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FACTORS OF TYPE III 

MASAI-UCHI TAKESAKI 

Today, the structure of a factor of type III is described 

as follows: 

THEQREM 1. Every factor in of type III is isomorphic to 

the crossed product W (ft>3B>8) of a uniquely associated 

covariant System [M, 8 } of a yon Neumann alffibra In of type II u 

and a one parameter autpmorphism group [Q^ : t ett) such that 

the restriction of 0 to the center C of n is ergodic» but 

not isomorphic to the translations on L " ( | R), and 8 transforros 

some faithful semi-finite normal trace T on H in such a vay 

-t 
that T • 9 T - e T, t eJR* Here the uniqueness of [\ï,Q] means 

1 2 
that if {ïljj,9 î and {tig, 8 j are covariant Systems satisfying 

the conditions for [ n , 6 Î , then W ( n ^ 8 ) ̂  W (ftg, 3 R , 8 ) is 

1 2 

équivalent to the conju^acv pf { ^ , 8 } and CtV>> 8 } in the sensé 

that there exista an isomorphism ?r of ft^ onto such that 

et * w # 8t * w m l > 1 € B * c f * f 2 3 ^ 8 ^ t l 2 3 J l 3 ] > [ 2 8 ] and [29]. 

The aim of this paper is to présent the background of the 

above resuit together with some of further development. Although 

it is impossible to elaborate here, I would like to emphasize 

that the récent interaction between mathematics and theoretical 

physics vas indispensable in this achievement. 

In 1967, ther were two very important achievement s in the 

theory of operator algebras: R. Powers distinguished a continuum 

of non-isomorphic factors of type III [23] and M. Tomita showed 

that given a von Neumann algebra lu on a Hilbert space Si with 
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separating cyclic vector there exist a conjugate linear 

unitary Involutlon J and a nori~singuiar positive self-adjoint 

opera:tor A such that 

r -V-

(i) JA-xeQ - x x e Hi; 

(ii) J'fcJ - W and A 1 ^ u - tlu t cîR. 

After Powersr work. a rapid progrès s in the classification tfaeory 

of factors followed: Araki and Woods elassified the factors 

obtained as infinité tensor produit of finite factors of type I, 

abbreviated as ITPFÏ faetor, by introducing algebraic invariants 

r (lu) and p(îft) in 1568 [3] and McDuff constructeà continua of 

factors of type II^ and 1 1 ^ in l$C$f [20], which was also 

confirmed by Sakai, [2k]* The développants along this line was 

treated in a nev bcok, by Arias tas io and Willig. [l] 

A quiet but steady development fellowed after Tomita1 s 

work, [ .30 3 * A serious inspecting serrdaar on Tondtas s work took 

place and confirmer his resuit at the University of Pennsylvania 

for 1968/69, whieh was later published as lecture notes [26] 

by the présent author* The major discovery in the seminar was 

that the one parameter au t omo rpb. i gm grcup [o ] of \ï\ given 

by °'f(x) ~ A ^ x . t e B and x e % and the normal 

funetional cp given by vp(x) ~ (x£t̂  j 6 ), x ci Uv satisfy the 

Kubo-Martin-Schwin ger condition: for any pair x,y € fti 

there exista a continuons bounded fonction p(x) on 0 < Iras < 1 

holomorphie inside the strip such that 

F(t) - <p(^(x)y) and F(t + i) - o?(yat(x)) 
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and that [cy } is uniquely detern&ned by cp subject to the KMS 

condition; hence it is denoted by {ĉ 'j and called the modular 

autoroorphism grcup. The notion of the KMS«condition came from 

physics as the name suggests. Haag, Hugenholtz and Winnink 

showed in 19&ï9 [l6], that the cyclic représentation rr of a 

C -algebra A induced by a state cp satisfying the KMS~condition 

with respect to a given one parameter autoiaorphism group [o } 

on A is standard: there exists a unitary involution J such 

that J T T ^ A ) " J = TT ( A ) ' and JaJ s a*, a € ÏÏ{A)" n TTCa)1. It 

is widely believed that an equilibrium state in quantum statisx;ical 

mechanics is characterized by the KMS-condltion. 

