,(ﬁ’[) be the pull back to H of the normal bundle 2/
of the imbedding j of M in R“, and we imbed M in *ﬂ by the
map /l:/ x H([CDC)/ 0) (composition of the O-section H —> Tb*y and
the section ( ' M —> H ). By construction of {: M —> H
the normal bundle of [ is equal to 5*5 , the pull back by g/ of
the normal bundle of the foliation (\// F) , thus the normal bundle of

n)
the imbedding ( : M — Y s equal to L/ &P g*g and hence,

603
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. . . ¢ . .
inherits a natural Spin structure from the K—orlentatlon of gf .

Thus we have, from the usual Thom isomorphism theorem for SpinC
vector bundles, a natural element of KK(M /N) , where N is a
. M . *U . .
neighborhood of in 1\ . The whole problem now is to define a

N
natural etale map 0}( of N in the space of leaves v/F«v

|
For each L choose a smooth cross sectlon QE of the submersion
&o‘ ! \/L —> R‘] . We shall construct % by giving a cocycle
(on a neighborhood N of M in 11*(2/) ) (No( ) %IB’/\’O() with

values in the graph @- of (\// l:) . For each &« we let 3/

< De the open

set in JP*(Z/) of elements of the form 3 = (1,09%,17), :CéS.Zo( ;) Y€ Gﬂjq
T )

Ye II\n&ge of ¥ l;(zx) . Then we let:,w %o( (%) e \/ 3e g1ve:1 by

(QL@()(%) , 3'(1)4—9)6 V x R . For 3 € Szxm 52'5 s

so that % is represented by (1/o</ 13,/ p) and (x/ F, g& /9)

Qith Y. = }L;/o( (g,) - It is clear that ¢ (5) and (}F (3)

T
have the same component in B:\> , namely 3'@5) + 7 , while the leaf L
| .
of (\// F) through kﬁ(o() (%J 1s the same as the leaf of (\// F)
{ ) ] =< ~9
through 1%0,(‘5) (‘éa) . Indeed the local diffeomorphism "Zﬁ/( of IK

y; from %L‘(o() g“d@:) to %L@) g‘g‘g (=) , is given by the
holonomy of gﬁ o((z:) & G » so that corresponding points are on the
/

same leaf.
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In fact, we can specify uniquely an element &(P ” (3) of
the graph G of (\// ‘:) with source -Q‘(:(o() (‘éi) and range %:{F} (té Z}.
! - B = mn "
We put g (z) = ( /&Bf’((%)’ y@+h) e G :GWHC\// FT)
= GW“FL" (\// l:) x [R™ . wWe choose a nei’%hborhood N of M in /l'L*Z/
so that each of the maps %; : N& = SZQ( n N —> \//F'"’

~
is etale; this is possible since locally % is given by :
o<

3 (% x,4,0) = (4, 4&I+DH)

We now have a cocycle (!\/04 ) %ﬁ,d ) where each map ng defines an
m .
etale map to \//F'“’ and it remains to show how to adapt the construction
- ¢ .
of L! , where N — \Y is a transversal to <\// F) , done in
section 10, to the case of a cocycle. The only important step is the
construction of the continuous field of hilbert spaces ¢! (iN) on
L d
\//F . Let l_(; be the graph of % i.e. the principal @ —bundle on
1"
N associated to the above l-cocycle, we have a natural action of C; on

v
(; on the right (cf. section 9) and hence a representation of G on the

2 m
borel field of hilbert spaces \"\:c = e( l—%/l’> , X€ \/ .
Note that since ¢ is etale, the set "% < is countable.
J
Using the natural structure of manifold of [; (of dimension equal to

m
dom \/ ), one makes the above field in a continuous field of hilbert

spaces on \/ﬂ/(:"fb . The natural projection of F on N defines a

?

homomorphism of CO<N> in End & » where 8 is the C* module on
CY \/T; F“} attached to the above continuous field. We define %1 by
the triple {& , ©, o) as in section 10. Now the element ! ,

g' c KK( M/ WF) is obtained by composition of three terms
1) the element /{1_,,_' , /Pll € KK(V%"‘/ \%F) where ,fll is the
. H?“ = \//F_ , 2) the above %,I € KK(N/ V/;_ﬁ)

pProjection \&
oy
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o ~
3) the Thom isomorphism ¢ ‘ € K K(M) N ) where L Mv——> N

is the inclusion.

