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1. Introduction

It has long been known that there is a close connexion between the prime
numbers and the non-trivial zeros of the Riemann zeta-function,* but
the precise nature of this connexion has not been elucidated. However,
relations are knownt between certain sums involving the prime numbers
and other sums involving the zeros of {(s).

In this paper it is shown that, if the Riemann hypothesis is true, then
there exists a general summation formula connecting sums of the above
types. With appropriate conditions on f(x) the main result is
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where} g(x) = (;) f f(t) cos ztdt,
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p runs through the prime numbers, m through the positive integers, and
4 + ¢y through the non-trivial zeros§ of {(s).

* E. Landau, Handbuch der Lehre von der Verteilung der Primzahlen, 1 (Leipzig,
1909), 367-368.

t+ E. Landau, loc. cit. 348-368, and A. E. Ingham, The Distribution of Prime
Numbers (Cambridge, 1932), chapter 1v.
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1 We use the notation j for lim
X—>w .
§ If multiple zeros of {(s) exist then the corresponding terms g(y) in (1:1) are to
be multiplied by the orders of the zeros. This convention will be used throughout the

paper.
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This result resembles Poisson’s summation formula, and the method of

proof used here was originally applied to the latter formula.*
An expression is derived for the remainder in the Riemann-von Mangoldt

formulat for N(7'), the number of zeros of {(s) in 0< I(s)< T
‘Some examples and applications of the summation formula (1-1) are

given in the last section.
The truth of the Riemann hypothesis is assumed throughout the paper.

2. A pair of Hankel transforms
Consider the integral

—>® t\\dt
fo ()t Jy(t) {N (I ( log py 2”)}7. (2-1)
Now Jy(z) = (7—72;)* (ﬂzz —cos z) s
¥ 2\t d (sinxt
and hence (;) Jg(xt) = — (;T') Ei (%) .
Also, by definition, N(@) = . b) tl,
<y<

using the convention explained earlier if multiple zeros of {(s) occur.
Hence the integral (2-1) may be written
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If we now write v, to distinguish the 7th value of 7y, this becomes
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* A. P. Guinand, Annals of Math. 42 (1941), 591-603.
1+ E. Landau, loc. cit. chapter xx.
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—>c0 —>00
Now J- sin ud—u = im, f sinu log ud—u =—4nC,
0 w 0 U

where C is Euler’s constant. Hence the integral term in (2-2) is equal to

2\t/ 1 o du 1
- (;r) (%) fo sin u(log u —log 21rx)7 = Szt (C +1og 2mz),

and (2-2) becomes

(2)‘ lim {1 %Smx‘}’r SINZYyq (N 7N+11 YN+1 7N+1)}
N—>w

m Tim1 Yy TYN11 o % 2 2m

(C+log2mx). (2:3)

iz (2 2z(2m)}
t t
* —fL1og— -1 .
Now,* ast—>00 N(f) (21110g o ) O(logt). (2-4)
Hence, as N >
Sin ZYy .4, ( N_YNn log '}’N+1 ')’N+1) — 0(1.08 7N+1)
YN+ 2 2m YN+

and (2-3) becomes

2\t (1\ [ & sinzy, }
g I I+ 3(C +log 2mz);, 25
(7) GHE 5wt ognn @9
if this series converges. Now it is known that{
g (8) xl—s -] x—2q—s xP—8
A - - 1: 1, [ 2 )
“Us) ,.<_,, (m)m l1-s q§1 2q+8+§p—s (®>1,841,p n)

(2-6)
where the dash indicates that the term n = z, if it occurs, is to be halved,
and p runs through the non-trivial zeros of {(s). The series Y is to be
interpreted as ?

lim { p> }

T—>wo\-T<I(p)<T

Putting s = 4, = €%, and p = } + 77, this becomes
©  o—(2g+i) etre

C(%)— Y An)n—t—2e2— 3}

+3
{3  n<e ¢=1 2¢+1% % 24
= Y’ Am)n—t—2e¥+ 2+ —Llogcoth z
logn<z .
—arctane42 Y, bt i

v>0 Y

* E. C. Titchmarsh, The Zeta-function of Riemann (Cambridge, 1930), 4. Referred
to in the sequel as T'ract.
t E. C. Titchmarsh, T'ract, 81.
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Hence the series in (2-5) does converge, and it follows that the integral
(2-1) exists. Using the definition* of A(n) we obtain

sinyz 1 , logp
=-3 +2sinh
'y§0 Y 2ml(§p<a pim sinh }2
+}logcoth }z+tarctane#—3}C—4n—}log8m,  (2:7)
sincet i, ((‘f)) = 4C+}m+4log87.