As an illustration, let us consider an example. A faithful 

normal positive linear functional <p on the algebra £($) of ail 

bounded operators is given by 

cp(x) « Tr(xh), x € si'SÙï 

with some non-singular positive operator h of the trace class. 

If dim $ < 4- » and h » Al, X > 0. then we have cp(xy) = cp(yx) 

for every x,y € $1$}), that is> cp is a trace. If this is the 

case, then the involution x -+ x in si Si) is a unitary invol­

ution J in the Hilbert space structure in £($) induced by cp, 

which gives rise to a symmetry between the left multiplication 

représentation and the right multiplication représentation of 

£(&) on this Hilbert space In gênerai, cp(xy) cp(yx) 

because x h / hx. However, xh and hx are homotopic under 

t 1-t 
the homotopy: t e [0 ;l] -^h xh " , An analytic expression 1m 
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of this hemotopy is nothing but the KMS-condilion, that is, if 

if- ~it 

we conaider the one paremeter autoxaiorphisni group crf (x) - h^ "ah % 

then the £(§)~vaiued fonction f(t) - ha (>:) is extended 

analytically to the strip, 0 < Imz < i; and we have 

f(t) ho (x) and f(t + i) « o+(x)h. 

ïhus, we see that the KMS-condition or the modular automorphism 

group measures and compensâtes the non-trace like behavior of cp» 

As a matter of fact, we have the foilowing ch&racter izat ion : 

THEQREIM 2. A o-finlte von Keuqaan algebra ÎT\ is semi-

finite if and only if the grc?EP £ at ̂  ?•£ 

a faithful normal positive linear functional y on tu is 

implemented by a one ffarameter unitary group (u(t)} in TTu If 

the predual la. is separable, then the innerness of each indivldual 

autoraorphism a+ is sufficientu for ft\ to be aemi~finite, (cf. 

[22] and [26]). 

This requit miidly indicates sorae connection between the 

algebraic structure of the von Neiunann algebra lu in question 

and the behavior of the modular automorphism group. 

There vas another fortunate mat'ure development in the theory 

of opérât or algebras • In J.966, G. K. Pedersen proposed a 

siiaultaneous generalization of positive linear funetionals and 

semx-finite traces on a C -algebra under the terminology C -

intégrais, which was further generalized by F» Combes to the 

notion of weight s on a G «algebra* (cf. [5] and [ 21 ] ) . It 

tums eut that the combinat ion of the theory of weight s and the 
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KMS-eondition is very useful in the study of the structure of 

von Neiunann algebras. 

DEFINITION 3* A weight on a von Neumann. algebra to is a 

map cp of the positive cone IIÎ  to the extended positive reals 

[0,«>] such that 

cp(x + y) * cp(x) * cp(y), y e îa+; 

cp(Ax) = A ^ x ) , X > 0, 

with the usual convention 0(+ <») « û. À weight çp is said to 

be normal if cp( sup x^) = sup cp(x^) for every bounded increasing 

net {x^î in IT̂ ; semi-finlte if ~ {x : çp(x x) < + »} is 

c-weakly dense in ÏU; faithful if tp(x) > 0 for every non-zéro 

x € n^. 

A weight here means, however, always a faithful semi-finite 

normal one. Through Tomitat s theory of œodular Hilbert algebras, 

F. Combes showed, [6], that any weight cp on ÎTt gives rise to 

a unique one parameter automorphism group {o^} for which fp 

satisfies the KMS - condition in the sensé that for any pair 

x.y € n (1 n there exîsts a continuous bounded fonction F 
cp cp 

on the strip, 0 < îm z < 1 ; holomorphic ijaside such that F(t) -

cp(<̂ ?(x)y) and P(t + i) - cp(y^(x)) and that cp • cff « y, where 

one should note that <p is extended to a linear functional, 

denoted by çp again, on the linear span m of [x e 1^ : çp(x) < + »} 
* r * ? 