We of course have to check that this definition of 8/' is inde-
. . - ’ﬂl
pendent of all the choices, such as the imbedding 1 M > R
made along the way. This follows from the homotopy invariance of [i?]

together with the proof of the invariance of the topological index in [1 ] -

THEOREM. Given an oriented K cycle (M, E/ %) the class :
g'([E]) € K*( \//F) only depends upon the homology class
{:(M/ E, §) ] < K*/ZCBG—) of the K cycle.

We shall sketch the proof assuming that the functoriality

(g1o gz)i = gz' X gll has been checked in certain special cases.

The compatibility with vector bundle modification (i.e. replacing

M by the total space of a suitable sphere bundle Mi j; M and
E by a bundle Ei on M_t ) follows from the equality gi = ga 17, p
/(z,[ ([ Eij) = [E j . The compatibility with bordism goes as follows,
it M = BMi is a boundary, the inclusion L f\/l —> D of M
in the double D of M1 is a K -oriented map, since it has a trivial one
dimensional normal bundle. So if % is a smooth |‘< oriented map of Mi
in the leaf space \7‘:— , 1ts restriction to M is equal to ga L
where g is the extension of g to the double of Mj_ (this extension
can be assumed to be smooth). Thus if the bundle E on M is the restriction

L*(Ei) of a bundle EL on Ml,one has (go b)' [E] =

§ ! ( Ll b*(Ei) ) = O since L' [ O . Indeed
to check this, it is enough to show that Ll (iM) =0 , but bl(iM)
is the element of Ki(D) defined by a smooth map P D = Si

¥
such that the 1-form on D , W) = @ (O{Q) » pull back of the
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1 1 —
fundamental class of O , is equal to the element of H CD/ Z)

which is dual to the cycle M and hence is equal to (O

Remark. Using the above construction one gets a map from the analytical
group K*C \//F'> (the K ~homology of \//F in the sense of

. . Ly .
extension theory) to a natural geometric group K /Z (B@') of

cocycles on BG .
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12. COMPARISON OF K*/z ( B G) AND K*( \//F) .

The most important problem in the k:-theory of foliations is to
. K*\/ . .
be able to compute the analytical group /FT in purely geometric
terms. The first non trivial example is the Kronecker foliation E; of the
z
two torus \/.: [Fz/ezfz by lines of irrational slope & . This case was
settled by the remarkable breakthrough of Pimsner and Voiculescu (EZZJ) who
. k( X
exhibited an exact sequence for the group of crossed products of a (C
algebra /4 by an automorphism S = /lbbtézx> . Their result was then
extended in [10 ] , (13 ] to the case of crossed products by the real
line ﬁz where it takes an extremely simple form, extending the classical
x
Thom isomorphism. This step allows to compute k( C/\é/Fj) whenever
the foliation F‘ comes from a free action of a solvable simply connected

Lie group H by diffeomorphisms of \/ .

In section 9 we introduced the geometric group k;vz;('Ef(;)
which is quite easy to compute in concrete examples, moreover in section 11
we defined a natural map M from the geometric group to the analytical

group. The main problem can now be stated in precise terms

Problem. Show that the map /U . K*/Z (BGL) —> KYVF) is always

an isomorphism.

The easiest case is when the foliation (“Vc FT) comes from
a submersion A V —> {; , then the classifying space EBG% with
bundle ¢ is homotopic to [3 with its tangent bundle "FE? , so0 that the
oriented K:—homology group kg@ZZ(TE;C§) is naturally isomorphic to k:?ﬁ;),

which in turn is obviously equal to the analytical group Kiﬁﬁ%?f) .

The next important case is when the foliation <\6 Fi) comes from
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a free action by diffeomorphisms of the simply connected solvable Lie

group H . Then the classifying space BG is homotopic to the ambient
manifold V , so that (up to a shift of mod 2z degree depending on the
parity of dim H) the geometric group k;ng(fE§C?) is naturally isomor-
phic to k:ﬁi\/) . Now by [io:r , exactly the same result holds for the

analytical group ki*(/\c/Ff) and one has :

THEOREM. Let (\4 F) be the foliation coming from a free action (%)

on \/ of the solvable simply connected Lie group H then the map

M K*/ ved (g@) > KYV/F) is an isomorphism.