Substituting (2-7) in (2-5) we obtain
THEOREM 1. If the Riemann hypothesis is true and = > 0, then

[ @i (o - (ros g —2) |5

1 , logp }
_— —4sinh 3z
x(2ﬂ)‘ l0<mlzogp<:z: P*m %

+ z—ﬂ)* {31og (}x coth }x) + arc tan e~ — }r}.

z
If we put F(z) = —[N(x) ( gg—%)} (2-8)
, logp ;
and G(z) = —(271)‘ {o<m§”<z pin —4sinh éx}
+- ( 2ﬂ)* {}log (}x coth }x) +arc tan e~¥* — }7}, (2:9)

then theorem 1implies that G(x)is the Hankel transform} of order  of F(x).
We can deduce the inverse transformation from theorem 1 by using the
following lemmas:

LeMMA§ . If F(z) belongs to L?(0,0) for some p in 1 < p <2, then there
exists a function G(x) belonging to L' (0,0) for p’ = p/(p — 1), defined almost
everywhere by 7
G(z) = 11'1—>1ng (t)t Jy(xt) F(t)dt. (2-10)

T
Further F(z) = Lim. | (zt)t Jy(xt) G(t)dt,
T—->wo JO

* A(n) = logp when n = p™ and vanishes elsewhere.

t This follows on putting s = } in the functional equation for {’(s)/{(s). See
A. E. Ingham, loc. cit. 73.

t E. C. Titchmarsh, Introduction to the Theory of Fourier Integrals (Oxford, 1937),
214-215. Referred to in the sequel as F.I.

§ H. Kober, Quart. J. of Math. 8 (1937), 186-199, and I. W. Busbridge, ibid. 9
(1938), 148-160.
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and if f(x), g(x) 18 another pasr of such transforms for the same value of p, then
J' f(z) x)d:c-j F(x)g(x)dx. (2-11)

Lemma* . If F(x) belongs to L?*(0,0) and is of bounded variation tn some
netghbourhood of x = y, and G(x) ts defined by (2-10), then

HF(+0)+ Fly—0)} = j T i dw G0

Now if F(z) is defined by (2-8), then it follows from (2-4) that F(x)
belongs to L?(0,c0) for any p> 1, and the conditions of lemmas o and f
are fulfilled for any y > 0. Hence

[%{Ny+0 )+ N(y—0)}— (27, ggﬂ 2y7r):|

—> , l gp }
= Ot S (yt)| — —4sinh 4¢
fo (y ) Q(y )[ t(27T) {0<m§gp<t phn sin %

1
— —4_
+; G {%zlog (3t coth }t) +arctane in}] dt.
We can deal with the first part of this integral as we dealt with the integral
(2-1). The second part of the integral can be evaluated by partial integration

and the use of known integrals. We obtain:

THEOREM 2. If the Riemann hypothesis is true and T > 0, then
log - T T )
2n 2m
N N
--hgn [ f o "o
_sin(TlogN) {
log N

HN(T+0)+ N(T-0)} - (T

> A(n)n‘*—2N*}j| +%{am F3+¢T)-Tlog T+ T}

n=1

1 .
+Ea,rcta,n2T———a,rctan(smh1rT), (2-12)
1r 4

where am I'(} +1T') is defined by making am I'(3) = 0 and continuing analytic-
ally along any path not meeting the real axis.

Other writers have remarkedf previously that a connexion exists between
N(T) and the first series in (2-12), but as far as I am aware no exact formula
of this type for N(T') has been given before.

* E. C. Titchmarsh, F.I. 83 and 266.