which agrées with n n = [ y x : x , y e n j . Then Théorem 2 
cp cp cp 

holds for weights without the restriction of tf-finiteness. 
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Investigating the relation between the Araki-Woods classification 

of 11TPI factors and the KMC-conditions, A. donnes showed in 19? 1 

that the asymptotic ratio set r J>*) of an H T FI factor !ït is 

indeed the intersection of the specfcrum S,(A ) of the ail possible 

P Çp 
modular operators A ; thus introduced a new algebraic invariant, 

CD 
the modular spectrum: 

S( m) « C1B ) : œ rxms ail weights on m}. 
" P cp 

He and Van Daele then showed in 1Q?2 that S(rn)\£0J is a closed 

subgroup of the multiplications group IR if ïft is a factor; 

thus a new classification of factors of type III. A factor fit 

is said to be of type III >, 0 < X < l, if S (lit) * {X n : n +52} U {0}; 

of type III A if S(îï\> - {0,3.1; of type III-, if S(îl0 

Therefore; the factors dlstinguished by R, Powers vrere indeed 

factors of type III, , 0 < X < 1, v/lth X ~ where ?-x? 

A." l-M-
0 < |i < |r, is a number defining a state M on the 2 x 2 matrix 

M-
algebras by 

(x u > xi2 \ 
- MX,, + (1 - n)x.>0. • 

In 19?1 ; A. Cannes further proved that the Araki-Woods invariant 

p(îTi) for an EEPFI factor ni is given under a trivial change of 

scale by the modular period group: 

ï(îli) (t € B : * t for some weight 

and that ï(ïï\) is a subgroup of the additive group 3B. The 
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formula between p{ In) and T(iTv) for an JTPFI factor fa is 

given by 

P<m) - [et/2lf : t e ï(ï;0}. 

By définition, T(STi) is an algebraic invariant for a factor ÎTu 

If is separable, the semi-finiteness of tï\ is équivalent 

to T(lTi) ~ B . 

Besides thèse algebraic invariants, he showed the following: 

THEOREM h* [8] If cp and ^ are weights on a von Neumann 

algebra ITV then there exists a...unique o~weakly continuous one 

parameter family {u^} of unitaries in fa such that 

u - u ^(u. ); 
s+t s s t/' 

crf := Ad u. « af9 t £3R; 
t L t" ' 

for any x € n 0 tu &**d y € n. O n there is a bounded 

continuous function F on the strig, 0 < Ira z < 1, holornoiophic 

inside the strip such that 

F(t) = 9(a|(x)uty), ?(t * i) ~ t(yog(x)u t). 

ïhe construction of {u^} is surprisingly simple, Consider 

the weight X on the tensor product p = ÎT; 0 ©g of în and the 

2 x 2 matrix algebra & 0 defined by; 
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It is then shown that 

/ O , O \ / O , O \ 

( ' « I , t €IR. 

A i , 0 / 0 / 

V 

If lu is abelianj then cp and are given by measures 

M- and v ou a Borel space % axid mutually ahsolutely continuons 
dv 

with respect to each other, Let h ~ -r- be the Radon dérivâtive 

of v with respect to p.. Then [u^} is nothing but [h**}. 

With this évidence, {uf.} is called the cocycle Radon-Kitodym 

derivative of $ with respect to <p and denoted by 

U = (Dîji : Dçp) t, t e2R-

Considering the 3 X algebra over % he showed the 

chain raie: 

(Biji : Dcp)t - (Dijf : D*>)t(Dw : D<p)t, t eB, 

for any three weights tpT ^ and y. 

It is olear frora Cormes1 Radon-Nxkodym theorem that 

T(to) - {t s » : aJ e Int(to)}, 

where Int(îu) dénotes the group of inner automorphisms; hence 
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T(to) is a subgroup of B* lie then showed that for any fixed 

weight 9 on a factor % 

S(no = n S (a ), 

where e runs over the central projections of the fixed point 

subalgebra ll\ of to under <f$ and cp̂  aoeans the restriction 

of cp to eïfie. We cail In̂  the centraliser of <p„ 

In order to get some idea about the structure of a factor 

of type III, let us consider a very spécial case. Suppose that a 

factor lu admit s a faithful normal state cp such that ïh is a 

factor and « & for some T > 0. The smallest such T > 0 

is called the period of cp. Cormes proved, however, that every 

factor of type n i ^ 0 < X < 1, with separable predual admit s 

such a state with T « -2rr/log X. [83). Let X « e ~
2 î r / T

 m & 

mn » {x € m : o|(x) » X i n t x j . 