Moreover the three following maps from k:ﬁf\/) to Kfﬁf&%%)

coincide and are isomorphisms

a) The Thom isomorphism of [ 10:1
b) The analytical index map Q! of section 10.

¢) The topological index map of section 11.

Taking for instance the Horocycle foliation discussed at the end
of section 8, i.e. the foliation of V - fSL(Z; 337//r1 where |
is a discrete cocompact subgroup, by the action on the left of the subgroup
of lower triangular matrices of the form [Tt i<] ; 626.537 , one sees
that the analytical index gives a (degree 1) isomorphism of k(?aV)on
kiﬂzf\é/F') » while for the only transverse measure /\ for <\4 F:)

(the Horocycle flow being strongly ergodic), the compdsition of the above

(¥) The important point is that the graph (;' of (&C Fy is equal to

Vx H , this may occur even if the action is not free.
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4 %
analytical index with xhnnv\ : k: </\47F7> > H%p is equal to 0 ,

so in particular d&om, is identically O (cf. section 8). This example

A ,
shows that even when the foliation (\4 Fi) does have non trivial transverse
measure, the K -theoretic formulation of the index theorem (i.e. here the

equality of b) and c)) gives much more information than the index theorem

for the measured foliation (Fi /\) . As a corollary of the above we get :

cororLarY. Let (V) F) be as in the above theorem, and let /\ be a
transverse measure for (V,F) (a non trivial one exists iff H is unimodular)
then the image of KTV/F} by dom, K*(V/F) > K s
equal to { K (E) [CT>,[Ele KNV)} -

X
Here C§L is the usual chern character, mapping k:(ﬂ/) to

}4*(\¢; @?) and [jC;] is the Ruelle-Sullivan cycle of section 3.

COROLLARY. Let \/ be a compact smooth manifold, QP a minimal diffeomor-
phism of \/ . Assume that the first cohomology group V{ﬁi\c-ZZ) is
equal to 0 , then the crossed product %} = C:(\/> 5%422? P is a simple

. X . .. .
unital (: algebra without any non trivial idempotent.

As a very nice example where this corollary applies one can take
the diffeomorphism 4 given by left translation by ::LL i ] c SL[Z, D?)
of the manifold \/:: f;L(E; 52)/?1 , where the group r1)discrete and
cocompact is chosen in such a way that \// is a homology 3-sphere. For
instance one can take in the Poincaré disk a regular triangle T with
its three angles equal to 7@2 and as l7 the group formed by products

of an even number of hyperbolic reflections along the sides of —T' .
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Dk /[1

/

We now pass to the foliation we used in section 3 to show that
the Betti number /£, of a measured foliation could fail to be 0 while
leaves were contractible. We shall deal more abstractly with foliations

(\Ql:) whose leaves [_ are isometric to the Poincaré disk (with its metric
of constant negative curvature -1), when the bundle F: is gifted with a
suitable Euclidean structure. With this hypothesis it is clear that the
classifying space [EG? of the graph (? of (\CF:) is homotopic to \/ .
More concretely any smooth map -g :f\1 > \¢¢f from a manifold to the
space of leaves V%f can be lifted to \/ using a partition of unity on

M  and the hyperbolic barycenter for M ~uples of points on the same leaf.

- X
Thus the geometric group K* = ( B@) coincides with K (\/)
v

and a special case of the general problem is the following :

PROBLEM. With the above hypothesis, show that the analytical index map

Ql : k:*(\/) —> kiﬁf\??f) is an isomorphism.

What we shall do here is to construct an element & of

kaf\VY%} ) \/) = k:k((f(;*(\é FT) ) (:(\/) ) which satisfies

’2‘ K &= ‘A\/ where ()J«\/ e K(<<\// \/) is the element associated

to the identity map. Thus the index map associated to S , which goes

611
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x * )
from K ( \//F) to K (\/) , 1s a right inverse of £ s
so that we know that £! is injective. The next step would be to show
that with the other construction of ¥. made in section 11, one has
Y ¢! = . This would show at the same time that the two
M =)
constructions of €! do coincide and that ! is an isomorphism. We

have not however yet checked carefully this important step.