1+ E. C. Titchmarsh, Tract, 63; A. Wintner, Duke Math. J. 10 (1943). 99-105; and
A. Selberg, Avhandlinger utgitt av det Norske Videnskaps-Akademsi ¢ Oslo, no. 1 (1944).
1-27.
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Now it has been shown* that, if the Riemann hypothesis is true, then
as N —>00 N

Y A(n)— N = O(Ntlog*N) (2:13)
n=1
holds for & = 2, and also that the expression on the left is
Q + (Ntlogloglog N).

These results are the best of their kind yet proved so it is still possible that
(2-13) may hold for some @ in 0 < < 2.
If we put s = 0 and s = } successively in (2-6), then we can show that

3 An)nt— 2N*} - N—*{nglA(n) - N}

n=1
1 1
= Np—i{___}.;_ o1
zp: p—% P 0
1 Ny
==Y+ 0(1
2§@V(é+w) M
= 0(1),
since Y,y is absolutely convergent.
Y
N
Hence 3 A(n)n—t—2N* = O(log* N). (2-14)
n=1
If this holds for some ¢ < 1, then in theorem 2
sin(7T'logN){ 2 EA( Jn-t— 2N =

P> log N nel
80 this term could be omitted from (2-11).

3. The summation formula
We now need the following lemmas:t

LemMma y. If f(z) is an tntegral, tends to zero as x tends to infinity, and
zf'(x) belongs to LP(0,0) for some p>1, then f(x) belongs to LP(0,c0) and
zVPf(z) tends to zero as z tends to + 0 or to infinity.

Lemma 0. If f(x) satisfies the conditions of lemma y for some pin 1 <p< 2,
then it has a Fourier cosine transform g(x) given for all positive x by

glz) = (%)}f:wf(t) cos ztdt.

* A. E. Ingham, loc. cit. theorems 30 and 34.
t A.P. Guinand, loc. cit. lemmas 2 and 4.
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Further flz) = (;2;)' j :w g(t) cos ztdt,

g(x) 18 an integral, both g(x) and xg'(x) belong to L?'(0,00), zVP'g(x) tends to
zero as z tends to +0 or to infinity, and zf'(x), 2g’(x) 18 a pair of Hankel
transforms of order 3 in the sense of lemma a.

Now if f(z) and g(x) satisfy the conditions of lemma & and F(x) and G(x)
are defined by (2:7) and (2-8), then by (2:10)

f “2f'(x) G(z)dx = fwzg%x) F(z)da. (3:1)
0 0
The left-hand side of (3:1) is

1 @ lo
(‘2',,_)}_[0 f'(x){—0<m2' pgp+4smh 4z + } log (}x coth }x)

logp<z
+arctane ¥ —}widx. (3-2)

Now é{{; log (}x coth }z) + arc tan e~ — }7}
belongs to L?(0,c0) for any p > 1. Hence the integral
(2")“[ f'(x){$log (}z coth {x) + arctane~#* — }n}dx (3-3)

converges absolutely. Integrating by parts, the integrated terms vanish
by lemma vy, and (3-3) becomes

cosech? }x ie“"} -

(2")‘j fe ){21: 8coth}r 1+e= d

= sz ). 10 (e 3) 4= (39)

The other terms in (3-2) are

@), T {0<m§;p<11;§"p tsinh jadz

, logp ]T
(2")} T—»co {[f(x) (0<m§gpsz pim ~4sinh ix) 0

~[T@a( 5 OEP)+a[” fia)coshyad)

O<mlogp<a pim

hm{f(T)( s P i)

(2 )‘ T—o 0<mlogpgT .p

_x Pt f *fa) endw}
0

0<mlogp<T P‘"‘
1 ®
—(%—)‘Jo f(z)et=dz, (3:5)

8ER. 2. VuL. 50. No. 2386. H
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since the last integral converges absolutely. Adding (3-4) and (3-5) we find
that (3-2) is equal to

1 .. ogp J’T
lim 1 - iz d
(27')i T+ {0<mlozgp<1' pim f(mlogp) f@)etzdz

L 2

O<mlogp<T P pm

1
2”)‘j flx)e*dz+ Sn )‘j fl= )(smhz x) dz.
The sum of the last two integrals is equal to