Of course, ïî  « Ift • Clearly, have 

\ m m c W % " * n > m e Z « 

Hence each Tî  is a two-sided module over ïr̂ „ It is not hard 

to see that ft^ ^ {0}. Let a « uh be the polar décomposition 

of an a € lt̂ . Then we bave u u - e € ft^ and uu ~ f e ft^ 

and 

çp(uxu ) K Xcp(xu u), X € 1TV 
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by the Kl^-condition. Con.vjder the yenro-" produet \\, \<\ •>':• ii, •• 

cp y Tr, u u P 1, o e . : 1 aaa p •- r y- 1 -n^r-t- # rh. riche a; a 

factor of t-ype 1 , Che c^p.lra.:! r oh y i~ X • hence 

infinité. The pror-ecticroe e and t e^.- both i n h i e ^ t e in py~, 

so that there are p a r t i a l i^emet ri or v ara. in e au eh that 

•x- -x- -x-
v v e, vv -~ 1, wv; ï aad w - 1, bot 

It follows that U i s a unitary in IT; sue h that '•^(u) ~ V""U 

and U Tî  U" ^ T r ^ T h é s Ad U gives ri se to an autoiuorphism e 

of Tt̂  and 

CP « e(x) - V N ( X ) , X é r p v 

It is then easily shown that -n ̂  W (pp. « ; ' • ) , hence in i.hiû 

case, H'i is isoraorphic to the cro^aed prodact o f a f o c ter ÎÎ  

by a single autoinorphi^m p nulii.piyir-K the t r a c e by \. The 

existence oh sueh an antoaan/pIri.ao impiie^; that tp o a e t be o f 

type 1 1 ^ . A'part froru the arrbqueaeea,. t}\-:, is, in essence, the 

décomposition theo renr: i\;r oome factor-.; o.P type LLI, a t rome 

earlier stage of trie develupment in t he et factures theory in 19'/2* 

(cf . [2 j, [oj aad \,?o})* The uniqueuess require,? eirnilar Fourier 

analysis of the eooyeie Radon-Nikodyro dérivâtives (Dp : Dçp). 

Instead of doinp; this, we will, bovevej:a yo on to the gênerai 

case. 

Let B dénote the algebra £(L"( 10 ) ot' Vil boimded operators 

on the Hilbert ayace Je { y;) G y s q l , a r e iateyrahbe inactions on the 
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real line IR with respect to the Lebesgue measure. We de fine 

then one parameter unitary groups (U(t)} and {V(s)J in B 

by the following: 

U(t) £(s) = g(s + t); 

V(t) g(s) - e i 6 t 6(s), S e L &(]R), s, t e*. 

It follows then that 

U(s) V(t) U(s)* V(t)* « e 1 S t 1, s, t 6 3R. 

Hence the one parameter automorphism groups {Ad U(s)} and 

[Ad V(t)3 of B commute. Mow, let ft\ be a properly infinité 

von Neumann algebra. It is easily seen almost by définition 

that to = to ® H* For a weight 9 on tu, we consider the one 

parameter automorphism groups {0^} and { 9 ^ } of to ® 8 given 

by: 

[ °t s °t ® M t € 3 R ; 

6 t - ^ S Ad v(t). 

Clearly fer } and £& } commute, so that {E^3 gives rise to a 
\J Ci S 

one parameter automorphism group, denoted by { 9 , , } again, of the 
s * 

fixed point algebra ri of l 0

t ] * is not hard to see that ft 

is generated by 1 ® U(t) and the ope rat or s: 

T T ' U ) 6(t) = ^ ( x ) g(t), t cffi, x €• fo, | e L 2 ( a;E) 
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where S} dénotes a Hilbert ^pace on. which iïi. acts; hence 

h 2? W*(lï\, IR,^), We hâve the following: 

LEMMA. 5. The von Meumgjan algebra ïi admit s a faithful 

s emi-fini t e no rma I t rac e T such that T * 9̂  ~ e "Jt, s e E. 