Construction of &

In our context, F is a 2-dimensional oriented real vector
Vo, in® _S(F
bundle on , 1t thus has a natural Spin structure, and we let S=
be the corresponding complex vector bundle of spinors on \/ with its
+ - +
natural splitting as S . S @ S . For each Xe F; s Zé b,c

we let (,(X) Zé S; be the Clifford product of s by X

since  Se KIK(CUV F) ,C(V) ), it is described by
2 C” modute over C(V/) | i.e. a continuous field (H.) v of
hilbert spaces over V . we put Hz = Lz(G;) & 51, , where
@; :{ gg@/ 4@”)11337 (G is the graph of (v, F) ). as each lear L
of ( VF ) is simply connected, there is no holonomy and the graph G is
hausdorff, which shows that the field (U[@z) )ee \/  of hilbert spaces
is continuous. Now for each = the representation TI_ of CTWFj in
Li(Gx) (cf. Section 5) defines uniquely a representation Tl;,t of C’{/\//F)

in H: = L?CG;,)@ S;t such that :
L (¢) (.02) - M(5)% ® 2. Ve CVF)

T
In this way we get a homomorphism Tl of C?\{F) in the algebra of
+ + -
endomorphisms of H . We now define an homomorphism A of H to H s

+ —
for each =e v s A:c . Hz 4 Hx is given by the equality :

(A 2)5) = < (P0)') 2(5) Ve 16, s.)
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Here (P(X) for O& @’a: stands for the vector in Eo whose exponential
is equal to (é:fL(X) , and the * means that for W P(S)N >4 it

has been replaced by I P(x) Wt P(%)

.00
For gé Cc (C%/ jzvz) and each =x¢g \/ s 17::— (g) is
2 : -
a smoothing operator in L@;)(g 51,/ , and since ¥ s | @(Zf) {l
1s a proper map from G-x to R+ it follows that with /g as above the

following operators are compact :

09 (ARA,-1) , TLE) (ALAL 1)

Also, as, given £ > O/ C>o , there exists a compact subset K

of G; such that for Xn, 5, € G;\\K s OL(X,) Xz) = C  one has

( @‘(51) - @‘ng) | =€ , we get that AX/ intertwines, modulo

+ -
compact operators, the representations ﬂ; of C’(M F) .

+ g .
One checks in this way that the triple (H/ H /A) defines

an element of the Kasparov group KK(\//F. ) \/) .

Proof of AN - . c)alrv .

We shall reduce this check to the classical Thom isomorphism for
the vector bundle F over \/ using the homotopy invariance of KK as
in [13] . If one tries to compute directly Q‘ é the difficulty
is the following : one gets as a continuous field of hilbert spaces on :
the field f((iz ,E*(g)) 1%} Szg , but the action of C(\/) on each
fiber is highly nén trivial, it is given by multiplicétion by h.fe for
any h ¢ C(\/) . The aim of the homotopy we are going to use is to
transform this action of C(\/) on the fiber in the multiplication by
‘n{x) , \V{ l’lé C(v) . The following construction extends the idea

of [13:( , our first version of this homotopy was using a parameter - -> 0

in the pseudodifferential calculus of [7] . The present form is due to G.

Skandalis.
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We shall construct a continuous field (A,\> ae b, 4] of

C algebras and continuous families O(A/ B of elements,
Ky € KK(AA y C(\/) >/ /?(\6 KK(CC\/)/ A/\) such that for A-1 ,

A, - C’z/\// F), x,-5 , B=¥! unile for M=o,

x X
Aa = Co (F ) (where F ‘1s the total space of the dual bundle of F )
* .
and K, € KK(F/ V )/ ,goe KK(\// Ff)are given by the
X
classical Thom isomorphism for the bundle . The most convenient descrip-
. . X . .
tion of HA 1s as the C algebra of a groupoid Gt\ and we shall just
give the construction of the continuous family GL)\ , the construction of
. X A . .
the corresponding C algebra ) can be done as in section 5 (see also
o

[24] for the general theory). For each A one has Gf ): \/ and the
underlying topological space is the total space of the bundle F . For
A=o , the source and range maps /)o,fZ/o are equal to the projection
of F on its base and the groupoid structure of F is the obvious group
structure on each fiber F; . For /\#0 , the groupoid structure of GL/\

is determined by the source and range maps /’\,\/ fz,\ given by :

/)A(X) = = VXéE

’Z/\(X) = O((L”(/\X) e leaf of = in \/

where the exponential is taken in the leaf of =

It is clear that for /\750 s G—/\ is isomorphic to @ . The

continuity of this family at /\=O should be clear from the following

picture :
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(X))