2(21r)*f flz )(smhx"a'c)dz
Now consider the right-hand side of (3-1). It is equal to

®, z T =z
[; v (G o5 e
: z, x z\T* (7
S PP &
1 (T x
+ 57—7.[0 g(x) log%d:c}

1 (T z
- i 1 log=-d }
T—Ipnao{0<§< 9(7) 2”J0 9() 01g27r *
since the integrated terms vanish by (2-4) apd lemma é. Hence we.-have,
altogether:
TrEoREM 3. If (i) the Riemann hypothesia 48 true,

(ii) f(z) t8 an integral, tends to zero as x tends to infinity, and zf'(x) belongs
to L?(0,00) for some pin 1 <p<2, and

(i) g@) = (;)' J o—m F(t) cos b,

then lim l
T—+o 0<mlogp<?T

10 B 27| 10 )

= — (2 hm{ S g0 -p g(x)log—dx} (3-6)

T->0\0<y<T

logp _|" iz
%82 fmlog ) fq f(e)etrde
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We can simplify this result slightly by making further assumptions.
By lemma y and (2:14)

s, E  ‘8E-2ar) < oizepir)
0<mlog p<T P
= o(Ta~»)), (3°7)

Hence:

TaEOREM 3'. If, in addition to the assumptions of theorem 3, either (2-13)
holds for a. = 1/p or T*(T') tends to zero as T tends to infinity, then the term
(3:7) can be omitted from (3+6).

Further, if it is desired, the left-hand side of (3:6) can be expressed in
terms of A(n). Putting z = logt, U = ¢T we have

tim (5 B2fmlogy)- [ fla)einda]

T->o (0<mlogp<T P

= lim ‘ A(n) f(logn) J. f(logt) }
U—>woln<U
4. Ezamples and applications

Numerous examples of functions to which the formula (3-6) is applicable
can easily be found, corresponding to the many known applications: of
Poisson’s summation formula.* Two examples chosen for their special
interest are given here.

(A) Supposet 3 < R(s)<1, and

N (x<1),
filz) = . @>1),

_ {0 (z<1),
fote) = ze—el~* (221).

Then f,(x) satisfies the conditions of theorem 3 for 1 <p <1/R(s), and fy(x) -
satisfies them for p = 2. Hence the result (3-6) holds for both functions,
and by addition it also holds for the function

f(@) = fi(z) +falx) = 22,
This gives g(z) = (;)‘f:mt"" cos xtdt

2\# .
= (1—’ {T'(1 —8) sin yem} 212,
* E. C. Titchmarsh, F.I. 64-65.
t Cf. A. P. Guinand, loc, cit. 597.

‘H2



116 A. P. GuinaxnDp [15 Nov.

Also if we write for the infinite integral in (3-6)

1 (1 ei=
I(s) = §f0 v a(-a—:—sinh x) dz,

then this defines an analytic function of s for 0 < R(s) <1, and in this strip

1M 1 e-—i:c 1= ) x—se—-h
=_ -8y _ _ —1-8 I -
1s) 2f0x (x sinhx)dx+2fl i vdz 2J’1 sinhxdx

1 1 el dx+l 1 wx"e‘"dx
T2 Ox z sinhz 23 2), sinhzx

This defines the analytic continuation of I(s) for R(s) < 0, where it is

1 1 J'°° x %12

1!
I(s)=§f0z—@—1dx+2—s—§ , smhz x

© p—8p—iT
x—°e
== e dx
o T —o %

-] @
=- Y | zlentiFdy
n=0J0

——T(1-8) T (2n+§r
n=0
=—-21*(1-3) E (4n+ 1)1,
n=1
Now, if we write
7(8) =1*—3*+56-°—... {R(s)>1}

= 3 (4n+1)~— §0(4n+3)“",

n=0

then 21 (4n+1)-¢ = %77(8)+§ 20(4n+ N7 +5 Zo(4n+3)"—l

= '}17(8)+% § 2n+1)—°—-1
n=0

= P1(s)+3(1 -2 {(6) — 1.
Hence I(s) = T(1—s) {212 —2-%(1 —8) — (2~ — }) {(1 - 8)}.
If (2-13) holds for some a < R(s), then (3-6) gives
im |
T—>o \0<mlogp<T
—T(1-g) {2~ —-2"p(1-8)— (27— }) {(1 -s)}
T 1T

Ts
- _ _ 2 3 7‘ 1_ o oe -2
= —2I(1-3)sin Wzl‘l-x::o{o<§< T 2ms tog 2m * 27"9’} .