The von Neumann algebra l}\ iS, hence «T* is isomorphic to the 

crossed product W"(h« 'JR, e) of ri b£ E with respect to the 

action 9 of B. 

THEOREM 6. [29], If n 1 s a von Neumann algebra equipped 

with a one parameter automorphisra group ( 9 „ j and a faithful semi-

finite normal trace t such that T E 9,, ~- e ""T, then (i) the 

crossed product Ht - W"% ( h, JR? a) is properly infinité ; (ii) the 

9 

çenter of isi ̂ recisel;y..the fixed,,,rPolnt,̂  subalgebra of 

the c enter of h; hence fti is a factor if and only if 9 

is ergodic on the center C of rt; (iii) In is semi-finite if 

and only if contain3 a continueus one paremeter unitary group 

[v(t)} such that 80(v(t)) - e
1^" v(t), s, t cIR; (iv) if Ri 

is of type III, then ft is of type 11^ and [C f 6) lias no direct 

sumznand isomorphic toira multiplie of L ( R ) equi poed wlth the 

translation,; (v) if [C^ 0] ' î j:;vgotilv_ J£}&11 

S(m) , fe 1 : 0, j . . - 7 \ U Soi; 
"t 'il ' • ' • 

a 

T(l'u) T.: [t f • B ; there^exls t s a ̂ unitary v s C with 

9 J . v ) - e Y « s G 3B ) . 

3 

As a direct conséquence of îheorem we have the f ollowirig: 

LEMMA 7. Suppose that f̂t-j,©""] and ilp,. tf î are properly 
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infinité von Heumaxm algebras equipped with one parameter 

automorphigm groups and faithfulseml-finite traces and i0 

1 .c* O o 

respectively such that T- 0 B"4" ~ e"""!, and rt 9 ^ - e~ w T 0 , 

s €H* Then the foilowing two statements are équivalent: 

(i) w * ( n r ffi, 9
1 ) - w^Cng, », i^); 

(ii) There exist an. isoirorghism rr of )\ orito rv} and 

a continuons one parasieter f^aily {v o} 111 n^ such that 

v ~ v 8 (v. ) ; s. t cIR; 
s+t s s t' ? 9 

e„ - 7T • Ad^V ) o 0 • 7T -
y S s 

However, the next resuit, together with the above lerarna, 

yields the uniqueness criteria in Theorem 1: 

THEOREM 8. [13 ] . (i) If 9 is an autoaiorphism of Vl 

such that x o g < \t for some X > 0 and a faithful semi-finite 

normal trace t» Then every unitary u e W is of the form 

v E(v) for some unitary v t ft; 

(ii) If {e } isj[na one parameter automorphism group of h 

such that T o 9 = X°t for some X d 1 and a faithful semi-

finite normal trace then for every 9-one coc^cle (u^}, 

that is, a continuons one parameter fajnily oi^unitaries in H 

with u - u „ 9 (t* there exists a unitary v e )\ such that 
L' ' • S • tv S S V -i r—ii.mr.imni ,iMi»n niw«jiu«.ii»«»L-. Li.i>iii««iiiiiw.i-ini--ii»~«i«» " 1 ( 1 1 1 -i'uiiu-_uJ_..-I.J.. 

U s s s V V v ^ S è 3 F L 

Here a natural question is how this structure theorem and 

the discrète décomposition deseribed above are related. The 

answer is quite simple: If lu is of type III- w 0 < X < 1, then 

http://ii.mr.imni
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[C^ 8j is periodic with the period T ~ -2rr/LogX. Hetice, con~ 

sidering the central décomposition 

n ; ru>)d>.i( v'j^ 

induces an antomorphism of each fibre algebra 11(7) * The 

covariant Systems {ri(fv)^ 3 &re équivalent to that appearing 

in the above discrète decompo s it ion « In the type 1 1 1 ^ case, 

A. Connes proved the foilowing: 

THEOREM 9. [8] . If n is a von Neumann algebra with non-

atomic center and e^uiffped with an autoroorphism 9 and a faithful 

seai-finite normal trace T such that T w 8 < ^ for some 

0 < X < 1 and 9 is ergpdic on the center of ft, then the 

crossed product tn ~ W (ft, 9) of a 9 is a factor of type 

H I q * Eyery factor of type III,., is of this form for some 

The uniqueness crite.ria for factors of type I H q requires 

more préparations; so we omit the détail. But ne did give the 

uniqueness of this décomposition within some équivalence. 