“{‘g( )/)

To describe ﬁ?)\ € KK(C(\/)/ A/\) , we consider as in
section 10 3) , the representation of Gj'\ in the borel field of hilbert
spaces Lz(@/\/m ) fZ/\*(S)) given by right translations. This represen-—
tation defines a C‘* module E over A/\ , which for A=0 , corresponds
to the action by translations of 5 on each LZ(E; )@ SX/ . Each
he C(\/) defines an endomorphism of g/\ , as a multiplication operator
by the function ho fty on each LZ(GL/\ ) flj (S)) . Finally exactly
as in section 10 3} , we define a right in:rariant family D;‘ of pseudo-
differential operators of order O, ]25 acting on @.«\:x from the bundle
fzf( S+) to QA*(S-) and with principal symbol given by Clifford multi-
plication. For A=¢o we obtain a translation invariant operator, which
is most easily described, using Fourier transform, as the operator from
LZ(F;*) % §z+ to LZ(EC*> ® S; given by Clifford multiplication
by Zl , ¢ E;* . To describe O(Aé KK(A{\/C(\/)) , we
just have to introduce the parameter )\ in the construction of & given
above. By homotopy invariance the check that e! X S - thv is reduced

to '80 &<l 0(0 = djév which is handled by [18 ] .
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13. NON COMMUTATIVE DIFFERENTIAL GEOMETRY AND TRANSVERSAL ELLIPTIC THEORY.

In the construction of the Thom isomorphism K0<A)é_’ Ki(A Xy R)
X
for C dynamical [R—systems (lq, [R/O() (X), the crucial lemma is the

following :

LEMMA. Given any orthoprojection e € ()roa' (A) , there exists an

equivalent orthoprojection 6’ = Rog(A) and an outer equivalent

action ! of [R on A » such that O(L(Q‘):el vté H?.

Though the proof of this lemma is rather trivial, it does not
- 2 .
work for actions of (R , and what we want to explain first is how trying
. Z . .
the proof for actions of ﬂ’? one 1s led to the notion of curvature, and

one can then exhibit a non trivial obstruction.

In the case of IF? the proof goes as follows : 1) One replaces €
by an equivalent e! € T%bi CL}) , where e' is now in the domain of
the derivation & , &§ (=)= tl_un‘; -’1‘:«(0(&(2:) - Z) which defines the action
of H% . One does this by firstH;moothing € (i.e. replacing € by
()(g (e) = \f %G’) (xe(e) dt  where g € CCDO(IR) and then
replacing Mg(e) by its support. Of course all this works equally well
for actions of H%zl 2) Letting }* be the unbounded multiplier of the
crossed product A"o( GZ such that S(L): H xX - X H Yxe A
one replaces the off diagonal terms e’Fi(%-—e‘) and(ﬂ—@’)i4 e! of }4

by O . In other words one defines :

H. o
H\: [ o H ]: e'He‘+C4—e')H(4-e')

22

ﬂ—
(%) A is a C algebra on which the real line [R acts by automorphisms

() te R
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4
Let us pass to the case of R . We let 81 p Sz be the unboun-
ded derivations of A associated to the generators X‘/ Xz of the Lie
2
algebra of R and H:L ; Hz be the corresponding unbounded multipliers

2
of the crossed product A ><]o< R

We may from step 1) above assume that € is smooth, i.e. that
. X . .
the map € > O<L_Ce) is C . What we want is to modify H:L/ HZ to make
them commute with € . As above, the obvious thing to do is to replace Hé
I H H . .
by H —efe +@#-e)rM(4-e) for 4=3,2 . The problem however, is
| )
that now H:( and Hz_ no longer commute : blocks of commuting matrices do
. ) ' . el
notnecessarily commute. Thus Hi/ Hz no longer define an action of [R .

So this method fails, and we shall now analyse why, by interpreting the

commutator of € Hie and € H,_e as the curvature of a connection.