T
E)%’ (mlogp)—® —f z%et® dx}
p 0
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(B) Put y>0and

cosyr—cosyX (0<zx<X),
o=

(x> X).

The conditions of theorem 3’ are satisfied, and
i
g(x) = ( ) (yzy )(xsmyX coszX —ycosyX sinzX)

if z4y. If x = y then this becomes

1 sin 2y X
90) = (X~ ) (1)

Substituting this in (3-6) we obtain
8P X
—=-{cos (ymlog p) — cos y X} —f (cosyx—cosyX)et*dx
0

O<mlogp<X P
1 (X 1 ez
——f (cosyx—cost)(;—;—— ]x)dx

=—-23 —>——(ysinyX cosyX —ycosyX sinyX)
'y>07(y )

1> gy ) . .
+1—7J0 x(y”-—aﬂ-) (zsinyX coszX —y cos yX sinzX) Iog%dz, (4-2)

where the term y = y, if it occurs, is to be interpreted as in (4-1).
Now let X tend to infinity. For fixed y

1[X 1 e Xdz
Efo (cosyx—cost)(;-—smhx)dx= O(l)—%costJ‘l -

= O(1)—}cosyX log X.

Also —~2 ___(ysinyX cosyX —ycosyX sinyX
1>0.Ey+y7(?/2—‘}'2)(7 y yETyeosy )
y(y+y) 1
< AT LI LR -
7>0,7*v7|yz‘72l yy>3:7+u7|y_71
= 0(1),

since the latter series converges.* The term y = y, if it occurs, gives a term

sin 2y X

—X—y

=—-X+0(1).

* A. E. Ingham, loc. cit. theorem 25b.
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Further

1(°__y : _ .
;L W(zsmyX coszX —ycosyX smxX)log%dx

1/ gy . . x
= ﬂJo W{(x—y)cost smxX—xsm(x—y)X}log%dx

__1 sinzX .z 1 fesin(z—y)X, =z
= ycostf ————y+x)lg dx+ﬂyJ' @y log2”dx

sin xX ginzX. =z
= ;costJo vtz g dz——costf lo g—2;dx

1 (®sin(z—y)X .
+1—,yf Wlogz dzx. (4 3)

By Fourier’s single integral theorem* the first of these integrals tends
to zero as X tends to infinity, and the last tends to

$log (y/2m) = O(1).
There remains in (4-3)

——cos XJ SmxXlog——d:z: = —--—costf smtlog (2 tX) dt

= —}cosyX(C +log 2nX)
= O(1)+ } cosyX log X.

Hence (4-2) becomes

m {cos (ymlogp) —cosyX}— f (cosyzx—cosyX) etz dx
0<mlogp<X P

) {—X+0(1) ="
o

1) (y*7y).
Hence we have:

THEOREM 4. If the Riemann hypothesis is true, then as X tends to infinity

gpcos (ymlogp)—}+—2(§cost+ysmyX)

0<mlogp<X
logp 9 ;x}
0<'mlogp<Xp}

—cos yX{

={—X+WU ¥ =7,
0(1) (y+7).

* E. C. Titchmarsh, F.I. theorem 12.
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Inversely, if we interchange f(z) and g(x) we can prove:

THEOREM 5. If the Riemann hypothesis is true, then as X tends to infinity

Xlogp

—o=—2-+40(log X =ml ,
s cosyy=| 2mpm T (log X) (y =mlogp)
0<y<X

O(log X) -(y#+mlogp).

However, this result is a simple consequence of the known result* for x> 1

T m
o | 21082+ 0(0gT) (@ =p™),
T logeg ) @+5™).

New College
Oxford

* E. C. Titchmarsh, T'ract, theorem 42.