Once again exarainirtg the way the 11^-von Neumann algebra 

Ti was constructed, one roalizes that the algebra ti is the 

centraliser of the weight ro ~ $ q W on \\\ ® H where the weight 

w on JJ is given by 

f4x) ïr(lix), x € 8 ^ ; 

h = expC-jf), 
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i.e. (Dw : DTr)^ ~ \j(t), t € JEU A. Connes proved indeed, in 

the course of proving the converse of the eoeyele Radon~Bikodym 

theorem, that for any one~eocyele { U ] in to, there exists 

a unitary v € to ® g suc h that 

ufc »U(t) = 7*CR+(v), t €»„ 

In other words, for .any weights cp and on to, f ® w and 

cp ® to are conjugate under the inner automorphism group Int(to % ft). 

This means then that on a properly infinité von Heuxnann algebra 

there is a -unique class of weights which describes the structure 

of the algebra* The weights of this class is characterized by 

the following: 

THEOREM 10. [13] , Let to be an infinité factor with 

separable predual* For a weight w on to with properly infinité 

centraliser^ the followlng jwe conditions are equival-ent : 

For any X > 0 t there exists a unitary u e to such 

that X5(x) ~ w(uxu ),, x e R^; 

(ii) For any weight CP on to* there exists an isomorphism 

ÏÏ 2 £ Q r l t o fa S R SUCB_ that 

H X ) - (CP 0$ U ) - TRCX), X € ÎTl+, 

where w is the weight on g defined above, 

DEFINITION 1 1 . [13]. The weight w satisfying the condition 

in the above theorem is called dominant« 
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In other vords, a dominant weight is eharaeterir.:;ed as one 

fixed, within unitary équivalence, under tbe multiplication by 

positive scalars. 

0 

Let dénote the space of ail weight s on Fn and the 

space of ail weights with properly infinité centraliser, For 

a pair cp,i| of weight s on % we write cp < $ if there exist s 

an isometry u e [U with uu € m, such that <p(x) - ^(uxa ), 

x € ÏU+. If the above u is unitary, then we write en ^. We 

see then that "J1 is équivalence relation assoeiated with the 

partial ordering "< M, The space ^ y / n ^ t ? ''1B then a cr-complete 

Boolean lattice which is isomorphic to the lattice of ail cj-flnite 

projections of a unique abelian von Heumann algebra p(îu). For 

each çp e Û , there corresponds a unique projection p(cp) of 

p(ft\) such that 

çp < ^ ̂ > p(qj) < p( 

Since the multiplication by a positive scalar préserves the 

ordering, to each X > 0 there corresponds a unique automorphism 

5^ of p(fo) such that 

We call [p(!ï\), p, 3^} the global flow of weight s. Theorem 10 

means then that there exists the only one a-finite projection 

d € p(lft) invariant under 3^1, which is given bv d = D( o>)0 

Putting p(cp) -~ v{t# » Tr) for the gênerai cp a U; , we bave the 
r iïi 

foilowing: 
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THEOB.EM 12. [13 ] . Let be an infinité factor with 

separable predual. For any cç € \n, the followlng conditions 

are équivalent : 

i) 9 < 

iî) The map: X elÇ 3sp(cp) € p(to) jls o-strongly 

contlnuousî 

iii) The Intégral f ^(x)dt - E (x), x € to^ exists for 

cf-weakly dense x ! s in to^* 

DEFINITION 13* A weight 9 is said to be integra^le if cp 

satisfies any of the above conditions. 