Recalling the correspondence between projections and finite projec-

tive modules we put :

X 00
DEFINITION. Let E be a finite projective module over A = {xeﬂ/tmxé@)

o
is of class Cm} Then a connection v on g is a pair of linear maps

ViIVZ : 8°°+-> %DQ such that :
V,(3=)- (V7)) x 4 £5(x)  VZeE" xeA”

od 0
In the above situation the equality g = eA defines a (right)

o0
finite projective module over A , and the following equalities define

o)
a special connection : the Grassmannian connection, on E :

/

%Z - egé(g) VZie eAOO (=1, -

Since ga (Z): ng—g H3 with the above notations, we see that

VE(Z): QCHzﬁ)Z'Z H3 and that :
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(V V)Z:[eHie,eHZejZ

Now quite generally we have :

LEMMA. a) For any connection V on 800 , the map 9 = ‘Z_Vz_ —Vzvi of
gooin itself, is an endomorphism : Q(Zz) = Q(Z)z VZé goo/ xélqw
o B¢ Ead(E7).

J

o0
b) Let Vj :Vé +r}(. be another connection, rgl e En&(g ), then

one has the equality :
0'-0 = > -0 + I, IL]  where.
(3; X) 2= V,(X2)-X(V;¢)
for any X € Emd E

Proof. a) (VV - )(Z:C) = v.’l. (Vz§>x + ZS,_GC) -
zaz@z+zsww (VV2)= -(LVZ)=.

p

o (VY -V V)2 -V (vz.nz) vV (vEenz)

Vi(V.2e L)+ (V24 T02) - V(V 2,17 2)
-N(VZ+12) -

VIV -VVi)2+ V(TL2)-L(V,Z) -V ([2) T V2L 1112

1

Now one easily checks that the maps b of Em.a[/ 8 in itself
are derivations, the commutator 2)1 57_ - B,_ B being the inner derivation

implemented by g .

To extract from the above lemma an actual obstruction to our
initial problem we shall assume that the C algebra is gifted with
a trace G , Z(’l): 4 which is invariant under the automorphisms O<t

The invariant will be the trace of the curvature e (up to a normalization
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o
factor 9Y{( ), as the trace is defined on ,Q not on ENIAA , one first
od
has to extend it but this is easy. For instance if 8 = BA then
od &)
E}LA, é = € A e and one just takes the restriction of G . We

let ze be the extension of Z to 8

THEOREM. The scalar C’:L(é ) = (ZTTL )‘1 Z&( 9) is independent of
the choice of connection, it depends only on the class [8] € K(A)

and on the outer equivalence class of the action X

Proof. Since G is X -invariant one easily checks that Zé (5} X) =0
j:i 2, X € Ead Eoo . Thus the above lemma makes clear that C‘ZW'L")—:L
Z&( v V) is independent of the choice of the connection v
Next, if two finite projective modules g 8 on A have 1somorph1c
images 81 ) g as modules over A E’ E 0.4 , they are
isomorphic. As obviously ¢ (8 @ 8 ) Cy (8) 1—&1\8) | for any pair
E ,é’ , it is clear that C4 is a map from KO<A) to R . Using
the two by two matrix trick one gets easily that Ci(g) depends only upon

the outer equivalence class of the action X . Q.E.D.

0
Coming back to the case 8 = € lq with € € /Pr‘og‘ (A ) )

one gets the formula :

c,) = (emi )t T (e[S, Sed])

So, in fact, if one can find a projection €& e and an outer equivalent
. | . Frony . .
action O  such that just one of the g} (e ) is 0, one gets the vanishing
of C:L(e) . Thus it remains, to show that this obstruction is non trivial,

to exhibit an example where ci(e);e o .

619

Our example will be the irrational rotation algebra AQ , generated

no
by two unitaries U, \/ satisfying the relation \/U = e’ U V where

o¢
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1
We shall consider AQ as the crossed product of C(S ) by the
irrational rotation of angle ¢ and write its generic element as a sum
v m A i
> amqu V = = 8m V where %'m, € C(S )admits the
Ammm € €  as Fourier coefficients. There are two commuting derivations
/
z
81/ SZ of AQ which define an action X of R on Aﬁ and are given
| |
by 51 (Z gm \/m): Z gm \/m (where %m, is the ordinary deriva-
. . s . . m . m
tive of the periodic function %m/ ), while SZ(Z g«n v )= Z(zﬂ(,m) gm\/

In the U/ V notation the two formulas are of course similar.

We note that though it is very difficult to give the conditions
n 1Y
on the numerical coefficients a’“/’“" e C which make >_ Ao i UV
. T
an element of A@ (it is already difficult to decide when ZCZ..-.,U defines
Y]
an element of C(Si)) it is very easy to characterize elements of AQ =

. 4 n
{xeAg )tP?D(eCZC) o Cooj - ' Tymain 81*5:2& .

T lag 11
LEMMA. /q = { = Cbm/,mu V y Ca’m,m) is a sequence with

x
7
rapid decay} .

AL m
Proof. The equality Z(Z Am, v U V ): ao,o defines a trace on

w, m
Ag , the finiteness of Z(a:*x) shows that for = Am, m UV éAQ

z
the sequence Camn) is Q . This makes it clear that if
/
n ATL ) l
> Rm U v € AQ one has \’TLQ 'be(% OL,,,/,N,\ —> O
as M, ™M +> & for any &, Q, . Conversely, if (am,-m) is of rapid

" v 1
decay, one has Z am,m, U \/ because the sequence 1is € s SO

n od
obviously then, one has > [Ty U Vmé /qe . Q.E.D.

Of course to have a chance to get (Cj (e) + O , we need
a non trivial projection e e (Prog' QQ . We shall use the construction

due to R. Powers and M. Rieffel : the projection € 1is of the form ([25:{)
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e = \/*% + g + % \/ where g, % € Co()(gi} have graphs as

given in the following picture :

% IS U SO U U . T

o @ bi @ 1

So g/ is equal to O on [O,CL:[ and [l')-f@/ 1] , to 1 on

cr
S
+
D

[F, a+e] and for s¢€la, bl one has £ () + £(+€) =4 . While

g is equal to O except on [a+€, b+©®] where ¢ :(g-gz) Ve .

We then have to compute C (€) = (2m) G (e[54@),8,€)). Here
c(= g V™) = S g(b)db  ana 55, &5, are as given
above, so the computation is dusble and gives : L [S.), 5.(e)]

= V¥(48'- 989) +2(Gg') %93 )+(a§' -459)V
where for h e C(ST) , K is the transiate of h by © . In the

product ZTtTI e [ 54 (e) ,S&(e)] the term which is independent of \/
%

is given by :

4(5'-5'°) + 2 £((a9') 9 -q9') +(5°(§'-5'°)

1
When we integrate this function on S we can delete the last (

)-9

)—9
and with (L:%Z, V= g— gg we get the integral of Zu’lf/-/(L’/V' , 1l.e.

3 fu’\f’ = —G{ﬁzg/ . Next since %:0 outside the interval
[a+9 p b+9] , where g varies from 1 to O , and %Z: g-gz we get :

c,(e) - ¢ 51(»%)4/\ -1
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Thus Cy (é):#(? and we have shown that the obstruction to our problem

can indeed be non trivial. There is however a very interesting observation :

COROLLARY. With Ag as above, the map CJ. : K(,(Ag) —> ﬂ? maps

K

o in the integers ;Zf .

2z
Proof. By EQZ] ’ KO(AQ) is isomorphic to Z and is generated

by the class of the trivial projection 1 and the class of the above pro-

jection € . Q.E.D.

The above computation proves the integrality of Cll(Ef) but
gives little understanding of the reason of this integrality, we are at
about the same stage as if we had computed the integral of the Gaussian
curvature of a Riemann surface and found 2777 x integer, but without

any understanding of this integer.

We shall first begin by doing the computation of C ‘F<Jff%59)->[F3
i . +
1n a much better way. Instead of representing elements of i(; (¥}€>) by
classes of projections like € , we shall represent them by classes of

%) 0d
finite projective modules over /qea . Now by 1emma10Q/q9 is very easy
to describe, so one expects that the same will be true for finite projective
modules over this algebra. (In a differential geometric language, what we
+
are doing is representing elements of k; by classes of smooth vector
. + .. . .

bundles). To realise each element of K; (fqe) as a finite projective

00 x
module over f}e we note that qu, is stably isomorphic to the C algebra

of the Kronecker foliation F , Oloc - @ J%é of the two torus

) ©
V. K2z
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(21)

L.