Therefore, is the continuons part of the flow fo\ 

The restriction of {SF̂ J to - i s called the smooth 

flow of weights on to, and denoted by [F̂ 'j* Since there is no 

non-trivial invariant projection properly majorized by d, the 

smooth flow of weights is ergodic. By construction, the association: 

Itl ̂  F^ of the smooth flow of weights to each infinité factor to 

to 

is a functor* The relation between this fonction F ,% and the 

structure theorem, Theoreia 6, is described as follows: 

THEÛREM lh* [ 13 ] . Let to be an infinité factor with 

separable predual and {11> O] be the coveriant System over 3R 

•a* 

in Theorem 6 such that to s W 3R, e)* 

(ii) S(ïïO\{0] « {X 6 B * : = 

Therefore, the algebraie invariant S(to), the modular 

speetrua?, of to is essentially the kernel of the smooth flow 
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F1 v of weights. One s hou Ici note here triai the smooth flow F*U 

of weights is defined directly, hence funetionally, from Ffi 

We then détermine this flow for a factor given by the so-called 

group measure space construction. 

Let C be an abelian von Neumann algebra with separable 

predual equipped with a continuons action CL of a separable 

locally compact group G, This is équivalent to having a standard 

measure space {i%p} equipped with a Borel action of G, and 

Q - L ^ Ç r » , a U)(y) - a(g^y), a «? a, g o G, 7 e f. For 

simpllcity, we assume that the action of G is free in the sensé 

that N - [y : gy = y] is a nul! set for every g ^ e, aithough 

this restriction is not neeessary, cf [ Y{ ]. Let lu - W (d>G>Oc)0 

If the action of G is ergodic, then ïî; is a factor. We have 

then the following: 

(i) ÎTi is of type ï The action of G on F is transitive; 

(ii) In is of type II The action of G on F is not 

transitive, and admits a finite invariant measure; 

(iii) tTi is of type II The action is not transitive and 

admits an infinité invariant measure; 

(iv) [n is of type III The action does not admit any 

Invariant measure, 

where the measures here are absolutely continuous with respect 

to the original measure u. Let p be a positive Borel fonction 

on G X F such that 

/ f(êr/)p(gpy)dii(Y) - / f(T)dti(y); 
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namely p(g, * ) = ffi-*fc(y). Coasider the produet raeasure spaee 

-X- -X 
F x3R , where IB is equipned with the Le'beegue measure m. By 

+ a 

setting 

| I J y A ) - (gY,p(s>'Y) :0> 7 € r > X > 0; 

< 

[ <^('YA) = ( T A 

G and IR, act on f XÏR and coïnnxute* Hence *we get a ahelian 

0*, ^ 
von Neuoann algebra L {ï XIK +, a X m) on whieh G and B act. 

THBOREM 15. (13 3* In the aboya situation, the smooth flow 

1U * 
F of weights on fa xs t igomor-ghiç..to the action of on the 

fixed point subalgebra L h " x l ' ) a induced natnrally by { 4 ^ J . 

This construction is known as the Angai sjcey flroduct, or the 

closure of the range of the inodule p by G. W. Mackey [l83. 

A récent resuit of W* Krieger. [I?] f can be interpreted in the 

following way: 

THEORSM 16. [17J. In the same situation as above, if G 

is the a^ ;l^lv^ i^tgger group or e<|uivalently if the action 

is given by a single ergodic trang fonnat 1 on, then the smooth flow 

F*" of weights on ht is a complèteinvariant for the al^ebraic 

structure of hu 

Thus, we bave the following équivalence in différent problème: 

"The weak équivalence classification of the ergodic transformations'* 

^ "The classification of the factors given by the group measure 

space construction from an ergodic transformation'1 

^ "The conjugacy cl as s i f icat ion of the ergodic flows" • 
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ïhe weak équivalence classification of ergodic t rans format ion 

groups was first intro&uced by H. A. Dye 115j^ and lie proved in 

fact that ail countable abelian ergodic transformation groups with 

finite invariant measure are weakly équivalent and give rise to 

hyperfinite II.^-factors. This classification was later reformulaieâ 

by G. Mackey as tlte isorriorphism classif i cation of virtual 

subgroups, The relation between the weak équivalence eClassification 

of ergodic t rans f o rmat ion groups and: the isomorphism classification 

of the associated factors has been puzzled sin.ee Dye* s work. In 

fact, H, Ghoda showed that if an isomorphism of the two factors 

associated with ergodic transformation groups préserves the maximal 

abelian subalgebras canonieally attached to the constructions, 

then the groups are indeed weakly équivalent, [h], 

The conjugaey classification of ergodic transformations and 

flows is, of course, one of the central problems in ergodic theory. 