o 1

~+
2

x

Then each closed transversal N to (V/ %) determines canonically

a finite projective module over lqe . Choosing the smooth transversal
given by the closed geodesic NT‘/q ; /9 relatively prime integers,
) )
one gets a finite projective module ETL’CI over AQ which we now
o0
describe. The total space of E’l"‘f is the sum of q copies of the
00
Schwartz space /SOR) » SO we consider an element Z of Ef,ﬁl as a

function of two variables, one real variable A€ [R and one variable
o0

h e Z/q . The action of the two generators U and \/ of /q9 is now

defined as follows

I\

(Z\/)(A} Lz,) = Z[A—g/ ‘1+i) where &
(2.8) (4,h) = Z(s,k) §(s+(1g)k)

where /g» is a periodic function : «g & Coo([?/z) , and U is the

function U(/)) = exp Cle LA )

T - O
9

One checks the compatibility of this action with the equality

. )
\VAU ezﬂbe OAY4 , and if © ¢ @ one can show that Z‘/:;,/q is
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now a finite projective module over qu.

LEMMA. The operators (‘Z,_Z)(/J/l‘b) :O%b Z[/)/ h) and (VZ_ Z)(/b, h):
ZTTL/QQé E?[A,‘l) , €= %E-’ e define a connection on the finite projective

module E;Uﬂ

Proof. One checks that Z(Z\/} = (VL Z) \// Z(Z;):(Vi g)g + Zg:
and that Vz(g\/): (VZZ)V—E-ZTIZ £V
Vizg) -(wz)§ , Vie & §e CV(SY).

Q.E.D.

o4
It follows now that the endomorphism of 6i»q given by the

curvature of this connection, is a multiple of the identity operator :

GGV-TY) - d e g

Thus this connection has constant curvature, whose value is the irrational

-4 . . .
) . But the dimension (in the sense of Murray
20}

and von Neumann) of the finite projective module EE;(1 is also irrational,
7/

number C}%% —

it is given by the transverse measure of the closed geodesic bd

dim (gfth) = gil(/pdb-@qd{:)) = [p- &9l

o

£q i.e.

-~
So the computation of C ('65? q > is now straightforward,
g 0

(Téf = constant value of the curvature x dbﬂv 6? =
g 19

15% & ) ' T - Cie;‘ :

In this way we get a much better and convincing prooof of the
integrality of C4 . In classical differential geometry most integrality
results, such as the integrality of Cin4l§éaussian curvature, are corol-
laries of the Atiyah-Singer index theorem, the left hand side Index D being

obviously an integer. In our context the integrality of C, 1is also a
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corollary of an index theorem. Instead of stating it in general we shall
specialize to the above situation where the role of the algebra COO(X)
of smooth functions on the manifold X is played by the (highly non commu-
tative) algebra A{; . We shall consider differential operators from

the "bundle" 521) to itself, and of the form :

/

0
D= 2 a v @“lﬁew%{%)

% B 1z

)
Here, since 11:0/6‘.—_:{_ , the space g(o/i) is identical with the
Schwartz space /S(HZ) and \71 is ordinary differentiation , V)‘ is
Al

5 x multiplication by the variable. The operators a"/ﬁ are arbitrary

L )

endomorphisms of g(o 1) the two basic endomorphisms being the multipli-
3 ‘

cation by the periodic function X (Z_g—? /;}) and the translation

of 1. Thus typically D is an operator like :

(D)) = £ty + 0(h o) f1e-)
+h, )] + h) fen)

with "L(‘ periodic of period &

(04
The order 1 of D = 2 a,, V V is defined as the supremum
/ﬁ 1 2z N
of x+g and its principal symbol %(Z) for Z:(Zi/Zz)é K

<)

X zF
is the endomorphism > a“//g 31 ZZ of % 1) D is called

X+L=m %
elliptic iff G;(Z) is invertible for any 2% # O . Restricting z
) by
to || £l =4, one thus gets a loop of invertible elements of End (EEO i)>
/
and hence by Bott periodicity an element of Ko of this algebra. The

meaning of C, (TD ) should then be clear.

THEOREM. Let L) be an elliptic operator of the above form. Then the

difference differential equation ! :Dgzo has a finite dimensional

625

space of solutions gé 4({]?) and Index D= dim Kan D_ dorn, ‘QJLD*

is equal to the scalar Ci( WD) .
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X X
Thus we see that from C algebra theory (the C algebra
being lha ) one obtains a highly non trivial information about difference
differential equations. This is in fact a special case (the case of the

Kronecker foliation [ ) of the transversal elliptic theory for foliationms.

e
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