Apparently, the weak équivalence classification looks much coarser 

than the eonjugacy classification. But the above inentioned fact 

says that they are indeed the same problem. 

Unlike the discrète crossed product, the relative commutant 

of the original algebra in the crossed product behaves mysteriously 

in gênerai. We do hâve, however. the fallowixig: 

THEOREM 17. [ 13 j - If cp is an intégrât le weight on a 

factor In with separable predual, then the relative commutant 

ÎTi* H to of the centeralizer \\\ of w is contained In to as çp — — « — — cp — . — _ ~ çp ™ 

the center C * 

This resuit, together with the construction of antomorphisms 

similar to that of [25], enables us to prove the following: 

http://sin.ee
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THEOREM 18. [ 13j. Let cp be an integrable weight on a 

factor în wlth separable gredual. There exists an .isomorphism 

0e? of_ the multiplicatifjTJJ£iffi ^i^) of_ unitary une co-cycles 

of the smooth flow of weights on m onto the group of ail 

autoraQrphisms^ leavliig the eenteraliaer elemenfcwise_ fixed, 

such that - where t e Z~(F'') means the cocycle given 

t(X) ~ X X T\ X > Q, and a'^ c e Z^(jni)5 is inner if and only if c is cobundar; 

i,e. there exists a unitary v e p(m) such that e x * v F
é

x(v), X > 0. 

Therefore, this extended modular autoraorphism group 

(oft : c £ ZX(F'^} can be vievred as the Galois group of \l\ 

relative to ïâ * Furtberraore, the co-eyele Radon-Nikodyni derivative 

{(D̂ jf : Dcp), î t effi} i s extended to {(BtSr : Dçp). : c € Z ^ F ^ } , 
x c 

which behaves in the obvious way with respect to [""Tfj and ("c$} • 

Hence there exists an isomorphism & Indépendant of ^ of 

H^(F^) « Z 1(F î n)/B X(F5 into Out(to) - Aut(ïn)/lut(ïîy, Fixing the 

décomposition îft ~ W (n> liR.oj in Tbeorem 6 ? we can obtain an 

exact séquence: 

Ci] - H ^ f 1 0 ) J*out(itf - o u v An) - U 'L 
<e> e 

v h e r e Out^ (h) « {e(a) ; a e Aut(h), t * a = x, a9 = ga} and 
g S S 

£ means the canonical homoaoorphism of Aut(ft) onto Qut(ft)/lut(TO. 

We should note hère that the extended modular automorphism 

0*P is, in some sensé, "funetional calculas'' of the ?VeneratcrM 

c 7 

of the modular automorphism group {q^}. The évidence for this is 

the following: If m is a semi-flnite factor then is isomorphie 

to L (3R ) v i t h translations; hence every c e Z (F ) is of the 

form ^ f f J / ) , f c l T ( B * ) and if cp - Tr(h*), then 
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ajf « Ad(f(h)). 

The arnootii flow ï'" oi e-' heje^ a tuuetor, each 

a c Aut(iïi) gives r5.se to an automorphism mod(c>:) of the flow 

,e DV 

whieh corresponds in. the serai-finit-:: case to the translation by X 

deterained by T » a -- X T h u s we call jaod the fondamental 

homomorphlsm. af ter Murray and von Neumann. We le ave the détail 

to the original paner [l'j], 

After ail, the problem in understanding the structure of von 

Neumann algebras Is redueed to the von Neumann algebras of type 

IIn- and type 11^.* here, A, Oonnes bas been making some substantial 

progrès s especially in. the analysis of automorphism groups* 

cf [9] and [10] . The author believee that we will be abie to 

unde.r stand mue h cet ter the structure of von Neumann algebras 

in the near future. REFERENCES 
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